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Boris ŠOBOT

|̃ -DIVISIBILITY OF ULTRAFILTERS II: THE BIG

PICTURE

A b s t r a c t. A divisibility relation on ultrafilters is defined as follows: F |̃ G if

and only if every set in F upward closed for divisibility also belongs to G. After

describing the first ω levels of this quasiorder, in this paper we generalize the

process of determining the basic divisors of an ultrafilter. First we describe these

basic divisors, obtained as (equivalence classes of) powers of prime ultrafilters.

Using methods of nonstandard analysis we define the pattern of an ultrafilter:

the collection of its basic divisors as well as the multiplicity of each of them. All

such patterns have a certain closure property in an appropriate topology. We

isolate the family of sets belonging to every ultrafilter with a given pattern. We

show that every pattern with the closure property is realized by an ultrafilter.

Finally, we apply patterns to obtain an equivalent condition for an ultrafilter to

be self-divisible.

1 Introduction

Let N denote the set of natural numbers (without zero), and ω = N ∪ {0}. The set

of all ultrafilters on N is denoted by βN and, for each n ∈ N, the principal ultrafilter
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{A ⊆ N : n ∈ A} is identified with n. Considering the topology with base sets A =

{F ∈ βN : A ∈ F}, we think of βN as an extension of the discrete space N, called the

Stone-Čech compactification of N. In general, for S ⊆ βN, clS will denote the closure of

S in this topology; in particular, for A ⊆ N, clA = A.

One of the main features of βN is that each function f : N → N can be uniquely

extended to a continuous f̃ : βN → βN. Using this, binary operations can also be

extended, so by applying this to the multiplication on N (and denoting the extension also

by ·) a right-topological semigroup (βN, ·) is obtained, where

F · G = {A ⊆ N : {n ∈ N : A/n ∈ G} ∈ F}, (1)

and A/n = {a/n : (a ∈ A) ∧ (n | a)}. Many properties of this and other semigroups

obtained in this way are described in the book [6].

In [11] several ways to extend the divisibility relation | to βN were proposed. Some

of them used directly the extension of multiplication (1) and imitated the definition of |.
However, a relation obtained in a different way proved to have much nicer properties: if

A↑= {n ∈ N : (∃a ∈ A)a | n}

for A ⊆ N and

U = {A ∈ P (N) \ {∅} : A = A↑},

let F |̃ G if for every A ∈ F holds A↑∈ G. It turned out that another equivalent condition

is more convenient in practice:

F |̃ G ⇔ F ∩ U ⊆ G.

The relation |̃ is a quasiorder, and defining

F =∼ G ⇔ (F |̃ G) ∧ (G |̃ F),

=∼ is an equivalence relation, so |̃ can be thought of as a partial order on equivalence

classes [F ]∼ ∈ βN/=∼. For n ∈ N, n |̃ G means that G = nF for some F ∈ βN; however

this is not true for n ∈ βN \ N in general.

It is worth mentioning that two general (so-called canonical) ultrafilter extensions of

relations were described in [8]. Among other topics, their topological properties were

considered. One of them (although it was defined in a different way) actually produces

|̃ . The other one is, in a sense, trivial when applied to the divisibility relation.

We recall some notation and introduce some more. Throughout the text, for A,B,Ai ⊆
N and n ∈ N:

• P denotes the set of primes;

• Pexp = {pn : p ∈ P ∧ n ∈ N};
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• An = {an : a ∈ A};

• A1A2 . . . An = {a1a2 . . . an : (∀i ∈ {1, 2, . . . , n})(ai ∈ Ai ∧ (∀j 6= i)gcd(ai, aj) = 1)};

• A(n) = A · A · . . . · A︸ ︷︷ ︸
n

and

• A↓= {n ∈ N : (∃a ∈ A)n | a}.

A set A ⊆ N is convex if, for all x, y ∈ A and all z ∈ N such that x | z and z | y we

have z ∈ A. Let C be the family of all convex subsets of N. Clearly, since U ⊆ C, F ∩ C
determines the =∼-class of an ultrafilter F .

Various aspects of (βN/=∼, |̃ ) were considered in papers [11]– [17]. In particular, the

paper [13] contains many facts on the first ω levels of this order, some of which we will

now briefly recapitulate. The n-th level Ln consists of ultrafilters that concentrate on the

set Ln = {p1p2 . . . pn : p1, p2, . . . , pn ∈ P} (pi’s need not be distinct). Hence, L0 = {1}
and L1 = P. The ultrafilters in P are called prime. For P ∈ P, we denote

P � P = {A ∈ P : A ⊆ P}.

The square P2 of P ∈ P is generated by the sets A2 for A ∈ P � P. However, it is not the

same as P · P ; the latter belongs to the family of ultrafilters “twice divisible” by P and

containing not the sets A2 but A(2) for A ∈ P � P. Example 1.2 will make this distinction

more natural.

Powers of primes Pk (for P ∈ P and k ∈ N) are called basic ultrafilters. All the

elements of

L :=
⋃
n∈ω

Ln

can be fragmented into such basic ingredients. This is not a factorization: it simply

means that an ultrafilter in Ln has exactly n (not necessarily distinct) basic divisors, with

each Pk counted k-many times. Hence to every F ∈ L we can adjoin a “pattern” αF : a

function mapping each basic ultrafilter to its “multiplicity” within F . To each pattern

αF corresponds a family FαF ⊆ F ∩ U determining the basic divisors of F .

Within L the =∼-equivalence classes are singletons. Let us recall (a corollary of)

Theorem 3.6 from [13], which will serve as a counterexample several times throughout

this paper.

Proposition 1.1. There is P ∈ P \ P such that, for every n > 1, there are at least

two ultrafilters F ,G ∈ Ln distinct from Pn having P as their only basic divisor.

However, in βN\L things look differently: the relation |̃ is not well-founded in general,

and ultrafilters can not be organized in levels. The (admittedly pretentious) title of this

paper addresses the possibility to nevertheless fragment (in the same sense as above)
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each ultrafilter into basic ones. For this purpose we will use methods of nonstandard

arithmetic, introduced into the context of ultrafilter divisibility in [14].

Probably the simplest way to introduce nonstandard extensions is via superstruc-

tures. Let X be a set containing (a copy of) N. We assume that elements of X are

atoms: none of them contains in its transitive closure any of the others. Let V0(X) = X,

Vn+1(X) = Vn(X) ∪ P (Vn(X)) for n ∈ ω and V (X) =
⋃
n<ω Vn(X). Then V (X) is called

a superstructure, and its nonstandard extension is a pair (V (Y ), ∗), where V (Y ) is a su-

perstructure with the set of atoms Y ⊇ X and ∗ : V (X)→ V (Y ) is a function such that
∗X = Y and satisfying

The Transfer Principle. For every bounded formula ϕ(x1, . . . , xn) and every a1, a2, . . .,

an ∈ V (X),

V (X) |= ϕ(a1, a2, . . . , an) if and only if V (Y ) |= ϕ(∗a1,
∗a2, . . . ,

∗an).

Here, a first-order formula is bounded if all its quantifiers are bounded, i.e. of the

form (∀x ∈ y) or (∃x ∈ y). The values of free variables x1, x2, . . . , xn that appear in

ϕ on the left can be any a1, a2, . . . , an ∈ V (X) and on the right they are replaced with
∗ai ∈ V (Y ). The atomic subformulas in ϕ are of the form A(x1, . . . , xk) for some k-ary

relation A ∈ V (X), which also gets replaced with ∗A. However, it is a common practice

to omit ∗ in front of ∈, arithmetic operations, the standard order ≤ on ∗N, the operation

of making n-tuples etc. to make formulas easier to read. By ∗ϕ(x1, x2, . . . , xn) we will

denote the star-counterpart of ϕ(x1, x2, . . . , xn), obtained by adding stars to all values of

free variables except those explicitly stated (x1, x2, . . . , xn).

Consider a few examples that we will make use of later. First, ∗(An) = (∗A)n: if

we denote B = An, then (∀a1, . . . , an ∈ A)(a1, . . . , an) ∈ B implies (∀a1, . . . , an ∈
∗A)(a1, . . . , an) ∈ ∗B and (∀b ∈ B)(∃a1, . . . , an ∈ A)b = (a1, . . . , an) implies (∀b ∈
∗B)(∃a1, . . . , an ∈ ∗A)b = (a1, . . . , an). In a similar way we see that ∗(A(n)) = (∗A)(n) and
∗(A↑) = (∗A)↑, so in all these cases we can omit the parenthesis. Also, if dom(f) = A ⊆ N,

then dom(∗f) = ∗A. Finally, Transfer easily implies that (∗N \N,≤) is divided into blocks

order-isomorphic to (Z,≤) which Robinson, the father of modern nonstandard analysis,

called galaxies in his groundbreaking book [10].

There is a well-known connection between nonstandard and ultrafilter extensions of

N: for every x ∈ ∗N,

tp(x/N) := {A ⊆ N : x ∈ ∗A}

is an ultrafilter. The element x is then called a generator of that ultrafilter. This agrees

with extensions of functions f : N→ N: tp(∗f(x)/N) = f̃(tp(x/N)) for every x ∈ ∗N.

Example 1.2. Clearly, prime nonstandard numbers p are exactly those belonging to
∗P, so their respective ultrafilters are exactly tp(p/N) = P ∈ P. Also, their powers pk (for

k ∈ N) correspond to basic ultrafilters Pk.
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The best way to understand the distinction between P2 and P · P is to see that the

generators of P · P are products pq of distinct generators p and q of P : Transfer easily

implies that pq ∈ ∗P(2), a set disjoint from the set ∗P2 of squares of primes.

If tp(p/N) = tp(p′/N) = P and tp(q/N) = tp(q′/N) = Q are distinct prime ultrafilters,

tp(pq/N) and tp(p′q′/N) need not be the same. Namely, each of them may equal P ·Q (if

(p, q) is a tensor pair, see below) or Q · P (if (q, p) is a tensor pair), which is usually not

the same, or something different from both of them.

This also explains the existence of ultrafilters P as described in Proposition 1.1. A

similar situation occurs at higher levels of L.

Atoms and sets belonging to some ∗A for A ∈ V (X) are called internal. Hence, one

must be careful: quantifiers of the form (∀x ∈ ∗A) or (∃x ∈ ∗A) refer only to internal sets.

By The Internal Definition Principle, sets defined from internal sets are also internal;

for a precise formulation see [4], Section 13.15. For every hyperfinite set S (that is, for

S ∈ ∗([N]<ℵ0), where [N]<ℵ0 is the family of all finite subsets of N) there is a unique t ∈ ∗N
for which an internal bijection f : {1, 2, . . . , t} → S exists; this t is called the internal

cardinality of S.

Nonstandard extensions are not unique, and they differ by richness of objects they

contain. A nonstandard extension is c+-saturated if, for every family F of internal sets

with the finite intersection property such that |F | ≤ c, there is an element in
⋂
F . We

will assume all the time that we are working with a fixed c+-saturated exten-

sion in which every initial segment of the form |{x ∈ ∗N : x ≤ z}| for z ∈ ∗N \ N
has the same cardinality. This cardinality will be denoted by ∞, and we will let

N∞ = ω ∪ {∞}. This condition does not require an additional set theoretic assumption:

its second half is fulfilled in nonstandard universes with property ∆1, introduced in [2]

(see Corollary 2.3 there), and the conjuction of ∆1 and c+-saturation is, by Corollary 3.6

of [2], equivalent to Henson’s c+-isomorphism property introduced in [5].

With the assumption of c+-saturation, for every F ∈ βN its monad

µ(F) := {x ∈ ∗N : tp(x/N) = F}

is nonempty. It also implies a connection between divisibility relations |̃ and ∗| , as

shown in the next result (part of Theorem 3.4 from [15]).

Proposition 1.3. The following conditions are equivalent for every two ultrafilters

F ,G ∈ βN:

(i) F |̃ G;

(ii) there are x ∈ µ(F) and y ∈ µ(G) such that x ∗| y;

(iii) for every x ∈ µ(F) there is y ∈ µ(G) such that x ∗| y;

(iv) for every y ∈ µ(G) there is x ∈ µ(F) such that x ∗| y.
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Let A ∈ U be arbitrary, let B be the set of |-minimal elements of A and Bn = B ∩Ln.

An ultrafilter that contains some Bn belongs to Ln; this is exactly the kind of ultrafilters

studied in [13]. Note that A =
⋃
n∈ω Bn↑. Let PA = {p ∈ P : (∃n ∈ N)pn ∈ A} and define

the function hA : PA → N as follows:

hA(p) = min{n ∈ N : pn ∈ A}. (2)

By Transfer, for all p ∈ ∗PA and all x ∈ ∗N,

px ∈ ∗A if and only if x ≥ ∗hA(p). (3)

For p ∈ ∗P \ ∗PA, no power of p in is ∗A. Thus, in order for tp(px/N) |̃ F to hold, F needs

to contain all A ∈ U for which ∗hA(p) ≤ x. In the reverse direction, for any A ⊆ P and

any h : A→ N we can define

Ah = {m ∈ N : (∃p ∈ A)ph(p) | m} ∈ U . (4)

If {Fi : i ∈ I} is a set of ultrafilters and W an ultrafilter on I, G = limi→W Fi is the

ultrafilter defined by: A ∈ G if and only if {i ∈ I : A ∈ Fi} ∈ W . The following was

proven in [15], Lemma 4.1.

Proposition 1.4. (a) Every chain 〈[Fi]∼ : i ∈ I〉 in (βN/=∼, |̃ ) has the least upper

bound [GU ]∼ (obtained as GU = limi→W Fi for any W containing all final segments of I)

and the greatest lower bound [GL]∼.

(b)
⋃
i∈I(Fi ∩ U) = GU ∩ U and

⋂
i∈I(Fi ∩ U) = GL ∩ U .

Since the =∼-class of the l.u.b. GU does not depend on the choice of W , in the case

when I = γ is an ordinal we will denote by limδ→γ Fδ the class [GU ]∼.

In any nonstandard extension the following generalization of the Fundamental theorem

of arithmetic holds. It is easily obtained from the Transfer principle. Let 〈pn : n ∈ N〉
be the increasing enumeration of P, so its nonstandard extension 〈pn : n ∈ ∗N〉 is the

increasing enumeration of ∗P. Recall that, for p ∈ P, n, k ∈ N, pk ‖ n means that k is the

largest natural number l such that pl | n; we say that pk is an exact divisor of n. Likewise,

for p ∈ ∗P, x, k ∈ ∗N, pk ∗‖ x means that k is the largest l ∈ ∗N such that pl ∗| x. If pk ∗‖ x,

we also write k = exppx.

Proposition 1.5. (a) For every z ∈ ∗N and every internal sequence 〈h(n) : n ≤ z〉
there is a unique x ∈ ∗N such that p

h(n)
n

∗‖ x for n ≤ z and pn
∗ - x for n > z; we denote

this element by
∏

n≤z p
h(n)
n .

(b) Every x ∈ ∗N can be uniquely represented as
∏

n≤z p
h(n)
n for some z ∈ ∗N and some

internal sequence 〈h(n) : n ≤ z〉 such that h(z) > 0.
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The product F · G is a |̃ -minimal ultrafilter divisible by both F and G. However, as

mentioned in Example 1.2, it may be only one of many such ultrafilters. More precisely,

by Lemma 3.7 from [13], they are exactly ultrafilters containing the filter generated by

sets AB for A ∈ F , B ∈ G. Thus, products xy for x ∈ µ(F) and y ∈ µ(G) do not always

belong to F · G. They do whenever (x, y) is a tensor pair, meaning that it belongs to

µ(F ⊗ G), where F ⊗ G = {S ⊆ N × N : {x ∈ N : {y ∈ N : (x, y) ∈ S} ∈ G} ∈ F}
is the tensor product of ultrafilters F and G. Theorem 3.4 from [9] gives an equivalent

condition that we will use (and several more can be found in Theorem 11.5.7 of [1]).

Proposition 1.6. (x, y) is a tensor pair if and only if, for every f : N → N, either
∗f(y) ∈ N or ∗f(y) > x.

The following lemma is a version of Theorem 11.5.12 from [1].

Lemma 1.7. Let F ,G ∈ βN and H ∈ β(N × N). If x0 ∈ µ(F) and y0 ∈ µ(G)

are such that (x0, y0) ∈ µ(H), then for every x1 ∈ µ(F) there is y1 ∈ µ(G) such that

(x1, y1) ∈ µ(H).

In particular, for every x ∈ ∗N \ N and every G ∈ βN \ N, there is y ∈ µ(G) such that

(x, y) is a tensor pair; analogously there is y′ ∈ µ(G) such that (y′, x) is a tensor pair.

Proof. Let BA,X = {y ∈ ∗X : (x1, y) ∈ ∗A} for A ⊆ N × N and X ⊆ N. Let

F = {BA,X : A ∈ H ∧ X ∈ G}. Since F is closed for finite intersections, to prove that

F has the finite intersection property it suffices to show that BA,X 6= ∅ for all A ∈ H,

X ∈ G. If we denote by π1 the first projection, y0 witnesses that x0 ∈ ∗π1[∗A∩(∗N×∗X)] =
∗(π1[A ∩ (N×X)]), so x1 ∈ ∗π1[∗A ∩ (∗N× ∗X)] as well. This means that there is y ∈ ∗X
such that (x1, y) ∈ ∗A. Now c+-saturation implies that there is y1 ∈

⋂
F , which means

that y1 ∈ µ(G) and (x1, y1) ∈ µ(H). 2

2 Basic ultrafilters

We begin the description of the divisibility order by describing powers of prime ultrafilters.

If p ∈ ∗P is a fixed nonstandard prime and P = tp(p/N), 〈px : x ∈ ∗N〉 is a ∗| -increasing

chain in ∗N, and so 〈tp(px/N) : x ∈ ∗N〉 is a |̃ -nondecreasing chain in βN. For distinct

m,n ∈ N the ultrafilters Pm = tp(pm/N) and Pn = tp(pn/N) are =∼-nonequivalent.

What about exponents from ∗N \ N? Example 4.5 from [14] shows that for p ∈ P the

situation is simple.

Proposition 2.1. If p ∈ P, all the ultrafilters tp(px/N) for x ∈ ∗N \ N are =∼-

equivalent.

However, for p ∈ ∗P \ P this need not be true, as the next example shows.
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Example 2.2. Again, let 〈px : x ∈ ∗N〉 be the increasing enumeration of ∗P, and let

A =
⋃
n∈N{pnn}↑. (In terms of (4): if h : P → N is given by h(pn) = n, then A = Ah.)

Then:

(a) For every x ∈ ∗N, Transfer implies that pxx ∈ ∗A but px−1
x /∈ ∗A. Since A ∈ U , this

means that the consecutive powers px−1
x and pxx are in the monads of =∼-nonequivalent

ultrafilters.

(b) If we denote by ∨ the exclusive disjunction, then (∀p, q ∈ P)(p 6= q ⇒ (∃n ∈
N)(pn ∈ A ∨ qn ∈ A)) is also true, and therefore

(∀p, q ∈ ∗P)(p 6= q ⇒ (∃x ∈ ∗N)(px ∈ ∗A ∨ qx ∈ ∗A)).

Thus, any two prime nonstandard numbers have powers px and qx such that tp(px/N) 6=∼
tp(qx/N).

Definition 2.3. Let P ∈ P. The relation ≈P on µ(P)× ∗N is defined as follows:

(p, x) ≈P (q, y) if and only if tp(px/N) =∼ tp(q
y/N).

Of course, ≈P is an equivalence relation; let

EP = {[(p, x)]≈P : (p, x) ∈ µ(P)× ∗N}

be the set of its equivalence classes. For any p ∈ µ(P) and u ∈ EP , let the “vertical

section” be the set defined by up := {x : (p, x) ∈ u}.

Example 2.2(b) shows that tp(px/N) =∼ tp(q
x/N) need not hold for p, q ∈ µ(P), so

the sets up are not independent of the choice of p.

Definition 2.4. Families of ultrafilters of the form Pu := {tp(px/N) : (p, x) ∈ u} for

some P ∈ P and u ∈ EP will be called basic classes. Also, let µ(Pu) =
⋃
F∈Pu µ(F).

By B we denote the set of all basic classes.

We will think of the =∼-classes Pu as powers of P .

Lemma 2.5. Let P ∈ P and u ∈ EP .

(a) All elements of µ(Pu) are of the form px for some (p, x) ∈ u.

(b) For every p ∈ µ(P) the set up is nonempty and convex: if x, y ∈ up and x < z < y,

then z ∈ up as well.

(c) Each up is either a singleton or a union of galaxies.

Proof. (a) If F ∈ Pu, there is (q, y) ∈ u such that qy ∈ µ(F). Then qy ∈ ∗Pexp,
so Pexp ∈ F . Thus, every element of µ(F) belongs to ∗Pexp, and so it is of the form px.

Clearly (p, x) ≈P (q, y), so (p, x) ∈ u.
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(b) To prove up 6= ∅ let (q, y) ∈ u and F = tp(qy/N). Using Proposition 1.3, q ∗| qy

implies P |̃ F , which in turn implies that there is an element of µ(F) divisible by p, which

by (a) must be of the form px for some x ∈ ∗N. Hence (p, x) ∈ u. The convexity of up is

obvious.

(c) Assume that, for some x ∈ ∗N \ N, tp(px/N) 6=∼ tp(px+1/N); let us prove that

tp(py/N) 6=∼ tp(py+1/N) holds for every element y of the galaxy of x. By the assumption

there is A ∈ U ∩ tp(px+1/N) \ tp(px/N), in other words ∗hA(p) = x + 1 (see (3)). Let

g : N \ {1} → N be the function defined by g(pa11 . . . pakk ) = pa1+1
1 . . . pak+1

k (for distinct

p1, . . . , pk ∈ P and ai > 0). Then B := g[A]↑∈ U . It follows that ∗g(px+1) = px+2 ∈ ∗B
and px+1 /∈ ∗B, so ∗hB(p) = x + 2. This implies that tp(px+1/N) 6=∼ tp(px+2/N)

and inductivelly tp(px+n/N) 6=∼ tp(px+n+1/N). Using f : N \ {1} → N defined by

f(pa11 . . . pakk ) = pa1−1
1 . . . pak−1

k , in a similar way we conclude tp(px−n/N) 6=∼ tp(px−n+1/N)

for n ∈ N. 2

Definition 2.6. On EP we define the relation:

u ≺P v if and only if u 6= v and for some p ∈ µ(P) and some x, y ∈ ∗N
holds (p, x) ∈ u, (p, y) ∈ v and x < y.

We write u �P v if u ≺P v or u = v.

Proposition 1.3 implies that, if u ≺P v, then in fact for all p ∈ µ(P) and all x, y ∈ ∗N
such that (p, x) ∈ u and (p, y) ∈ v, x < y holds.

Lemma 2.7. For every P ∈ P:

(a) ≺P is a strict linear order.

(b) Every increasing sequence in (EP ,≺P) has a supremum and every decreasing se-

quence has an infimum.

Proof. (a) is obvious, using Lemma 2.5(b) and the remark preceding this lemma.

(b) We can assume, without loss of generality, that the given sequence is well-ordered

(otherwise we can first thin it out into a cofinal well-ordered subsequence). So let 〈uξ :

ξ < γ〉 be a ≺P-increasing sequence in EP of some limit length γ. Pick some p ∈ µ(P)

and xξ for ξ < γ such that (p, xξ) ∈ uξ. Then 〈tp(pxξ/N) : ξ < γ〉 is a |̃ -increasing

sequence of ultrafilters so by Proposition 1.4 it has a least upper bound G. Since each

tp(pxξ+1/N)\ tp(pxξ/N) contains a set in U and |U| = c, the sequence is of length less than

c+. But c+-saturation easily proves that the cofinality of ∗N is at least c+, so there is an

upper bound z for {xξ : ξ < γ}. Using Proposition 1.3 we find y ≤ z such that py ∈ µ(G),

so [(p, y)]≈P must be the supremum of the given sequence.

Analogously we prove that (EP ,≺P) is closed for infima of decreasing sequences. 2

Inspecting the proof of Theorem 4.6 from [15], we can conclude that, for every P ∈
P \ P, the order (EP ,≺P) contains a copy of (R, <). We will not use this fact here.
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Note that both cases from Lemma 2.5(c) are possible: the first case occurs by Example

2.2(a), and above every such galaxy (“cut” into singleton classes) comes, by Lemma 2.7(b),

the second case: a union of galaxies. For example, if uxp = {x} are singleton classes (for

x from some galaxy X), then supx∈X u
x
p can not be a singleton {z} because z − 1 would

be a smaller upper bound.

As another corollary of Lemma 2.7, we conclude that each EP has the greatest element

umax; let us write Pmax for Pumax . Also, for P ∈ P we will denote Pω = Pu, where

u = supω in EP . As we already mentioned, for p ∈ P holds pω = pmax, so the order-type

of (Ep,≺p) is ω + 1. When convenient, we will identify the first ω + 1 many elements of

EP with the set of ordinals ω + 1.

Example 2.8. Let A ∈ U , P ∈ P \ P, x ∈ ∗N \ N and p ∈ µ(P).

(a) If (p, x) is a tensor pair, then px belongs to µ(Pmax). To see that, assume the

opposite: there is some y > x such that [(p, x)]≈P ≺P [(p, y)]≈P . By Lemma 1.7 there is

z such that (y, z) is a tensor pair, in particular p < x < y < z. But then by Proposition

1.6 (p, z) is also a tensor pair, so [(p, x)]≈P ≺P [(p, y)]≈P �P [(p, z)]≈P = [(p, x)]≈P , a

contradiction.

(b) If (x, p) is a tensor pair, then px belongs to µ(Pω). Namely, by Proposition 1.6 for

every A ∈ U either ∗hA(p) ∈ N or ∗hA(p) > x. By (3), px ∈ ∗A can hold only if ∗hA(p) = m

for some m ∈ N, which means that already pm ∈ ∗A, so A ∈ Pm. Thus, tp(px/N) contains

only sets from U belonging to some Pm, so it is a least upper bound of {Pm : m ∈ N}.

If A ⊆ N and Pu ∈ B, let us abuse the notation and write A ∈ Pu (or Pu ∈ A) if

A ∈ F for all F ∈ Pu. For example, Pexp ∈ Pu for all Pu ∈ B. Note that ultrafilters

from the same =∼-equivalence class share the same |-upward closed and the same |-
downward closed sets; since every A ∈ C is the intersection of sets of those two types,

in order for A ∈ Pu to hold it suffices that A ∈ F for some F ∈ Pu. Hence we denote

Pu ∩ U = {A ∈ U : A ∈ Pu} and Pu ∩ C = {A ∈ C : A ∈ Pu}.
Let us call the topology on B generated by sets B = {Pu ∈ B : B ∈ Pu} for B ∈ U

the U -topology. The closure of S ⊆ B in this topology will be denoted clUS.

Lemma 2.9. The base sets B of the U-topology on B are exactly the sets of the form

Ah for h : A→ N such that A ⊆ P.

Proof. Let B ∈ U ; we want to find a set of the form Ah such that, for Qu ∈ B,

B ∈ Qu if and only if Ah ∈ Qu. Simply put A = {p ∈ P : (∃n ∈ N)pn ∈ B} and define

h = hB as in (2). Clearly AhB ⊆ B, which gives us one of the desired implications. On

the other hand, if B ∈ Qu then B ∩ Pexp ∈ Qu so AhB = (B ∩ Pexp)↑∈ Qu as well. 2

Example 2.10. To every A ⊆ P corresponds a set A↑∈ U so that, for every Q ∈ P,

Q ∈ A if and only if Q ∈ A↑. Thus the U -topology on P coincides with the standard one
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(generated by all A for A ⊆ P). If S ⊆ P then Q ∈ clUS implies that, for every k ∈ N,

Qk ∈ clU{Pk : P ∈ S} as well.

In fact, if G = Qk ∈ Pk, then essentially all sets S ′ such that G ∈ clUS
′ are obtained in

this way: for any A ∈ G ∩ U , A ∩ (Pk) ∈ G as well, so there is an ultrafilter Pk ∈ S ′ ∩ Pk
such that A ∈ Pk, meaning that G ∈ clU(S ′ ∩ Pk). Hence in such occasions we can

immediately restrict ourselves to the case S ′ = {Pk : P ∈ S} for some S ⊆ P, whence

G = Qk ∈ clUS
′ if and only if Q ∈ clUS.

The following lemma will provide a better understanding of the situation when a set

up is a singleton.

Lemma 2.11. Let P ∈ P and u ∈ EP .

(a) For any f : P→ N and p, q ∈ µ(P), p
∗f(p) ∈ µ(Pu) if and only if q

∗f(q) ∈ µ(Pu).

(b) If a vertical section up contains an element p
∗f(p) for some f : P → N, then it is

the only element and in fact u = {(p, ∗f(p)) : p ∈ µ(P)}.

Proof. (a) By Lemma 2.9 it suffices to show that, for every A ∈ P � P and every

h : A → N, p
∗f(p) ∈ ∗Ah if and only if q

∗f(q) ∈ ∗Ah. By (3), this is equivalent to showing

that ∗f(p) ≥ ∗h(p) if and only if ∗f(q) ≥ ∗h(q). If we define X = {b ∈ A : f(b) ≥ h(b)},
then p ∈ ∗X if and only if q ∈ ∗X, which proves the claim.

(b) From (a) it follows that all the pairs (p, ∗f(p)) are in u. But, for any such pair,

(p, ∗f(p)− 1) /∈ u because p
∗f(p)−1 /∈ Pf . Likewise, (p, ∗f(p) + 1) /∈ u because p

∗f(p)+1 ∈ Pg
(where g(p) = f(p) + 1 for all p ∈ P), while p

∗f(p) /∈ Pg. 2

3 Patterns

As we saw in the previous section, when generalizing from L to the whole of βN the set

of basic divisors needs to be expanded by classes Pu for u ∈ EP \ ω. Another difference

is that an ultrafilter can be divisible by a basic class infinitely many times. It will turn

out that, under the assumptions stated in the introduction, there is only one possibility

for such infinite multiplicity of a basic divisor: the cardinality ∞ of all sets of the form

{1, 2, . . . , z} for z ∈ ∗N \ N.

Definition 3.1. For x ∈ ∗N and u, v ∈ EP such that u �P v, denote

D[u,v]
x := {(p, k) : (u �P [(p, k)]≈P �P v) ∧ pk ∗‖ x}.

Lemma 3.2. Let P ∈ P, u, v ∈ EP and F ∈ βN. If there is x0 ∈ µ(F) such that D
[u,v]
x0

is infinite then, for every z ∈ ∗N \ N, there is x ∈ µ(F) such that D
[u,v]
x has a hyperfinite

subset of internal cardinality z, and thus |D[u,v]
x | =∞.
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Proof. The formula

θ1(y, C) ≡ (∀p ∈ P)(p | y ⇒ pexppy ∈ C)

claims that all powers of primes which are exact factors of y belong to C. The formula

θ2(y, t) ≡ (∃f : {1, 2, . . . , t} → P)(f is one-to-one ∧ (∀i ≤ t)f(i) | y)

claims that y has “at least t” prime divisors. Also let

θ3(x, y) ≡ (∀p ∈ P)(p | y ⇒ exppx = exppy).

Choose any z ∈ ∗N \N and let BA,C = {(x, y) ∈ ∗A× ∗N : ∗θ1(y, ∗C)∧ ∗θ2(y, z)∧ ∗θ3(x, y)}.
The set BA,C is internal, since it is defined from ∗A, ∗C and z, all of which are internal.

Finally, let F = {BA,C : A ∈ F ∩ C ∧ C ∈ Pu ∩ Pv ∩ C}. (Recall that C is the family of

all convex sets.)

Let A ∈ F ∩ C and C ∈ Pu ∩ Pv ∩ C. Consider the formula

ψ ≡ (∀t ∈ N)(∃x ∈ A)(∃y ∈ N)(θ1(y, C) ∧ θ2(y, t) ∧ θ3(x, y)).

For any t ∈ N and the formula

ϕ ≡ (∃x ∈ A)(∃q1, . . . , qt ∈ Pexp)((∀i 6= j)qi 6= qj ∧ (∀i)(qi ‖ x ∧ qi ∈ C))

its star-counterpart ∗ϕ holds, as witnessed by x0 and any t of its exact divisors pkii such

that u �P [(pi, ki)]≈P �P v. Therefore ϕ is also true, and so is ψ. The star-counterpart
∗ψ (for t = z) establishes that BA,C 6= ∅. Since F is closed for finite intersections, it has

the finite intersection property, so by c+-saturation there are x ∈ µ(F) and an internal

one-to-one function f : {1, 2, . . . , z} → ∗P so that, for every i ≤ z, (f(i), expf(i)x) ∈ D[u,v]
x .

Finally, the set {f(i) : i ≤ z} has internal cardinality z, so |D[u,v]
x | ≥ ∞. However, by

Proposition 1.5, the cardinality of D
[u,v]
x can not be larger than ∞, so |D[u,v]

x | =∞. 2

Theorem 3.3. If x ∈ ∗N, P ∈ P and u, v ∈ EP , then x has either finitely many or

∞-many exact divisors from
⋃
u�Pw�Pv µ(Pw).

Proof. Assume that x has infinitely many divisors from
⋃
u�Pw�Pv µ(Pw) and let

F = tp(x/N). Choose any z ∈ ∗N \ N. By Lemma 3.2 there are y ∈ µ(F) and internal

one-to-one function f : {1, 2, . . . , z} → D
[u,v]
y . Lemma 1.7 provides some t ∈ ∗N \ N such

that tp(y, z/N) = tp(x, t/N). For A ⊆ N let BA be the set

{(m, k) ∈ N2 : (∃f : {1, 2, . . . , k} → A ∩ Pexp)(f is one-to-one ∧ (∀i ≤ k)f(i) ‖ m)}.

Now (y, z) ∈ ∗BA implies (x, t) ∈ ∗BA for all A ∈ Pu ∩ Pv ∩ C. Hence the family

{{f : {1, 2, . . . , t} → ∗(A ∩ Pexp)|f is one-to-one ∧ (∀i ≤ t)f(i) ∗‖ x} : A ∈ Pu ∩ Pv ∩ C}



|̃ -DIVISIBILITY OF ULTRAFILTERS II: THE BIG PICTURE 35

has the f.i.p. If f : {1, 2, . . . , t} → ∗Pexp is in its intersection, then f(i) for i ≤ t are

∞-many divisors of x from
⋃
u�Pw�Pv µ(Pw). 2

There are two particularly important corollaries of the result above. We get the first

by putting v = max: the number of exact divisors from
⋃
w�Pu µ(Pw) is either finite or

∞ for every u ∈ EP . The second one is obtained for u = v: every x has either finitely

many or∞-many exact divisors from µ(Pu). This will simplify considerably the following

definition of pattern of x.

Definition 3.4. LetA be the set of all functions α : B → N∞ such that
∑

k∈ω+1 α(pk) ≤
1 for p ∈ P. Elements α ∈ A are called patterns.

If Pu = {Pk} is a singleton, we identify Pu with Pk and write α(Pk) instead of α(Pu).
In particular, for k ∈ N, Pk is regarded as a subset of B.

These patterns are tailored to represent the quantities of each of basic divisors of

a given ultrafilter, which will become clear in Definitions 3.9 and 3.13. The additional

condition for p ∈ P will be explained in Example 3.15(a).

We will also write α = {(Puii , ni) : i ∈ I} (meaning that α(Puii ) = ni), omitting some

(or all) of the pairs (Pu,m) for which m = 0.

Definition 3.5. We will say that α ∈ A is U -closed if, whenever Qu ∈ B and n ∈ N,

if for every A ∈ Qu ∩ U holds
∑
Pv∈A α(Pv) ≥ n, then

∑
w�Qu α(Qw) ≥ n.

The family of all U -closed patterns will be denoted by Acl.

Intuitively, U -closedness of a pattern α means that, if
∑

w�Qu α(Qw) is finite, then

there is a neighborhood A of Qu in which there are no basic classes “appearing” in α

other than Qu or higher powers of Q.

Some special cases should help to illuminate the concept of U -closedness.

Example 3.6. Let α ∈ Acl.
(a) Let S ⊆ P, Q ∈ clUS and k ∈ N. Recall from Example 2.10 that Qk is in

the U -closure of {Pk : P ∈ S}. If, for every such S,
∑
P∈S

∑
u�Pk α(Pu) ≥ n, then∑

u�Qk α(Qu) ≥ n. In particular,
∑
P∈S

∑
u�Pk α(Pu) =∞ for every such S implies that∑

u�Qk α(Qu) =∞.

(b) Let n ∈ N. If 〈vξ : ξ < γ〉 is a ≺P-increasing sequence in EP and u = supξ<γ vξ (see

Lemma 2.7(b)), then Pu ∈ clU({Pvξ : ξ < γ}), so
∑

w�Pvξ α(Pw) ≥ n for all ξ < γ implies∑
w�Pu α(Pw) ≥ n. Consequently,

∑
w�Pvξ α(Pw) =∞ for ξ < γ implies

∑
w�Pu α(Pw) =

∞.

To every α ∈ A and every prime P we can adjoin a sequence α � P := 〈α(Pu) : u ∈ EP〉.
Clearly, fixing α � P for every P ∈ P determines α completely.
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Definition 3.7. Let (L,≤) be a linear order and let a = 〈am : m ∈ L〉, b = 〈bm : m ∈
L〉 be two sequences in N∞. We say that a dominates b if, for every l ∈ L:∑

m≥l

am ≥
∑
m≥l

bm. (5)

For α, β ∈ A we define: α � β if β � P dominates α � P for every P ∈ P. If α � β

and β � α, we write α ≈ β.

Lemma 3.8. Let α, β ∈ A be U-closed and let P ∈ P. The following conditions are

equivalent:

(i) β � P dominates α � P;

(ii) there is a one-to-one function gP :
⋃
u∈EP ({u} × α(Pu)) →

⋃
v∈EP ({v} × β(Pv))

such that v �P u whenever gP(u, i) = (v, j);

(iii) there is a function fP :
⋃
u∈EP ({u} × α(Pu)) → EP such that fP(u, i) �P u for

every (u, i) ∈
⋃
u∈EP ({u} × α(Pu)) and |f−1

P [{v}]| ≤ β(Pv) for every v ∈ EP .

Proof. (i)⇒(ii) Assume that β � P dominates α � P . We consider two cases.

Case 1. If
∑

v∈EP β(Pv) = n ∈ N, then we enumerate
⋃
v∈EP ({v}× β(Pv)) = {(vj, lj) :

j < n} and
⋃
u∈EP ({u} × α(Pu)) = {(uj, ij) : j < k} in the descending order of first

coordinates. Clearly, (5) implies that k ≤ n and uj �P vj for j < k, so gP(uj, ij) = (vj, lj)

defines a function as desired.

Case 2. Let m ∈ EP be the maximal such that
∑

v�Pm β(Pv) = ∞. (By Theorem

3.3, this sum, if infinite, must be equal to ∞; the maximal such m exists by Example

3.6(b).) If m has an immediate successor w in (EP ,≺P), then we can define g(u, i) ∈⋃
v�Pw({v} × β(Pv)) for (u, i) ∈

⋃
u�Pw({u} × α(Pu)) in the same way as we defined

gP in Case 1. Otherwise, fix a descending sequence 〈vξ : ξ < γ〉 in (EP ,≺P) such that

infξ<γ vξ = m (constructing it by recursion and using Lemma 2.7(b) at limit stages).

As in Case 1, by recursion on ξ we define a one-to-one function g mapping each (u, i) ∈⋃
u�Pvξ({u}×α(Pu)) to some g(u, i) ∈

⋃
v�Pvξ({v}×β(Pv)). Thus, |{g(u, i) : u �P m∧i <

α(Pu)}| ≤ ℵ0. Now enumerate the remaining pairs:
⋃
v�m({v} × β(Pv)) \ {g(u, i) : u �P

m ∧ i < α(Pu)} = {(vζ , iζ) : ζ < ∞}. Let h :
⋃
u�Pm({u} × α(Pu)) → ∞ be any

one-to-one function. Now a desired function can be defined as

gP(u, j) =

{
g(u, j) if u �P m,
(vh(u,j), ih(u,j)) otherwise.

(ii)⇒(iii) is obvious.

(iii)⇒(i) Let fP be a function as in (iii). For any u ∈ EP the set
⋃
w�Pu({w}×α(Pw))

is contained in f−1
P [{w ∈ EP : w �P u}], so its cardinality

∑
w�Pu α(Pw) is at most

|f−1
P [{w ∈ EP : w �P u}]| ≤

∑
w�Pu β(Pw). 2

Recall that D
[u,u]
x = {(p, k) : [(p, k)]≈P = u ∧ pk ∗‖ x}.
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Definition 3.9. For any x =
∏

n≤z p
h(n)
n ∈ ∗N as in Proposition 1.5, define αx ∈ A as

follows. For each basic Pu ∈ B, let αx(Pu) := |D[u,u]
x |.

Theorem 3.10. For every x ∈ ∗N, the pattern αx is U-closed.

Proof. Assume that Qu ∈ B, n ∈ N and
∑
Pu∈A αx(Pu) ≥ n for every A ∈ Qu ∩ U .

Denote BA = {(q1, q2, . . . , qn) ∈ ∗(A∩Pexp)n : (∀i 6= j)qi 6= qj∧(∀i)qi ∗‖ x}. We prove that

the family F := {BA : A ∈ Qu ∩ U} has the finite intersection property. This family is

closed for finite intersections, so we only need to show that each BA is nonempty. Hence

let A ∈ Qu ∩ U ;
∑
Pu∈A αx(Pu) ≥ n implies that there are some Pvii ∈ A and zi ∈ µ(Pvii )

for 1 ≤ i ≤ n such that zi
∗‖ x. Thus BA 6= ∅ and F has the finite intersection property,

so by c+-saturation we get distinct q1, q2, . . . , qn ∈
⋃
w�Qu µ(Qw) such that qi

∗‖ x, which

means that
∑

w�Qu αx(Q
w) ≥ n. Thus αx is U -closed. 2

We will show in Corollary 4.9 that (a sort of) a converse of Theorem 3.10 also holds:

every U -closed pattern is ≈-equivalent to one of the form αx for some x.

Lemma 3.11. If x ∗| y, then αx � αy.

Proof. Let P ∈ P. According to Definition 3.9, to every (u, i) ∈
⋃
u∈EP ({u} ×

αx(Pu)) corresponds some (pu,i, ku,i) ∈ u, such that p
ku,i
u,i

∗‖ x and pu,i’s are all distinct.

Let fP(u, i) := [(pu,i, exppu,iy)]≈P ; clearly fP(u, i) �P u and |f−1
P [{w}]| ≤ αy(Pw) for

every w ∈ EP . By Lemma 3.8, the function fP witnesses that αx � P is dominated by

αy � P . 2

Theorem 3.12. For any F ∈ βN and any two x, y ∈ µ(F) holds αx = αy.

Proof. It suffices to prove that, for every Pu ∈ B, αy(Pu) ≥ n implies αx(Pu) ≥ n.

For A ∈ Pu ∩ C let

XA := {m ∈ N : (∃q1, . . . , qn ∈ A ∩ Pexp)((∀i 6= j)qi 6= qj ∧ (∀i)qi ‖ m)}.

Then y ∈ ∗XA implies x ∈ ∗XA. Thus, the family

F := {{(q1, q2, . . . , qn) ∈ ∗(A ∩ Pexp)n : (∀i 6= j)qi 6= qj ∧ (∀i)qi ∗‖ x} : A ∈ Pu ∩ C}

has the f.i.p., so by c+-saturation x has distinct exact divisors q1, q2, . . . , qn ∈ µ(Pu). 2

Theorem 3.12 allows us to make the following definition.

Definition 3.13. For F ∈ βN and any x ∈ µ(F) define αF = αx.

We can now restate what we proved in Lemma 3.11 as follows.

Corollary 3.14. (a) If F |̃ G, then αF � αG.

(b) If F =∼ G, then αF ≈ αG.
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The converse implications are false. To see this, recall that by Proposition 1.1 there

is P ∈ P for which there are |̃ -incomparable ultrafilters F ,G ∈ L2 such that αF = αG =

{(P , 2)}. The point is that a pattern αF determines all the basic ultrafilters that divide

F and their multiplicity, but it does not determine its =∼-equivalence class.

Example 3.15. (a) It was already mentioned that, for p ∈ P, pmax = pω. Note also

that, for any F ∈ βN, αF(pn) ≤ 1 for n ∈ ω + 1, and equality holds for at most one n

(because F = pm · pn · G would actually mean that pm+n |̃ F). In particular, αF(pω) = 1

is equivalent to pn |̃ F for all n ∈ N. This is why the condition
∑

k∈ω+1 α(pk) ≤ 1 was

included in Definition 3.4.

(b) Recall that MAX is the |̃ -greatest class. By [14], Lemma 4.6, F ∈ MAX if and

only if m |̃ F for all m ∈ N. Let us draw this conclusion from Theorem 3.10. Assume

that pn |̃ F for all p ∈ P and n ∈ N. Take any P ∈ P \ P and A ∈ U ∩ Pmax. Since

Pexp ∈ Pmax, A∩Pexp is infinite. {p ∈ P : (∃n ∈ N)pn ∈ A} is also infinite because P /∈ P.

Since αF(pω) = 1 whenever pn |̃ F for all n ∈ N, this means that
∑

pω∈A αF(pω) =∞. By

U -closedness we have αF(Pmax) =∞.

Thus, αMAX is in the ≈-equivalence class of β := {(pω, 1) : p ∈ P}, and any pattern α

is in this class if and only if it contains β.

(c) The |̃ -greatest class among N-free ultrafilters (those not divisible by any n ∈ N)

is denoted NMAX, see Section 5 of [15]. Thus, αNMAX is the ≈-equivalence class of

{(Pmax,∞) : P ∈ P \ P}.
(d) If pn ∈ ∗P (for n ∈ N) are distinct, let Pn = tp(pn/N), Fn = P1P2 . . .Pn and

[G]∼ = limn→ω Fn. For any prime ultrafilter Q ∈ clU({Pn : n ∈ N}), αG(Q) > 0 because

αG is U -closed. Thus it may happen that none of the Fn’s is divisible by Q, but their

limit is.

Note that the example of MAX shows that Corollary 3.14 can not be strengthened:

F =∼ G does not imply αF = αG.

4 Fα-sets

In this section we describe those sets from F ∩U that are determined by basic divisors of

F . Recall that, by Lemma 2.9, the base open sets of the U -topology are of the form Ah,

so it will suffice to consider only such sets in the following definition. Let us call the sets

of the form Ah O-sets.

Definition 4.1. Let α ∈ A, P ∈ P and A ∈ P � P.

For u ∈ EP , an (A,Pu)-set is any O-set of the form Ah =
⋃
n∈NAn

n↑ (where h : A→ N
and An = h−1[{n}]) such that for some/every (p, x) ∈ u holds px ∈ ∗Ah.

An (A,Pw)-set for some w �P u which is not an (A,Pv)-set for any v ≺P u will be

called an (A,P�u)-set.
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An (α,A,P)-set is any finite product of (A,Pu)-sets for various u ∈ EP , such that

for any fixed u, if
∑

w�Pu α(Pw) = n ∈ N, then there are at most n (A,P�u)-sets in the

product.

An α-set is any finite product C1C2 . . . Ck of (α,Ai,Pi)-sets Ci, with Ai ∈ Pi, Pi 6= Pj
and Ai ∩ Aj = ∅ for i 6= j.

Finally, Fα is the intersection of U with the filter generated by α-sets.

Example 4.2. (a) First let α = {(P2, 1)}. If A ∈ P � P and Ah =
⋃
n∈NAn

n↑ is an

(A,P≥2)-set, then in order for p2 ∈ ∗Ah and p /∈ ∗Ah to hold (for any p ∈ µ(P)), it is

necessary that A2 ∈ P . Every such set Ah contains A2
2 ↑, so Fα is generated by sets of

the form A2↑ for A ∈ P .

(b) In general, let us call a pattern α finite if α(Pu) is finite for all Pu ∈ B and nonzero

for only finitely many Pu. Finite patterns are exactly what was considered in [13]. For

example, if α = {(P , 2), (P2, 1), (Q, 1)}, then Fα is generated by the family of sets of the

form (A↑ ·A↑ ·A2↑) ∩B↑= (A(2)A2B)↑, where

A(2)A2B = {a1a2a
2
3b : a1, a2, a3 ∈ A are distinct ∧ b ∈ B}

for some disjoint A ∈ P � P, B ∈ Q � P.

(c) If α = {(P ,∞)}, then Fα is generated by the sets A(n)↑ for all A ∈ P � P and all

n ∈ N.

(d) If α = {(Pi, 1) : i ∈ I} and Pi 6= Pj for i 6= j, then Fα is generated by the sets

(Ai1Ai2 . . . Ain) ↑, where {i1, i2, . . . , in} ⊆ I and Ai1 ∈ Pi1 � P, . . . , Ain ∈ Pin � P are

disjoint.

(e) If α = {(Pn, 1) : n ∈ N} for some P ∈ P \ P, then Fα is generated by the sets

(Ak1Ak2 . . . Akm)↑ for some A ∈ P � P, some m ∈ N and k1, k2, . . . , km ∈ N.

(f) If α = {(Pu, 1)} for some u ∈ EP \ ω, then Fα is generated by Ah for (A,Pu)-sets

Ah =
⋃
n∈NAn

n and A =
⋃
n∈NAn ∈ P , such that px ∈ ∗Ah whenever (p, x) ∈ u. Note

that, if u = supβ<γ uβ for some ≺P-increasing sequence 〈uβ : β < γ〉 in EP then, using

Proposition 1.4, we conclude that every B ∈ Pu ∩ U is also in Puβ ∩ U for some β < γ.

Hence every (A,Pu)-set is also an (A,Puβ)-set for some β < γ.

(g) Finally, if α = {(Pu, 2)} for some u ∈ EP\ω, then Fα is generated by sets of the form

C1C2 for some (A,Pu)-sets C1 and C2. Note that, by Transfer, for any (p, x), (q, y) ∈ u,

px ∈ ∗C1 and qy ∈ ∗C2 imply pxqy ∈ ∗(C1C2) = ∗C1
∗C2. (pxqy is a typical element of any

µ(F) such that αF = {(Pu, 2)}.)

Theorem 4.3. For every F ∈ βN, FαF ⊆ F ∩ U .

Proof. Take any x ∈ µ(F) and any αx-set D; since clearly D ∈ U , we need to prove

that D ∈ F . Let D =
∏m

j=1 Bj be the representation of D as the product of O-sets. Since

all Bi are |-upward closed, (∀n ∈ N)(n ∈ D ⇔ (∃b1 ∈ B1) . . . (∃bm ∈ Bm)(b1, b2, . . . , bm ∈
Pexp distinct ∧ (∀j ≤ m)bj ‖ n)) so, by Transfer, x ∈ ∗D if and only if

(∃b1 ∈ ∗B1) . . . (∃bm ∈ ∗Bm)(b1, b2, . . . , bm ∈ ∗Pexp distinct ∧ (∀j ≤ m)bj
∗‖ x).
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By the definitions of αx and Fαx , this formula is true, implying that D ∈ F . 2

The family F ∩ U is not generated by FαF : by Proposition 1.1, there are P ∈ P such

that for α = {(P , 2)} there are =∼-nonequivalent ultrafilters containing Fα. However, the

next result shows that FαF determines the ≈-equivalence class of αF .

Theorem 4.4. For patterns α, β ∈ Acl, the following conditions are equivalent:

(i) α � β;

(ii) Fα ⊆ Fβ.

Proof. (i)⇒(ii) Assume α � β and let us prove that every (α,A,P)-set C is also a

(β,A,P)-set. Every such C is a finite product of some (A,Puj)-sets of the form Ahj for

some hj : A → N. By Lemma 3.8 α � β implies that there is a function fP adjoining

to each such uj some vj �P uj, so that Ahj is also a (A,Pvj)-set. For every v ∈ EP
there are at most

∑
w�Pv β(Pw) (A,P�v)-sets in the factorization of C and hence C is an

(β,A,P)-set.

(ii)⇒(i) Assume the opposite, that
∑

w�Pu α(Pw) > s =
∑

w�Pu β(Pw) for some

P ∈ P. By U -closedness of β and using Lemma 2.9, we find A ⊆ P and h : A → N such

that Ah ∈ Pu and
∑
Qv∈Ah β(Qv) = s. Consider the α-set C = (Ah)(s+1). By (ii) there

are β-sets D1, . . . , Dm such that D1 ∩ . . . ∩ Dm ⊆ C. Each Di is a product containing

si ≤ s (B,P�u)-sets, and without loss of generality we may assume that B ⊆ A. Let us

fix p1, p2, . . . , ps ∈ µ(P) and x1, x2, . . . , xs such that (pi, xi) ∈ u. The set ∗Di contains

an element di of the form px11 p
x2
2 . . . p

xsi
si yi, such that, for every prime factor q of yi holds

q 6= pj (for j = 1, 2, . . . , s) and qexpqyi /∈ ∗Ah. If we denote d′ = l.c.m.{d1, d2, . . . , dm}, then

d′ = px11 p
x2
2 . . . p

xs′
s′ y

′, and again s′ ≤ s and for every prime factor q of y′ holds q 6= pj (for

j = 1, 2, . . . , s) and qexpqy
′
/∈ ∗Ah. But d′ belongs to D1 ∩ . . . ∩Dm, and it can not belong

to C which contains only elements with more than s factors from ∗Ah, a contradiction.2

The following example, a sequel to Example 3.6, shows that the condition of U -

closedness in the theorem above is necessary.

Example 4.5. (a) Let P ∈ P \P. Consider the patterns α = {(Q, 1) : Q ∈ P \P} and

β = (α \ {(P , 1)}) ∪ {(P , 2)}. α and β are clearly not ≈-equivalent. On the other hand,

for any (β,A,P)-set A(2) there are Q ∈ A \ {P} and disjoint sets A1 ∈ P , A2 ∈ Q such

that A1 ∪A2 = A, so that A1A2 ⊆ A(2). In this way we can “replace” the second copy of

P with Q. Thus A(2) is also an α-set, so Fα = Fβ. However, note that α is not U -closed

because in every U -neighborhood of P there are (infinitely many) primes Q 6= P .

(b) Likewise, α = {(Pn, 1) : n ∈ N} and β = {(Pω,∞)} are not ≈-equivalent. Still, Fα
and Fβ generate the same filter: since there are no (A,Pω)-sets which are not (A,Pn)-sets

for some n ∈ ω, all the β-sets are also α-sets. Again, the explanation is that α is not

U -closed.

Lemma 4.6. If F ,H ∈ βN \N and P ∈ P \P are such that H ∈ Pu for some u ∈ EP ,

then αF·H(Pu) = αF(Pu) + 1 and αF·H(Qv) = αF(Qv) for all Qv ∈ B \ {Pu}.
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Proof. Let (x, pa) ∈ µ(F)× µ(H) be a tensor pair. Then x < pa and xpa ∈ µ(F ·H).

By definition, αF·H(Pu) = αxpa(Pu) = αx(Pu) + 1 = αF(Pu) + 1 and αF·H(Qv) = αF(Qv)
for all Qv 6= Pu. 2

Theorem 4.7. Let β ∈ Acl and F ∈ βN.

(a) If αF � β, then there is G ∈ βN such that αG ≈ β and F |̃ G.

(b) If β � αF , then there is G ∈ βN such that αG ≈ β and G |̃ F .

Proof. (a) We obtain the desired ultrafilter as a limit of a |̃ -increasing sequence

〈Gγ : γ < ε〉. By recursion we construct this sequence, along with the sequence of

respective patterns αδ = αGδ . We start with G0 = F and α0 = αF . Assume that αδ and

Gδ have been constructed for δ < γ so that αδ � β and F |̃ Gδ.
First we consider the successor case γ = δ + 1. If αδ ≈ β, put ε = γ and we are done.

Otherwise, let P be such that αδ � P does not dominate β � P . We consider two cases.

Case 1. If there is u ∈ EP such that
∑

w�Pv αδ(P
w) <

∑
w�Pv β(Pw) for all v �P u such

that
∑

w�Pv β(Pw) < ∞, and in particular
∑

w�Pu αδ(P
w) < ∞, we put Gδ+1 := Gδ · H

for some H ∈ Pu. By Lemma 4.6 we have αδ ≺ αδ+1 � β.

Case 2. Otherwise, there are u, v′ ∈ EP such that v′ ≺P u,
∑

w�Pv′ αδ(P
w) =∑

w�Pv′ β(Pw) < ∞ and
∑

w�Pu αδ(P
w) <

∑
w�Pu β(Pw). Define E := {v ≺ u :∑

w�Pv αδ(P
w) =

∑
w�Pv β(Pw)} and v0 := supE. Since there is an element v′ ∈ E

such that
∑

w�Pv′ αδ(P
w) and

∑
w�Pv′ β(Pw) are finite, these sums change values at

finitely many v �P v′, so we have v0 ∈ E and hence v0 ≺P u. Thus we obtain∑
w�Pv αδ(P

w) <
∑

w�Pv β(Pw) whenever v0 ≺P v �P u. Now take x ∈ µ(Gδ) and

q ∈ µ(Pv0) such that q ∗‖ x, choose q′ ∈ µ(Pu) such that q ∗| q′ and let y = q′

q
x. Then

Gδ+1 := tp(y/N) is such that Gδ |̃ Gδ+1, αδ+1(Pu) = αδ(Pu)+1 and αδ+1(Pv0) = αδ(Pv0)−1,

so again we have αδ ≺ αδ+1 � β.

Finally, if γ is a limit ordinal, let [Gγ]∼ := limδ→γ Gδ and αγ = αGγ . Let us show that

(the ≈-equivalence class of) αγ is the supremum of the sequence 〈αδ : δ < γ〉 in (Acl,≺).

Assume the opposite: that there is α′ ∈ Acl such that αδ � α′ for all δ < γ, but αγ 6� α′.

By Theorem 4.4, there is some A ∈ Fαγ \ Fα′ . By Proposition 1.4 there is δ < γ such

that A ∈ Fαδ , which implies A ∈ Fα′ , a contradiction. In particular, we get αγ � β. This

concludes the construction.

(b) is proved in a similar way, with the successor case requiring only the analogue of

the construction from Case 2. 2

It may seem that, if F |̃ H and β ∈ Acl is such that αF � β � αH, then there is

G ∈ βN such that αG ≈ β, F |̃ G and G |̃ H. However, this is false, as the next example

shows.

Example 4.8. Let P ∈ P \ P be arbitrary, and let p, q ∈ µ(P) be such that (p, q) is a

tensor pair. Denote F = P2 · P and H = P3 · P5. Since (p2, q) and (p3, q5) are also tensor

pairs (by Proposition 1.6), it follows that tp(p2q/N) = F and tp(p3q5/N) = H.
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We have αF = {(P , 1), (P2, 1)} and αH = {(P3, 1), (P5, 1)}. Now, if β = {(P , 1), (P4, 1)},
then clearly αF � β � αH, but there can be no ultrafilter G such that αG ≈ β (which is

in this case equivalent to αG = β), F |̃ G and G |̃ H. Namely, for such an ultrafilter by

Proposition 1.3 there would be some y ∈ µ(G) such that p2q ∗| y, and the only possibility

is y = p4q. In turn, there would be some z ∈ µ(H) such that p4q ∗| z, so z = p5q3.

However, tp(p5q3/N) 6= tp(p3q5/N) = H because for A = {a3b5 : a, b ∈ P∧ a < b} we have

p3q5 ∈ ∗A and p5q3 /∈ ∗A.

As a special case of the previous theorem, we have the following.

Corollary 4.9. For every U-closed pattern β there is an ultrafilter G such that αG ≈ β.

One may also be tempted to think that, if β is a U -closed pattern which is not finite

(as defined in Example 4.2(b)), then there are in fact 2c ultrafilters G as described in the

Corollary 4.9, because of the possibility to choose, at limit stages of the construction,

different ultrafilters W on γ and get different Gγ = limδ→W Gδ. However, we saw in

Example 2.2 that there are a basic class Pu and p ∈ µ(P) for which up is a singleton, say

up = {x}. It follows that for β = {(Pu, 1)} there can be only one ultrafilter F = tp(px/N)

such that αF ≈ β. By Theorem 4.7 this ultrafilter must then be divisible by all G ∈ Pω.

5 Self-divisible ultrafilters

As we have seen, the pattern of an ultrafilter does not determine its =∼-divisibility class.

In particular, there are many such classes it can not distinguish between. However, some

properties connected to |̃ -divisibility can be characterized by patterns. In this section we

give one such application.

Definition 5.1. For F ∈ βN let D(F) = {n ∈ N : n |̃ F}. The ultrafilter F is:

-self-divisible if D(F) ∈ F ;

-division-linear if it contains a |-chain.

The preceding notions were introduced in [3] in order to resolve some questions left

open in [16] about possible extensions of the congruence relation to ultrafilters. However,

it turned out that for the self-divisibility there are many more equivalent conditions of

algebraic, number-theoretic and topological nature, making this kind of ultrafilters objects

of interest in their own right. For example, these nonstandard characterizations were

obtained in Theorem 3.10 and Proposition 4.5 of [3].

Proposition 5.2. (a) An ultrafilter F is self-divisible if and only if for every a, b ∈
µ(F) there is c ∈ µ(F) such that c ∗| gcd(a, b).

(b) An ultrafilter F is division-linear if and only if for every a, b ∈ µ(F) holds a ∗| b
or b ∗| a.
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Our goal is to apply ideas from this paper to get another characterization of self-

divisible ultrafilters. More precisely, we want to add more details to conclusions of Propo-

sition 4.17 from [3]. For F ∈ βN denote:

exppF = max{k ∈ N : pk |̃ F} (for p ∈ P), if it exists

IF = {p ∈ P : pω |̃ F}
JF = {p ∈ P : (∃k ∈ N)k = exppF}
KF = {p ∈ P : p -̃ F}.

The definition of uP in the following theorem does not depend on the choice of q by

Lemma 2.11.

Theorem 5.3. Let F ∈ βN. Define h0 : JF → N by h0(p) = exppF . For any q ∈ ∗JF
and P = tp(q/N) let uP ∈ EP be such that q

∗h0(q) ∈ µ(PuP ). Then:

(a) αF(Pmax) =∞ for all P ∈ IF \ IF ;

(b) F is self divisible if and only if the following holds:

(i) αF(PuP ) =∞ and αF(Pw) = 0 for w �P uP , for all P ∈ JF \ JF ;

(ii) αF(Pw) = 0 for all P ∈ KF \KF and all w ∈ EP .

Proof. (a) Let P ∈ IF \ IF ; such P exists only if IF is infinite. Take any U -

neighborhood Ah of Pmax. The set A is infinite and belongs to P , so for any of infinitely

many p ∈ IF ∩A holds pω ∈ Ah and αF(pω) = 1. By U -closedness of αF , αF(Pmax) =∞.

(b) The set of divisors of F from N is

D(F) = {pk11 p
k2
2 . . . pkmm ql11 q

l2
2 . . . q

ln
n : p1, p2, . . . , pm ∈ IF

∧q1, q2, . . . , qn ∈ JF ∧ li ≤ expqiF for 1 ≤ i ≤ n}.

Define h+ : JF ∪KF → N by h+(p) = h0(p) + 1 for p ∈ JF and h+(p) = 1 for p ∈ KF .

Clearly (JF ∪ KF)h
+

is the complement of D(F), so F is self-divisible if and only if

(JF ∪KF)h
+
/∈ F . Assume that this is true.

First let P ∈ JF \ JF . Whenever w �P uP , for any generator qa of Pw we have

a ≥ ∗h+(q), hence (JF ∪ KF)h
+ ∈ Pw ∩ U . If αF(Pw) > 0, (JF ∪ KF)h

+
would be a

FαF -set not in F , a contradiction with Theorem 4.3.

On the other hand, Jh0F ∩Pexp = {pa : p ∈ JF ∧a ≥ h0(p)} ∈ PuP . Every neighborhood

Ah of PuP intersects Jh0F ∩Pexp in infinitely many elements. Using U -closedness as in (a),

we get
∑

w�PuP αF(Pw) =∞. Since we already concluded that αF(Pw) = 0 for w �P uP ,

it follows that αF(PuP ) =∞.

Next, if there were some prime ultrafilter P ∈ KF\KF such that P |̃ F , then KF ↑∈ F .

However, D(F) is disjoint from KF ↑, so it can not belong to F .
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Finally, assume that F satisfies conditions (i) and (ii). For any x ∈ µ(F), Transfer

implies that x ∈ ∗(JF ∪KF)h
+

if and only if (∃p ∈ ∗KF)p ∗| x or (∃p ∈ ∗JF)p
∗h0(p)+1 ∗| x.

The first formula is false because of (iii), and the second because of (ii): remember

that, by Lemma 2.11, p
∗h0(p)+1 belongs to a different basic class than p

∗h0(p). Hence

(JF ∪KF)h
+
/∈ F , so D(F) ∈ F . 2

Let us compare this result with Proposition 4.17 from [3]. Case (1) there covers the

possibility IF = ∅ and JF is finite, in which F is self-divisible only if it is principal (by

(ii)). Case (2) occurs when JF and KF are both finite, so every such F is self-divisible.

Finally, Case (3) covers the rest, and this is where Theorem 5.3 brings new information.

Note that it is easy to show that, for every partition of N into sets IF , JF and KF and

every choice of exppF for p ∈ JF there is an ultrafilter satisfying the conditions of the

theorem.

Unfortunatelly, division-linearity of F does not depend only on the pattern αF , as the

following example shows.

Example 5.4. Choose any p, q ∈ P, say p < q. Take any a, b ∈ ∗N \ N with a < b

such that pa and pb generate the same ultrafilter, say G = tp(pa/N) = tp(pb/N). Now let

c ∈ ∗N be such that (pb, qc) is a tensor pair (equivalently, that (b, c) is a tensor pair), and

let H = tp(qc/N). Finally, let d ∈ µ(H) be such that d > c and (a, d) is a tensor pair.

Then tp(paqd/N) = tp(pbqc/N) = G · H. However, paqd and pbqc are ∗| -incomparable

since a < b < c < d, so G · H is not division-linear by Proposition 5.2(b).

On the other hand, let us show that there is a division-linear ultrafilter with the same

pattern α = {(pω, 1), (qω, 1)}. Let us denote the family of all Fα-sets (for all patterns α)

by U ′. The set L = {pkqk : k ∈ N} is a |-chain. By Theorem 4.4 it suffices to show that

the family S := Fα ∪ {Ac : A ∈ U ′ \ Fα} ∪ {L} has the finite intersection property. (In

general, finding an ultrafilter with the same Fα-sets would only show that the pattern

of the obtained ultrafilter is ≈-equivalent to α, but for α with finite support it actually

means that its pattern equals α.) A typical intersection of sets from Fα is of the form

(pmqn) ↑ for some m,n ∈ N. Any set A ∈ U ′ \ Fα must not have any of the elements plql

for l ∈ N, since otherwise it would contain (plql) ↑. Thus, for any finite subfamily of S,

taking k := max{m,n} we get an element pkqk in the intersection of all the sets.

6 Closing remarks and open questions

We assumed throughout the text that all sets of the form {1, 2, . . . , z} for z ∈ ∗N \N have

the same cardinality; let us now consider what was gained by it. This condition implies

that many other internal sets have the same cardinality. This allowed us to conclude that

there is only one possible infinite value of the number of divisors of a fixed ultrafilter F
from a given EP-class, which we denoted by ∞. There are several advantages of this.
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First of all, this simplifies working with patterns, and does not require any additional

set-theoretic assumptions. Second, it makes possible (or at least simplifies) the proofs of

several results, such as Theorem 3.3 and Lemma 3.8 that depends on it. Most notably,

Theorem 3.12 is quite important: we need to know that what we learn about the pattern

of F from some x ∈ µ(F) is really a property of F and not of the particular x.

Here are a few questions that remain unanswered.

Question 6.1. (a) Is it possible, for a given P ∈ P \P, to describe precisely the order

(EP ,≺P)?

(b) In particular, is (EP ,�P) isomorphic to (EQ,�Q) for all nonprincipal P and Q?1

Question 6.2. Is it possible to improve Theorem 4.7 (or at least Corollary 4.9) to get

an ultrafilter G such that αG = β?

A previous version of this paper was developed under a stronger condition for which

an assumption on cardinal arithmetic was needed. The author is grateful to Mauro Di

Nasso for pointing out the principle ∆1, which made possible the elimination of this

additional assumption. Also, the author wishes to thank the referee for carefully reading

the manuscript and providing several corrections.
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