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Boris SOBOT

~

|-DIVISIBILITY OF ULTRAFILTERS II: THE BIG
PICTURE

ADbstract. A divisibility relation on ultrafilters is defined as follows: F Tg if
and only if every set in F upward closed for divisibility also belongs to G. After
describing the first w levels of this quasiorder, in this paper we generalize the
process of determining the basic divisors of an ultrafilter. First we describe these
basic divisors, obtained as (equivalence classes of) powers of prime ultrafilters.
Using methods of nonstandard analysis we define the pattern of an ultrafilter:
the collection of its basic divisors as well as the multiplicity of each of them. All
such patterns have a certain closure property in an appropriate topology. We
isolate the family of sets belonging to every ultrafilter with a given pattern. We
show that every pattern with the closure property is realized by an ultrafilter.
Finally, we apply patterns to obtain an equivalent condition for an ultrafilter to
be self-divisible.

1 Introduction

Let N denote the set of natural numbers (without zero), and w = N U {0}. The set
of all ultrafilters on N is denoted by SN and, for each n € N, the principal ultrafilter
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{A C N:n € A} is identified with n. Considering the topology with base sets A =
{F € 6N : A € F}, we think of SN as an extension of the discrete space N, called the
Stone-Cech compactification of N. In general, for S C AN, clS will denote the closure of
S in this topology; in particular, for A C N, clA = A.

One of the main features of SN is that each function f : N — N can be uniquely
extended to a continuous f : BN — BN. Using this, binary operations can also be
extended, so by applying this to the multiplication on N (and denoting the extension also
by -) a right-topological semigroup (6N, -) is obtained, where

F-G={ACN:{neN:A/negG}eF} (1)

and A/n = {a/n : (a € A) A (n | a)}. Many properties of this and other semigroups
obtained in this way are described in the book [6].

In [11] several ways to extend the divisibility relation | to SN were proposed. Some
of them used directly the extension of multiplication (1) and imitated the definition of |.
However, a relation obtained in a different way proved to have much nicer properties: if

At={n eN: (Ja € A)a | n}

for A C N and
U={Ae P(N)\{0}: A=At}

let F Tg if for every A € F holds ATe€ G. It turned out that another equivalent condition
is more convenient in practice:

FlGe FnUCG.

The relation | is a quasiorder, and defining

F=.G& (F|GAG]|F),

=. is an equivalence relation, so | can be thought of as a partial order on equivalence
classes [F|. € N/ =_. For n € N, n | G means that G = nF for some F € SN; however
this is not true for n € SN\ N in general.

It is worth mentioning that two general (so-called canonical) ultrafilter extensions of
relations were described in [8]. Among other topics, their topological properties were
considered. One of them (although it was defined in a different way) actually produces
| . The other one is, in a sense, trivial when applied to the divisibility relation.

We recall some notation and introduce some more. Throughout the text, for A, B, A; C
N and n € N:

e [P denotes the set of primes;

o PP = {p":pePAneN}
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o A"={a":a€ A};

o A Ay. . A, ={may...a,: (Vie{L1,2,...,n})(a; € Ai A (V] # i)gcd(a;, a;) = 1)};
e AW =A.A. _ .Aand

—_—
e Al={neN:(Ja€ A)n|a}.

A set A C N is convex if, for all z,y € A and all z € N such that = | z and 2z | y we
have z € A. Let C be the family of all convex subsets of N. Clearly, since td C C, FNC
determines the =.-class of an ultrafilter .

Various aspects of (BN/=_, | ) were considered in papers [11]- [17]. In particular, the
paper [13] contains many facts on the first w levels of this order, some of which we will
now briefly recapitulate. The n-th level L,, consists of ultrafilters that concentrate on the
set L, = {pip2--.Pn : P1,D02,---,0n € P} (pi’s need not be distinct). Hence, Ly = {1}
and L; = P. The ultrafilters in P are called prime. For P € P, we denote

PIP={AcP: ACP}

The square P2 of P € P is generated by the sets A for A € P | P. However, it is not the
same as P - P; the latter belongs to the family of ultrafilters “twice divisible” by P and
containing not the sets A2 but A® for A € P | P. Example 1.2 will make this distinction
more natural.

Powers of primes P* (for P € P and k € N) are called basic ultrafilters. All the

elements of
L= U L,

new

can be fragmented into such basic ingredients. This is not a factorization: it simply
means that an ultrafilter in L,, has exactly n (not necessarily distinct) basic divisors, with
each P* counted k-many times. Hence to every F € L we can adjoin a “pattern” az: a
function mapping each basic ultrafilter to its “multiplicity” within F. To each pattern
ar corresponds a family F,,, € F NU determining the basic divisors of F.

Within L the =_-equivalence classes are singletons. Let us recall (a corollary of)
Theorem 3.6 from [13], which will serve as a counterexample several times throughout
this paper.

Proposition 1.1. There is P € P\ P such that, for every n > 1, there are at least
two ultrafilters F,G € L,, distinct from P" having P as their only basic divisor.

However, in SN\ L things look differently: the relation T is not well-founded in general,
and ultrafilters can not be organized in levels. The (admittedly pretentious) title of this
paper addresses the possibility to nevertheless fragment (in the same sense as above)



26 BORIS SOBOT

each ultrafilter into basic ones. For this purpose we will use methods of nonstandard
arithmetic, introduced into the context of ultrafilter divisibility in [14].

Probably the simplest way to introduce nonstandard extensions is via superstruc-
tures. Let X be a set containing (a copy of) N. We assume that elements of X are
atoms: none of them contains in its transitive closure any of the others. Let V5(X) = X,
Vi1 (X) = Vo (X) U P(V, (X)) for n € w and V(X) =, Va(X). Then V(X) is called
a superstructure, and its nonstandard extension is a pair (V(Y), %), where V(Y) is a su-
perstructure with the set of atoms ¥ O X and * : V(X) — V(Y) is a function such that

*X =Y and satisfying

The Transfer Principle. For every bounded formula ¢(x1, ..., z,) and every aq, as, . . .,
a, € V(X),

V(X) E p(a,ay, ..., a,) if and only if V(Y) k= ¢(*ay, ay, . .., *ay).

Here, a first-order formula is bounded if all its quantifiers are bounded, i.e. of the

form (Vx € y) or (3 € y). The values of free variables xy, zs,...,z, that appear in
¢ on the left can be any aj,as,...,a, € V(X) and on the right they are replaced with
*a; € V(Y). The atomic subformulas in ¢ are of the form A(xy,...,x) for some k-ary

relation A € V(X), which also gets replaced with *A. However, it is a common practice
to omit * in front of €, arithmetic operations, the standard order < on *N, the operation

of making n-tuples etc. to make formulas easier to read. By *p(x1,z9,...,2,) we will
denote the star-counterpart of ¢(xy, zs, ..., z,), obtained by adding stars to all values of
free variables except those explicitly stated (z1,xs, ..., x,).

Consider a few examples that we will make use of later. First, *(A") = (*A)": if
we denote B = A", then (Vai,...,a, € A)(ai,...,a,) € B implies (Vay,...,a, €
*A)(ay,...,a,) € *B and (Vb € B)(day,...,a, € A)b = (a1,...,a,) implies (Vb €
*B)(3ay,...,a, € *A)b = (ai,...,a,). In a similar way we see that *(A(™) = (*4)™ and
*(A1) = (*A)1, so in all these cases we can omit the parenthesis. Also, if dom(f) = A C N,
then dom(*f) = *A. Finally, Transfer easily implies that ("N \ N, <) is divided into blocks
order-isomorphic to (Z, <) which Robinson, the father of modern nonstandard analysis,
called galaxies in his groundbreaking book [10].

There is a well-known connection between nonstandard and ultrafilter extensions of
N: for every x € "N,

tp(z/N) :={ACN:z €A}

is an ultrafilter. The element x is then called a generator of that ultrafilter. This agrees

with extensions of functions f: N — N: tp(*f(z)/N) = f(tp(x/N)) for every z € *N.

Example 1.2. Clearly, prime nonstandard numbers p are exactly those belonging to
“P, so their respective ultrafilters are exactly tp(p/N) = P € P. Also, their powers p* (for
k € N) correspond to basic ultrafilters P*.
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The best way to understand the distinction between P? and P - P is to see that the
generators of P - P are products pq of distinct generators p and g of P: Transfer easily
implies that pg € *P(?)| a set disjoint from the set *P? of squares of primes.

If tp(p/N) = tp(p'/N) = P and tp(q/N) = tp(¢'/N) = Q are distinct prime ultrafilters,
tp(pq/N) and tp(p'q’/N) need not be the same. Namely, each of them may equal P - Q (if
(p,q) is a tensor pair, see below) or Q - P (if (¢, p) is a tensor pair), which is usually not
the same, or something different from both of them.

This also explains the existence of ultrafilters P as described in Proposition 1.1. A
similar situation occurs at higher levels of L.

Atoms and sets belonging to some *A for A € V(X) are called internal. Hence, one
must be careful: quantifiers of the form (Vz € *A) or (3 € *A) refer only to internal sets.
By The Internal Definition Principle, sets defined from internal sets are also internal;
for a precise formulation see [4], Section 13.15. For every hyperfinite set S (that is, for
S € *([N]<®), where [N]<™ is the family of all finite subsets of N) there is a unique ¢ € *N
for which an internal bijection f : {1,2,...,t} — S exists; this ¢ is called the internal
cardinality of S.

Nonstandard extensions are not unique, and they differ by richness of objects they
contain. A nonstandard extension is ¢t-saturated if, for every family F' of internal sets
with the finite intersection property such that |F| < ¢, there is an element in (| F. We
will assume all the time that we are working with a fixed ¢"-saturated exten-
sion in which every initial segment of the form |{z € "N :z < z}| for z € "N\ N
has the same cardinality. This cardinality will be denoted by oo, and we will let
No = wU {oo}. This condition does not require an additional set theoretic assumption:
its second half is fulfilled in nonstandard universes with property A;, introduced in [2]
(see Corollary 2.3 there), and the conjuction of A; and ¢"-saturation is, by Corollary 3.6
of [2], equivalent to Henson’s ¢"-isomorphism property introduced in [5].

With the assumption of ¢t-saturation, for every F € SN its monad

w(F) :={x € N:tp(z/N) = F}

is nonempty. It also implies a connection between divisibility relations | and

|

, as
shown in the next result (part of Theorem 3.4 from [15]).

Proposition 1.3. The following conditions are equivalent for every two ultrafilters
F.,G € BN:

(i) F|G;

(i1) there are x € u(F) and y € u(G) such that x *| y;

(1) for every x € u(F) there is y € u(G) such that x*|y;

() for every y € u(G) there is x € u(F) such that x *| y.
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Let A € U be arbitrary, let B be the set of |[-minimal elements of A and B,, = BN L,,.
An ultrafilter that contains some B,, belongs to L,; this is exactly the kind of ultrafilters
studied in [13]. Note that A =J, ., BnT. Let P4 = {p € P: (In € N)p" € A} and define
the function h,y : P4 — N as follows:

ha(p) = min{n € N: p" € A}. (2)
By Transfer, for all p € *P4 and all x € *N|
p” € A if and only if x > *ha(p). (3)

For p € P\ *P 4, no power of p in is *A. Thus, in order for tp(pz/N)T}" to hold, F needs
to contain all A € U for which *ha(p) < x. In the reverse direction, for any A C P and
any h: A — N we can define

A ={meN:(3pec Ap"® |m}cu. (4)

If {F;:i€ I} is aset of ultrafilters and W an ultrafilter on I, G = lim;_,yy F; is the
ultrafilter defined by: A € G if and only if {i € T : A € F;} € W. The following was

proven in [15], Lemma 4.1.

Proposition 1.4. (a) Every chain ([F;]~ :i € I) in (BN/=., | ) has the least upper
bound [Gy|~ (obtained as Gy = lim;_,\y F; for any W containing all final segments of 1)
and the greatest lower bound [Gr)~.

(b)) Uie,(FiNU) = Gu NU and (N, [(FsNU) = G NU.

Since the =._-class of the L.u.b. Gy does not depend on the choice of W, in the case
when I = v is an ordinal we will denote by lims_,., Fj the class [Gy]~.

In any nonstandard extension the following generalization of the Fundamental theorem
of arithmetic holds. It is easily obtained from the Transfer principle. Let (p, : n € N)
be the increasing enumeration of P, so its nonstandard extension (p, : n € "N) is the
increasing enumeration of *P. Recall that, for p € P, n, k € N, p* || n means that k is the
largest natural number [ such that p' | n; we say that p* is an exact divisor of n. Likewise,
for p € P, x, k € *N, p* *|| 2 means that k is the largest [ € *N such that p' *| z. If p* *|| z,
we also write k = exp,z.

Proposition 1.5. (a) For every z € *N and every internal sequence (h(n) : n < z)

there is a unique x € *N such that p}ﬁ(n) ||z forn < z and p, *tx for n > z; we denote

this element by ], . patm.

(b) Bvery x € "N can be uniquely represented as ], . pZ(n) for some z € "N and some
internal sequence (h(n) :n < z) such that h(z) > 0.
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The product F -G is a T—minimal ultrafilter divisible by both F and G. However, as
mentioned in Example 1.2, it may be only one of many such ultrafilters. More precisely,
by Lemma 3.7 from [13], they are exactly ultrafilters containing the filter generated by
sets AB for A € F, B € G. Thus, products zy for x € u(F) and y € u(G) do not always
belong to F - G. They do whenever (z,y) is a tensor pair, meaning that it belongs to
wWF @G), where F G ={SCNxN:{reN:{yeN:(r,y) € S} € G} € F}
is the tensor product of ultrafilters 7 and G. Theorem 3.4 from [9] gives an equivalent
condition that we will use (and several more can be found in Theorem 11.5.7 of [1]).

Proposition 1.6. (x,y) is a tensor pair if and only if, for every f : N — N, either
“fly) € Nor*fy) > .

The following lemma is a version of Theorem 11.5.12 from [1].

Lemma 1.7. Let F,G € N and H € B(N x N). If g € u(F) and yo € u(9)
are such that (xo,y0) € u(H), then for every xy € u(F) there is y1 € pu(G) such that
(1, 51) € p(H).

In particular, for every x € "N\ N and every G € SN\ N, there is y € u(G) such that
(z,y) is a tensor pair; analogously there is y' € u(G) such that (y',x) is a tensor pair.

Proof. Let Bax = {y € *X : (z1,y) € *A} for A C Nx N and X C N. Let
F ={Basx:Aec€HANX € G}. Since F is closed for finite intersections, to prove that
F has the finite intersection property it suffices to show that Bs x # () for all A € H,
X € G. If we denote by m the first projection, yo witnesses that xy € *m [fAN('Nx*X)] =
(m[AN (N x X)]), so z; € *m[*AN (*N x *X)] as well. This means that there is y € *X
such that (z1,y) € *A. Now c"-saturation implies that there is y; € (| F, which means
that y; € u(G) and (z1,11) € u(H). 0

2 Basic ultrafilters

We begin the description of the divisibility order by describing powers of prime ultrafilters.
If p € *P is a fixed nonstandard prime and P = tp(p/N), (p* : x € 'N) is a *[ -increasing
chain in "N, and so (tp(p*/N) : z € *N) is a |-nondecreasing chain in SN. For distinct
m,n € N the ultrafilters P™ = tp(p™/N) and P" = tp(p"/N) are =._-nonequivalent.
What about exponents from *N \ N? Example 4.5 from [14] shows that for p € P the
situation is simple.

Proposition 2.1. If p € P, all the ultrafilters tp(p®/N) for v € N\ N are =_-
equivalent.

However, for p € P\ P this need not be true, as the next example shows.
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Example 2.2. Again, let (p, : € *N) be the increasing enumeration of “P, and let
A = U,en{pn"}1. (In terms of (4): if h : P — N is given by h(p,) = n, then A = A".)
Then:

(a) For every z € *N, Transfer implies that p® € *A but p®~! ¢ *A. Since A € U, this

r—1

means that the consecutive powers p?

and p? are in the monads of =.-nonequivalent
ultrafilters.

(b) If we denote by V the exclusive disjunction, then (Vp,q € P)(p # ¢ = (In €
N)(p" € AV ¢" € A)) is also true, and therefore

(Vp,q € P)(p # q¢= (3x € N)(p* € "AV ¢" € "A)).

Thus, any two prime nonstandard numbers have powers p” and ¢” such that tp(p®/N) #.
tp(q”/N).

Definition 2.3. Let P € P. The relation ~p on u(P) x *N is defined as follows:

(p, ) =p (q,y) if and only if tp(p”/N) = tp(¢”/N).

Of course, ~p is an equivalence relation; let

Ep = (P, ¥)]~p : (p,7) € u(P) x N}

be the set of its equivalence classes. For any p € u(P) and u € Ep, let the “vertical
section” be the set defined by w, := {z : (p,x) € u}.

Example 2.2(b) shows that tp(p®/N) =, tp(¢°/N) need not hold for p,q € u(P), so
the sets w, are not independent of the choice of p.

Definition 2.4. Families of ultrafilters of the form P* := {tp(p®/N) : (p,z) € u} for
some P € P and u € Ep will be called basic classes. Also, let 1i(P*) = Jzepu pt(F).
By B we denote the set of all basic classes.

We will think of the =.-classes P" as powers of P.

Lemma 2.5. Let P € P and u € Ep.

(a) All elements of (P") are of the form p® for some (p,z) € u.

(b) For every p € p(P) the set u, is nonempty and convex: if x,y € u, and v < z < y,
then z € u, as well.

(¢) Each uy, is either a singleton or a union of galaxies.

Proof. (a) If F € P, there is (¢,y) € u such that ¢¥ € u(F). Then ¢¥ € PP,
so P*P € F. Thus, every element of pu(F) belongs to *P*?, and so it is of the form p*.

Clearly (p,z) ~p (¢,y), so (p,) € u.
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(b) To prove u, # 0 let (¢,y) € uw and F = tp(q¥/N). Using Proposition 1.3, ¢ *| ¢¥
implies PT]—" , which in turn implies that there is an element of u(F) divisible by p, which
by (a) must be of the form p* for some = € *N. Hence (p,z) € u. The convexity of u, is
obvious.

(c) Assume that, for some = € *N\ N, tp(p®/N) #. tp(p**'/N); let us prove that
tp(p? /N) #. tp(pT!/N) holds for every element y of the galaxy of x. By the assumption
there is A € U N tp(p*/N) \ tp(p®/N), in other words *ha(p) = = + 1 (see (3)). Let
g : N\ {1} — N be the function defined by g(p{*...p%*) = pi**' .. pi**! (for distinct
p1,---,pr € Pand a; > 0). Then B := g[A]te U. Tt follows that *¢(p”™!) = p*™ € *B
and p*™' ¢ *B, so *hg(p) = x + 2. This implies that tp(p*™'/N) #. tp(p**?/N)
and inductivelly tp(p*™™/N) #. tp(p*™™ ™ /N). Using f : N\ {1} — N defined by
FO5 . pi) = pi o p® T in a similar way we conclude tp(p® " /N) #. tp(p* "+ N)
for n € N. O

Definition 2.6. On &p we define the relation:

u <pwv if and only if u # v and for some p € p(P) and some x,y € "N
holds (p,z) € u, (p,y) € v and z < y.

We write u <p v if u <p v or u = v.

Proposition 1.3 implies that, if u <p v, then in fact for all p € u(P) and all z,y € *N
such that (p,x) € u and (p,y) € v, x < y holds.

Lemma 2.7. For every P € P:

(a) <p is a strict linear order.

(b) Every increasing sequence in (Ep,<p) has a supremum and every decreasing se-
quence has an infimum.

Proof. (a) is obvious, using Lemma 2.5(b) and the remark preceding this lemma.

(b) We can assume, without loss of generality, that the given sequence is well-ordered
(otherwise we can first thin it out into a cofinal well-ordered subsequence). So let (ug :
§ < 7) be a <p-increasing sequence in Ep of some limit length «. Pick some p € u(P)
and z¢ for & < v such that (p,z¢) € ue. Then (tp(p™/N) : £ < 7) is a |-increasing
sequence of ultrafilters so by Proposition 1.4 it has a least upper bound G. Since each
tp(p*e+t /N) \ tp(p®s /N) contains a set in U and |U| = ¢, the sequence is of length less than
¢™. But ¢"-saturation easily proves that the cofinality of *N is at least ¢*, so there is an
upper bound z for {z¢ : £ < v}. Using Proposition 1.3 we find y < z such that p¥ € u(G),
so [(p, y)]~, must be the supremum of the given sequence.

Analogously we prove that (Ep, <p) is closed for infima of decreasing sequences. O

Inspecting the proof of Theorem 4.6 from [15], we can conclude that, for every P €
P\ P, the order (Ep, <p) contains a copy of (R, <). We will not use this fact here.
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Note that both cases from Lemma 2.5(c) are possible: the first case occurs by Example
2.2(a), and above every such galaxy (“cut” into singleton classes) comes, by Lemma 2.7(b),
the second case: a union of galaxies. For example, if u7 = {r} are singleton classes (for
z from some galaxy X), then sup,y uj can not be a singleton {z} because z — 1 would
be a smaller upper bound.

As another corollary of Lemma 2.7, we conclude that each £p has the greatest element
Umaz; let us write P™M® for Ptmez  Also, for P € P we will denote P¥ = P¥, where
u =supw in Ep. As we already mentioned, for p € P holds p¥ = p™**  so the order-type
of (£,,<,) is w+ 1. When convenient, we will identify the first w + 1 many elements of
Ep with the set of ordinals w + 1.

Example 2.8. Let AcU, P € P\ P,z € N\ N and p € u(P).

(a) If (p,x) is a tensor pair, then p” belongs to pu(P™*). To see that, assume the
opposite: there is some y > x such that [(p, z)]~p, <p [(P,y)]~p. By Lemma 1.7 there is
z such that (y, z) is a tensor pair, in particular p < x < y < z. But then by Proposition
16 (p,2) is also a tensor pair, 50 [(3, D)an <p [ 9))ep %P [(B: D]np = [(B, D), 2
contradiction.

(b) If (z,p) is a tensor pair, then p® belongs to u(P*). Namely, by Proposition 1.6 for
every A € U either *ha(p) € N or *hu(p) > x. By (3), p* € *A can hold only if *ha(p) = m
for some m € N, which means that already p™ € *A, so A € P™. Thus, tp(p®/N) contains
only sets from U belonging to some P™, so it is a least upper bound of {P™ : m € N}.

If A C Nand P* € B, let us abuse the notation and write A € P* (or P* € A) if
A € F for all F € P*. For example, PP € P" for all P* € B. Note that ultrafilters
from the same =_-equivalence class share the same |-upward closed and the same |-
downward closed sets; since every A € C is the intersection of sets of those two types,
in order for A € P* to hold it suffices that A € F for some F € P*. Hence we denote
PrnU={AcU:AeP}and P*NC={AeC:AecP}

Let us call the topology on B generated by sets B = {P* € B: B € P"} for B U
the U-topology. The closure of S C B in this topology will be denoted cly,.S.

Lemma 2.9. The base sets B of the U-topology on B are exactly the sets of the form
A" for h: A — N such that A C P.

Proof. Let B € U; we want to find a set of the form A" such that, for Q" € B,
B € Q" if and only if A" € Q. Simply put A = {p € P: (In € N)p" € B} and define
h = hp as in (2). Clearly A" C B, which gives us one of the desired implications. On
the other hand, if B € Q" then BNP*? € Q" so A"# = (B NP*“P)tc Q" as well. O

Example 2.10. To every A C PP corresponds a set AT€ U so that, for every Q € P,
Q € Aif and only if @ € Af. Thus the U-topology on PP coincides with the standard one
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(generated by all A for A C P). If S C P then Q € clyS implies that, for every k € N,
QF € cly{P"*: P € S} as well.

In fact, if G = QF € P*, then essentially all sets S’ such that G € cl.S” are obtained in
this way: for any A € GNU, AN (P¥) € G as well, so there is an ultrafilter P* € $" N PF
such that A € P*, meaning that G € cly (S’ N P*). Hence in such occasions we can

immediately restrict ourselves to the case S’ = {P* : P € S} for some S C P, whence
G = QF € clyS" if and only if Q € cl,S.

The following lemma will provide a better understanding of the situation when a set
uy is a singleton.

Lemma 2.11. Let P € P and u € Ep.

(a) For any [ : P — N and p,q € u(P), pf® € pu(P™) if and only if ¢7@ € u(PY).

(b) If a vertical section u, contains an element pT®) for some f: P — N, then it is
the only element and in fact u={(p,*f(p)) : p € u(P)}.

Proof. (a) By Lemma 2.9 it suffices to show that, for every A € P | P and every
h:A—N,p7® ¢ *A" if and only if ¢/(@ € *A". By (3), this is equivalent to showing
that *f(p) > *h(p) if and only if *f(q) > *h(q). If we define X = {b € A: f(b) > h(b)},
then p € *X if and only if ¢ € *X, which proves the claim.

(b) From (a) it follows that all the pairs (p,*f(p)) are in u. But, for any such pair,
(p,*f(p) — 1) & u because p /P! ¢ P/, Likewise, (p,*f(p) + 1) ¢ u because p/®+! ¢ P9
(where g(p) = f(p) + 1 for all p € P), while p"/(®) ¢ P9, O

3 Patterns

As we saw in the previous section, when generalizing from L to the whole of SN the set
of basic divisors needs to be expanded by classes P* for u € Ep \ w. Another difference
is that an ultrafilter can be divisible by a basic class infinitely many times. It will turn
out that, under the assumptions stated in the introduction, there is only one possibility
for such infinite multiplicity of a basic divisor: the cardinality oo of all sets of the form

{1,2,...,2} for z € "N\ N.
Definition 3.1. For z € *N and u,v € £p such that u <p v, denote
D= {(p, k) : (u =p (0, )]sy =p o) A" 2}

Lemma 3.2. Let P € P, u,v € E» and F € BN. If there is xg € p(F) such that pl!
is infinite then, for every z € "N\ N, there is x € u(F) such that D! has a hyperfinite
subset of internal cardinality z, and thus |Dg[cu’v]| = 00.
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Proof. The formula
0.(y,C) = (Vp e P)(p |y = p™P* € C)
claims that all powers of primes which are exact factors of y belong to C'. The formula
Or(y,t) = (3f : {1,2,...,t} = P)(f is one-to-one A (Vi <t)f(i) | y)
claims that y has “at least t” prime divisors. Also let

O3(z,y) = (Vp € P)(p | y = exp, = exp,y).

Choose any z € "N\ N and let By = {(z,y) € *Ax "N : 0, (y, " C) A (y, z) A *03(x,y)}.
The set B ¢ is internal, since it is defined from *A, *C' and z, all of which are internal.
Finally, let F'={Bac:Aec FNCAC € P*NP"NC}. (Recall that C is the family of
all convex sets.)

Let Ae FNC and C € P*NPYNC. Consider the formula

For any ¢ € N and the formula

p=(Fr € A)Bq,...,q € PP)((Vi # j)a; # a; N (Vi) (g [| z Agi € C))

its star-counterpart *p holds, as witnessed by zy and any t of its exact divisors p,’f such
that u <p [(pi, ki)|~p =p v. Therefore ¢ is also true, and so is ¢. The star-counterpart
i) (for t = z) establishes that Ba ¢ # 0. Since F is closed for finite intersections, it has
the finite intersection property, so by ¢t-saturation there are x € u(F) and an internal
one-to-one function f : {1,2,..., 2} — *Pso that, for every i <z, (f(i),expp,r) € D,
Finally, the set {f(¢) : i« < z} has internal cardinality z, so |Dg[;u’v]| > oo. However, by
Proposition 1.5, the cardinality of D" can not be larger than oo, so |Dg[gu’v]| = 00. O

Theorem 3.3. Ifx € *N, P € P and u,v € Ep, then x has either finitely many or
oo-many exact divisors from U, < <, W(P").

Proof. Assume that z has infinitely many divisors from U,~,,<,, #(P*) and let
F = tp(x/N). Choose any z € N\ N. By Lemma 3.2 there are y € u(F) and internal
one-to-one function f:{1,2,...,2} — D:Lu’v]. Lemma 1.7 provides some ¢ € "N \ N such
that tp(y, z/N) = tp(x,t/N). For A C N let B4 be the set

{(m,k) e N*: (3f : {1,2,...,k} = ANP“P)(f is one-to-one A (Vi < k)f(i) || m)}.
Now (y, z) € *B4 implies (z,t) € *B4 for all A € P* NP NC. Hence the family

{f A{1,2,...,t} = (ANP“P)|f is one-to-one A (Vi < t)f(i) *|| z} : Ae P*NP NC}
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has the fip. If f: {1,2,...,t} — "P“"? is in its intersection, then f(i) for i < t are
oo-many divisors of z from U< <, #(P®). 0

There are two particularly important corollaries of the result above. We get the first
by putting v = maz: the number of exact divisors from (J,, ,, #(P") is either finite or
oo for every u € Ep. The second one is obtained for u = v: every x has either finitely
many or co-many exact divisors from p(P*). This will simplify considerably the following
definition of pattern of x.

Definition 3.4. Let A be the set of all functions a : B — Ny such that >, ., a(p") <
1 for p € P. Elements o € A are called patterns.

If P* = {P*} is a singleton, we identify P* with P* and write o(P*) instead of a(P¥).
In particular, for k € N, P* is regarded as a subset of B.

These patterns are tailored to represent the quantities of each of basic divisors of
a given ultrafilter, which will become clear in Definitions 3.9 and 3.13. The additional
condition for p € P will be explained in Example 3.15(a).

We will also write o = {(P;",n;) : i € I} (meaning that a(P;") = n;), omitting some
(or all) of the pairs (P*, m) for which m = 0.

Definition 3.5. We will say that a € A is U-closed if, whenever Q" € B and n € N,
if for every A € Q" NU holds } p,5a(P") = n, then }° . a(Q") = n.
The family of all U-closed patterns will be denoted by A,.

Intuitively, U-closedness of a pattern « means that, if szgu a(QY) is finite, then
there is a neighborhood A of Q" in which there are no basic classes “appearing” in «
other than Q" or higher powers of Q.

Some special cases should help to illuminate the concept of U-closedness.

Example 3.6. Let a € A,.

(a) Let S C P, @ € clyS and k € N. Recall from Example 2.10 that QF is in
the U-closure of {P* : P € S}. If, for every such S, 3, 6>, a(P*) > n, then
> ur ok @(Q") = n. In particular, 3 pcg 32, a(P") = oo for every such S implies that
Zutgk a(Q") = oo.

(b) Let n € N. If (ve : § < ) is a <p-increasing sequence in Ep and u = sup,_, ve (see
Lemma 2.7(b)), then P* € cly({P" : £ <7}), 50 3,0, a(P”) = n for all § <y implies
> wrpu ¥(PY) > n. Consequently, > a(P™) = oo for £ < v implies > | a(P?) =
0.

W pUg wrpu

To every a € A and every prime P we can adjoin a sequence a [ P := (a(P") : u € Ep).
Clearly, fixing a | P for every P € P determines a completely.



36 BORIS SOBOT

Definition 3.7. Let (L, <) be a linear order and let a = (a,, : m € L), b = (b,, : m €
L) be two sequences in N,. We say that a dominates b if, for every [ € L:

Zam > me. (5)

m2>l m>1

For o, 8 € A we define: a < 8 if B | P dominates o | P for every P € P. If a < 3
and < «a, we write a ~ 3.

Lemma 3.8. Let o, 3 € A be U-closed and let P € P. The following conditions are
equivalent:

(i) B I P dominates a | P;

(i) there is a one-to-one function gp : U,ce, {u} X a(P*)) = U,ce, {v} x B(P?))
such that v =p u whenever gp(u,i) = (v,j);

(iti) there is a function fp : U,ce, ({u} x a(P")) — Ep such that fp(u,i) =p u for
every (u,i) € U,ee, {u} x a(P")) and |5 {v ]| < B(PY) for every v € Ep.

Proof. (i)=-(ii) Assume that § | P dominates a | P. We consider two cases.

Case 1. If 37 o B(PY) =n € N, then we enumerate (J,..,({v} x B(P?)) = {(v), ;) :
J < n}and U,ee,({u} x a(P*)) = {(uy,4;) : j < k} in the descending order of first
coordinates. Clearly, (5) implies that £ < n and u; <p v; for j < k, so gp(u;,1;) = (v}, ;)
defines a function as desired.

Case 2. Let m € &p be the maximal such that > B(P") = co. (By Theorem
3.3, this sum, if infinite, must be equal to oo; the maximal such m exists by Example
3.6(b).) If m has an immediate successor w in (Ep, <p), then we can define g(u,i) €
U ({0} x B(PY)) for (u,i) € U,s ., ({u} x a(P*)) in the same way as we defined
gp in Case 1. Otherwise, fix a descending sequence (ve : £ < 7) in (Ep, <p) such that
infe., ve = m (constructing it by recursion and using Lemma 2.7(b) at limit stages).
As in Case 1, by recursion on ¢ we define a one-to-one function g mapping each (u,i) €
Uuiwg({u}xa(P“)) to some g(u,1i) € Uvipvg({v}x,ﬁ(P”)). Thus, |[{g(u,1) : u =p mAi <
a(P*)} < Ng. Now enumerate the remaining pairs: |J,,.,,({v} x S(P?)) \ {g(w, ) : u >p
mAi < a(P*)} = {(ve,i¢) : ¢ < oo}. Let h : qu;m({u} X a(P")) — oo be any
one-to-one function. Now a desired function can be defined as

o g(u,g) it u-p m,
gp(u,j) = { (Un(uj)» Th(u,j)) otherwise.

(ii)=>(iii) is obvious.
(ili)=(i) Let fp be a function as in (iii). For any u € &p the set U, ,({w} x a(P"))

is contained in fp'[{w € & : w =p u}], so its cardinality D e pu @(PY) is at most
[fp'l{w € Ep i wimp u}]| < 30,0, BIPY). O

Recall that DY = {(p, k) : [(p,k)]~p = u A PP ¥ 2}

~p



T-DIVISIBILITY OF ULTRAFILTERS II: THE BIG PICTURE 37
Definition 3.9. For any z =[], _, ™ € *N as in Proposition 1.5, define a, € A as
follows. For each basic P" € B, let a,(P") := | D",

Theorem 3.10. For every x € N, the pattern o, is U-closed.

Proof. Assume that Q" € B, n € Nand ) .. 5 a,(P*) > n for every A € Q" NU.
Denote Ba = {(q1,q2, - - -, qn) € (ANPP)™ : (Vi # j)q; # q; N (Vi)g; *|| ©}. We prove that
the family F':= {B4 : A € Q" NU} has the finite intersection property. This family is
closed for finite intersections, so we only need to show that each B, is nonempty. Hence
let A€ Q"NU; Y pucgaz(P) > n implies that there are some P;" € A and z; € pu(P;")
for 1 < i < n such that z; *|| z. Thus B4 # () and F' has the finite intersection property,
so by ¢T-saturation we get distinct g1, ¢qa,...,q, € thgu pu(Q") such that ¢; *|| , which
means that »° . . a;(Q") = n. Thus a, is U-closed. O

We will show in Corollary 4.9 that (a sort of) a converse of Theorem 3.10 also holds:
every U-closed pattern is ~-equivalent to one of the form «, for some z.

Lemma 3.11. If z *| y, then a, < a,.

Proof. Let P € P. According to Definition 3.9, to every (u,i) € Unee, {u} x

a;(P")) corresponds some (py.i, ku:) € u, such that pﬁ“l *|| z and p,;’s are all distinct.

Let fp(u,i) := [(puﬁi,exppuyiy)]zp; clearly fp(u,i) =p u and |f7§1[{w}]| < ay,(P™) for
every w € Ep. By Lemma 3.8, the function fp witnesses that o, | P is dominated by
ay | P. O

Theorem 3.12. For any F € N and any two x,y € u(F) holds o, = .

Proof. It suffices to prove that, for every P* € B, o, (P") > n implies a,(P"*) > n.
For A e P*NC let

Xa={meN:(Bq,...,q. € ANPP)((Vi # j)ai # q; N (Vi)gi || m)}.

Then y € *X 4 implies x € *X 4. Thus, the family

F={{(q1,q2,...,qn) € (ANPP)" : (Vi # j)g; # q; N (Vi)g; *|| 2} : Ae P“NC}
has the f.i.p., so by ¢T-saturation x has distinct exact divisors ¢, o, - .., q, € p(P*). O

Theorem 3.12 allows us to make the following definition.

Definition 3.13. For F € N and any = € u(F) define ar = a,.

We can now restate what we proved in Lemma 3.11 as follows.

Corollary 3.14. (a) IfJ-“Tg, then ar = ag.
(b) If F =. G, then ar ~ ag.
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The converse implications are false. To see this, recall that by Proposition 1.1 there
is P € P for which there are |-incomparable ultrafilters F,G € L, such that ar = ag =
{(P,2)}. The point is that a pattern ar determines all the basic ultrafilters that divide
F and their multiplicity, but it does not determine its =.-equivalence class.

mar — p“. Note also

Example 3.15. (a) It was already mentioned that, for p € P, p
that, for any F € BN, az(p") < 1 for n € w + 1, and equality holds for at most one n
(because F = p™ - p" - G would actually mean that p™*" | F). In particular, ar(p”) = 1
is equivalent to p™ | F for all n € N. This is why the condition Y, ., a(p*) < 1 was
included in Definition 3.4.

(b) Recall that M AX is the T—greatest class. By [14], Lemma 4.6, F € MAX if and
only if m | F for all m € N. Let us draw this conclusion from Theorem 3.10. Assume
that p" | F for all p € P and n € N. Take any P € P\ P and A € U N P™*®. Since
Pere € prar; ANP? is infinite. {p € P: (In € N)p" € A} is also infinite because P ¢ P.
Since az(p*) = 1 whenever p" | F for all n € N, this means that 3 ., 5 ax(p”) = co. By
U-closedness we have ax(P™*) = oco.

Thus, aprax is in the ~-equivalence class of § := {(p“, 1) : p € P}, and any pattern «
is in this class if and only if it contains j3.

(c) The |-greatest class among N-free ultrafilters (those not divisible by any n € N)
is denoted NMAX, see Section 5 of [15]. Thus, ayyax is the ~-equivalence class of
{(Pm o0) : P € P\ P}

(d) If p, € *P (for n € N) are distinct, let P, = tp(p,/N), F,, = Pi1Ps...P, and
G~ = lim,,, F,. For any prime ultrafilter Q € cly({P, : n € N}), ag(Q) > 0 because
ag is U-closed. Thus it may happen that none of the F,’s is divisible by O, but their
limit is.

Note that the example of M AX shows that Corollary 3.14 can not be strengthened:
F =. G does not imply ar = ag.

4 F,-sets

In this section we describe those sets from F NU that are determined by basic divisors of
F. Recall that, by Lemma 2.9, the base open sets of the U-topology are of the form ﬁ,
so it will suffice to consider only such sets in the following definition. Let us call the sets
of the form A" O-sets.

Definition 4.1. Let a € A, P € Pand A€ P | P.
For u € Ep, an (A, P*)-set is any O-set of the form A" = J, .y A" 1 (where h : A — N
and A, = h='[{n}]) such that for some/every (p,z) € u holds p® € *A".

An (A, P")-set for some w >p u which is not an (A, P?)-set for any v <p u will be
called an (A, P=")-set.
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An («, A, P)-set is any finite product of (A, P*)-sets for various u € Ep, such that
for any fixed u, if 35, «(P¥) =n € N, then there are at most n (A, P=")-sets in the
product.

An a-set is any finite product C1Cs ... Cy of (a, A;, P;)-sets C;, with A, € P;, P # P;
and A; N A; =0 for i # j.

Finally, F,, is the intersection of & with the filter generated by a-sets.

Example 4.2. (a) First let « = {(P%,1)}. If Ae P | Pand A" = |J, .y A1 is an
(A, P22)-set, then in order for p> € *A" and p ¢ *A" to hold (for any p € u(P)), it is
necessary that A, € P. Every such set A" contains A,%1, so F, is generated by sets of
the form A2%% for A € P.

(b) In general, let us call a pattern « finite if (P") is finite for all P* € B and nonzero
for only finitely many P*“. Finite patterns are exactly what was considered in [13]. For
example, if « = {(P,2), (P?1),(Q,1)}, then F, is generated by the family of sets of the
form (A1 -At-A?1) N Bt= (AP A2B)?, where

AP A2B = {ajaza3b : ay,as,a3 € A are distinet Ab € B}

for some disjoint A€ P[P, Be Q| P.

(c) If a = {(P,00)}, then F, is generated by the sets A™1 for all A € P | P and all
n € N.

(d) If a = {(P;,1) : i € I} and P; # P, for ¢ # j, then F, is generated by the sets
(Aj, Aiy ..  Ay)) T, where {iq,i9,...,0,} € T and A;; € Py, | P,... A, € P;, | P are
disjoint.

(e) If @« = {(P™,1) : n € N} for some P € P\ P, then F, is generated by the sets
(AR Ak2 - Akm)4 for some A € P | P, some m € N and ky, ko, ..., k,, € N.

(f) If @ = {(P“, 1)} for some u € Ep \ w, then F, is generated by A" for (A, P*)-sets
Ar =, en A" and A = |, oy An € P, such that p* € *A" whenever (p,z) € u. Note
that, if u = sups_, ug for some <p-increasing sequence (ug : 8 < ) in Ep then, using
Proposition 1.4, we conclude that every B € P* NU is also in P*# NU for some [ < 7.
Hence every (A, P*)-set is also an (A, P"8)-set for some 3 < 7.

(g) Finally, if & = {(P*,2)} for some u € Ep\w, then F, is generated by sets of the form
C1Cy for some (A, P*)-sets Cy and Cy. Note that, by Transfer, for any (p, x), (q,y) € u,
p* € *Cy and ¢ € *Cy imply p*¢¥ € (C1Cy) = *C1*C5. (p“¢Y is a typical element of any
p(F) such that ar = {(P*,2)}.)

Theorem 4.3. For every F € fN, F,, CFNU.

Proof. Take any z € u(F) and any a,-set D; since clearly D € U, we need to prove
that D € F. Let D = H;”Zl B; be the representation of D as the product of O-sets. Since
all B; are |-upward closed, (Vn € N)(n € D < (3b; € By)...(3by, € By,) (b1, b, ..., by €
Pe*? distinct A (V5 < m)b; || n)) so, by Transfer, x € *D if and only if

(3o, € *By) ... (Fbm € *Bp)(by, ba, ... ., by € PP distinet A (V5 < m)b; *|| z).
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By the definitions of o, and F,_, this formula is true, implying that D € F. O

The family F N is not generated by F,.: by Proposition 1.1, there are P € P such
that for a = {(P,2)} there are =_-nonequivalent ultrafilters containing F,,. However, the
next result shows that F, . determines the ~-equivalence class of ar.

Theorem 4.4. For patterns «, f € Ay, the following conditions are equivalent:

(i) a = B;
(ZZ) F, C F/J"

Proof. (i)=(ii) Assume a < 8 and let us prove that every (a, A, P)-set C' is also a
(B8, A, P)-set. Every such C is a finite product of some (A, P%)-sets of the form A" for
some h; : A — N. By Lemma 3.8 o =  implies that there is a function fp adjoining
to each such u; some v; =p u;, so that Ahi is also a (A, PY)-set. For every v € Ep
there are at most B(P¥) (A, P=")-sets in the factorization of C' and hence C' is an
(8, A, P)-set.

(ii)=-(i) Assume the opposite, that > ., «(P¥) > s = > B(P") for some
P € P. By U-closedness of § and using Lemma 2.9, we find A C P and h : A — N such
that A" € P* and ), 4 (Q") = s. Consider the a-set C' = (AM+D - By (ii) there
are [-sets Dy,...,D,, such that D;nN...ND,, C C. Each D; is a product containing
s; < s (B, P=%)-sets, and without loss of generality we may assume that B C A. Let us
fix p1,po,...,ps € p(P) and xy1,x9,...,xs such that (p;,z;) € u. The set *D; contains
an element d; of the form p¥ p32 ... peiy;, such that, for every prime factor ¢ of y; holds
q#p; (for j =1,2,...,5) and ¢®Pe¥ ¢ *A" If we denote d’ = l.c.m.{dy,ds, ..., d,}, then
d = pPp3?...pl'y, and again s’ < s and for every prime factor ¢ of ' holds ¢ # p; (for
j=1,2,...,5) and ¢®P¥ ¢ *A" But d’ belongs to D; N ...N D,,, and it can not belong
to C' which contains only elements with more than s factors from *A", a contradiction. O

w=pv

The following example, a sequel to Example 3.6, shows that the condition of U-
closedness in the theorem above is necessary.

Example 4.5. (a) Let P € P\ P. Consider the patterns a = {(Q,1) : Q € P\ P} and
B=(a\{(P, D)} U{(P,2)}. @ and 8 are clearly not ~-equivalent. On the other hand,
for any (3, A, P)-set A® there are @ € A\ {P} and disjoint sets 4, € P, Ay € Q such
that A; U Ay = A, so that A1 Ay C A® . In this way we can “replace” the second copy of
P with Q. Thus A® is also an a-set, so F, = Fj. However, note that « is not U-closed
because in every U-neighborhood of P there are (infinitely many) primes Q # P.

(b) Likewise, & = {(P™,1) : n € N} and § = {(P¥, 00)} are not ~-equivalent. Still, F,
and Fj generate the same filter: since there are no (A, P“)-sets which are not (A4, P")-sets
for some n € w, all the [§-sets are also a-sets. Again, the explanation is that « is not

U-closed.

Lemma 4.6. If F,H € BSN\N and P € P\ P are such that H € P* for some u € Ep,
then ary(P") = ar(P*) + 1 and ary(Q¥) = ax(QV) for all Q" € B\ {P"}.
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Proof. Let (z,p®) € u(F) x u(H) be a tensor pair. Then z < p® and xp® € u(F - H).
By definition, ar.(P") = agpe (P*) = (P*)+1 = az(P*) +1 and ar.y(Q") = ar(Q")
for all Q¥ # P". O

Theorem 4.7. Let f € A, and F € SN. N
(a) If ar 2 B, then there is G € BN such that ag ~ 8 and F | G.
(b) If B < aF, then there is G € N such that ag ~  and G | F.

Proof. (a) We obtain the desired ultrafilter as a limit of a T-increasing sequence
(G, v < €). By recursion we construct this sequence, along with the sequence of
respective patterns as = ag,. We start with Gy = F and oy = ar. Assume that a; and
Gs have been constructed for 6 < v so that as < § and F | Gs.

First we consider the successor case v =0 + 1. If ag = 3, put € = v and we are done.
Otherwise, let P be such that as | P does not dominate 3 | P. We consider two cases.

Case 1. If thereis u € Ep suchthat 3, as(P*) <>, B(PY) forallv <p usuch
that >, B(P") < oo, and in particular >_ . as(P") < oo, we put G5y 1= G5 - H
for some H € P*. By Lemma 4.6 we have as < asi1 < .

Case 2. Otherwise, there are u,v" € &p such that v' <p u, 37, as(P") =
D B(PY) < o0 and 37, as(PY) < 37, B(PY). Define F = {v < u :
D @s(PY) = 32, B(PY)} and vy := sup E. Since there is an element v € E
such that - . as;(P") and >
finitely many v >=p v/, so we have vy € FE and hence vy <p u. Thus we obtain
D @5(PY) < 30, B(PY) whenever vy <p v =p u. Now take r € ,u,(gg) and
q € u(P) such that ¢ *|| z, choose ¢ € pu(P") such that ¢ *| ¢’ and let y = Lx. Then
Gs41 = tp(y/N) is such that Gs | Gs11, a1 (P") = as(P*)+1 and asy1(P™) = as(P™)—1,

so again we have a5 < a1 =X .

wrpw B(PY) are finite, these sums change values at

Finally, if v is a limit ordinal, let [G,]. := lims_,, G5 and o, = ag,. Let us show that
(the ~-equivalence class of) ., is the supremum of the sequence (a5 : 0 <) in (Ag, <).
Assume the opposite: that there is o' € A such that a5 < o for all § < v, but o, A .
By Theorem 4.4, there is some A € F, \ F,. By Proposition 1.4 there is § < 7 such
that A € F,,;, which implies A € F,/, a contradiction. In particular, we get a., < 3. This
concludes the construction.

(b) is proved in a similar way, with the successor case requiring only the analogue of
the construction from Case 2. O

It may seem that, if FT?‘L and 8 € Ay is such that ar =X 8 =X ay, then there is
G € ON such that ag =~ 5, F |G and G | H. However, this is false, as the next example
shows.

Example 4.8. Let P € P\ P be arbitrary, and let p,q € u(P) be such that (p, q) is a
tensor pair. Denote F = P?-P and H = P?-P5. Since (p?, q) and (p*, ¢°) are also tensor
pairs (by Proposition 1.6), it follows that tp(p*q/N) = F and tp(p3¢®/N) = H.
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We have ar = {(P,1), (P% 1)} and ay = {(P3,1),(P5,1)}. Now, if 8 = {(P,1),(P* 1)},
then clearly ar < 8 = ay, but there can be no ultrafilter G such that ag ~ 3 (which is
in this case equivalent to ag = ), F |G and G | H. Namely, for such an ultrafilter by
Proposition 1.3 there would be some y € p(G) such that p?q *| y, and the only possibility
is y = plq. In turn, there would be some z € u(H) such that p'q*|z, so 2 = p°¢>.
However, tp(p°¢®/N) # tp(p*q® /N) = H because for A = {a*b° : a,b € PAa < b} we have
p3¢® € *A and p°¢® ¢ *A.

As a special case of the previous theorem, we have the following.
Corollary 4.9. For everyU-closed pattern (8 there is an ultrafilter G such that ag ~ (.

One may also be tempted to think that, if 8 is a U-closed pattern which is not finite
(as defined in Example 4.2(b)), then there are in fact 2¢ ultrafilters G as described in the
Corollary 4.9, because of the possibility to choose, at limit stages of the construction,
different ultrafilters W on v and get different G, = lims_,)y Gs. However, we saw in
Example 2.2 that there are a basic class P* and p € pu(P) for which w, is a singleton, say
u, = {x}. It follows that for 5 = {(P*, 1)} there can be only one ultrafilter 7 = tp(p*/N)
such that ar ~ . By Theorem 4.7 this ultrafilter must then be divisible by all G € P“.

5 Self-divisible ultrafilters

As we have seen, the pattern of an ultrafilter does not determine its =.-divisibility class.
In particular, there are many such classes it can not distinguish between. However, some
properties connected to | -divisibility can be characterized by patterns. In this section we
give one such application.

Definition 5.1. For F € N let D(F) ={n € N: nT]_—} The ultrafilter F is:
-self-divisible if D(F) € F;

-division-linear if it contains a |-chain.

The preceding notions were introduced in [3] in order to resolve some questions left
open in [16] about possible extensions of the congruence relation to ultrafilters. However,
it turned out that for the self-divisibility there are many more equivalent conditions of
algebraic, number-theoretic and topological nature, making this kind of ultrafilters objects
of interest in their own right. For example, these nonstandard characterizations were
obtained in Theorem 3.10 and Proposition 4.5 of [3].

Proposition 5.2. (a) An ultrafilter F is self-divisible if and only if for every a,b €
w(F) there is ¢ € u(F) such that ¢ *| ged(a, b).

(b) An ultrafilter F is division-linear if and only if for every a,b € u(F) holds a*| b
orb*|a.



T-DIVISIBILITY OF ULTRAFILTERS II: THE BIG PICTURE 43

Our goal is to apply ideas from this paper to get another characterization of self-
divisible ultrafilters. More precisely, we want to add more details to conclusions of Propo-
sition 4.17 from [3]. For F € N denote:

exp,/ = max{k € N: ka]—"} (for p € P), if it exists
Ir = {peP:p*|F}
Jr = {peP:(3k € Nk =exp,F}
Kr = {peP:piF}.

The definition of up in the following theorem does not depend on the choice of ¢ by
Lemma 2.11.

Theorem 5.3. Let F € BN. Define hy : Jr — N by ho(p) = exp,F. For any q € *Jr
and P = tp(q/N) let up € Ep be such that ¢™9 € p(P*?). Then:

(a) ar(P™®) = oo for all P € I\ Ir;

(b) F is self divisible if and only if the following holds:
(i) ar(P*?) = oo and ar(P¥) =0 for w =p up, for all P € Jr \ Jr;
(ii) ax(P¥) =0 for all P € Kz \ K7 and all w € Ep.

Proof. (a) Let P € Iz \ Ir; such P exists only if Ir is infinite. Take any U-
neighborhood A* of P™**. The set A is infinite and belongs to P, so for any of infinitely
many p € IrN A holds p* € AP and ax(p*) = 1. By U-closedness of ar, ayr(P™%) = co.

(b) The set of divisors of F from N is

D(F) = {pi'py .. .prdia? ... ipipa,. .. pm € IF
AL, Qs - G € JF N < exp, F for 1 <i < nj}.

Define h* : Jr U Kx — N by h*(p) = ho(p) + 1 for p € Jr and h*(p) = 1 for p € K.
Clearly (Jr U Kz)"" is the complement of D(F), so F is self-divisible if and only if
(JrUKz)"" ¢ F. Assume that this is true.

First let P € Jr \ Jr. Whenever w =p up, for any generator ¢ of P¥ we have
a > *h"(q), hence (Jr U Kz)"" € P*NU. If ar(P”) > 0, (Jr U Kz)"" would be a
F, ,-set not in F, a contradiction with Theorem 4.3.

On the other hand, J2 NP = {p® : p € JrAa > ho(p)} € P*?. Every neighborhood
AP of PP intersects J;O N PP in infinitely many elements. Using U-closedness as in (a),
we get >, ar(PY) = oo. Since we already concluded that az(P*) = 0 for w =p up,
it follows that az(P"?) = cc. _

Next, if there were some prime ultrafilter P € K\ K7 such that P | F, then K 1€ F.
However, D(F) is disjoint from Kz 1, so it can not belong to F.
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Finally, assume that F satisfies conditions (i) and (ii). For any = € u(F), Transfer
implies that © € *(Jr U Kx)"" if and only if (3p € *Kx)p*|z or (Ip € *Jr)pho®+1*| z.
The first formula is false because of (iii), and the second because of (ii): remember
that, by Lemma 2.11, p"o®+! belongs to a different basic class than p™® . Hence
(JFUKz)" ¢ F,s0 D(F) € F. O

Let us compare this result with Proposition 4.17 from [3]. Case (1) there covers the
possibility Ir = () and J is finite, in which F is self-divisible only if it is principal (by
(ii)). Case (2) occurs when Jr and K are both finite, so every such F is self-divisible.
Finally, Case (3) covers the rest, and this is where Theorem 5.3 brings new information.
Note that it is easy to show that, for every partition of N into sets Ir, Jr and K and
every choice of exp,F for p € Jr there is an ultrafilter satisfying the conditions of the
theorem.

Unfortunatelly, division-linearity of F does not depend only on the pattern ar, as the
following example shows.

Example 5.4. Choose any p,q € P, say p < ¢q. Take any a,b € "N\ N with a < b
such that p® and p® generate the same ultrafilter, say G = tp(p®/N) = tp(p®/N). Now let
¢ € "N be such that (p, ¢¢) is a tensor pair (equivalently, that (b, c) is a tensor pair), and
let H = tp(¢°/N). Finally, let d € pu(#H) be such that d > ¢ and (a,d) is a tensor pair.
Then tp(pq?/N) = tp(p°¢°/N) = G - H. However, p?¢? and p’q® are *|-incomparable
since a < b < ¢ < d, so G- H is not division-linear by Proposition 5.2(b).

On the other hand, let us show that there is a division-linear ultrafilter with the same
pattern a = {(p¥, 1), (¢¥,1)}. Let us denote the family of all F,-sets (for all patterns «)
by U'. The set L = {p*¢* : k € N} is a |-chain. By Theorem 4.4 it suffices to show that
the family S := F, U{A°: A € U'\ F,} U{L} has the finite intersection property. (In
general, finding an ultrafilter with the same F,-sets would only show that the pattern
of the obtained ultrafilter is ~-equivalent to «, but for o with finite support it actually
means that its pattern equals a.) A typical intersection of sets from F, is of the form
(p™q™) 1 for some m,n € N. Any set A € U'\ F,, must not have any of the elements p'q’
for | € N, since otherwise it would contain (p!'q!) +. Thus, for any finite subfamily of S,
taking k := max{m,n} we get an element p*¢* in the intersection of all the sets.

6 Closing remarks and open questions

We assumed throughout the text that all sets of the form {1,2,...,z} for z € "N\ N have
the same cardinality; let us now consider what was gained by it. This condition implies
that many other internal sets have the same cardinality. This allowed us to conclude that
there is only one possible infinite value of the number of divisors of a fixed ultrafilter F
from a given Ep-class, which we denoted by oo. There are several advantages of this.
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First of all, this simplifies working with patterns, and does not require any additional
set-theoretic assumptions. Second, it makes possible (or at least simplifies) the proofs of
several results, such as Theorem 3.3 and Lemma 3.8 that depends on it. Most notably,
Theorem 3.12 is quite important: we need to know that what we learn about the pattern
of F from some x € u(F) is really a property of F and not of the particular x.

Here are a few questions that remain unanswered.

Question 6.1. (a) Is it possible, for a given P € P\ P, to describe precisely the order

(Ep,=p)?
(b) In particular, is (€p, <p) isomorphic to (€g, <o) for all nonprincipal P and Q7!

Question 6.2. Is it possible to improve Theorem 4.7 (or at least Corollary 4.9) to get
an ultrafilter G such that ag = g7

A previous version of this paper was developed under a stronger condition for which
an assumption on cardinal arithmetic was needed. The author is grateful to Mauro Di
Nasso for pointing out the principle A;, which made possible the elimination of this
additional assumption. Also, the author wishes to thank the referee for carefully reading
the manuscript and providing several corrections.

Funding: The author gratefully acknowledges financial support of the Science Fund
of the Republic of Serbia (call PROMIS, project CLOUDS, grant no. 6062228 and call
IDEJE, project Set-theoretic, model-theoretic and Ramsey-theoretic phenomena in math-
ematical structures: similarity and diversity — SMART, grant no. 7750027) and of the
Ministry of Science, Technological Development and Innovation of the Republic of Serbia
(grant no. 451-03-47/2023-01,/200125).

References

[1] M. Di Nasso, Hypernatural numbers as ultrafilters, in: P. A. Loeb, M. P. H. Wolff, eds., Nonstandard
Analysis for the Working Matematician, Springer, 2015, 443-474. MR3409522

[2] M. Di Nasso, The generic filter property in nonstandard analysis, Ann. Pure Appl. Logic 111 (2001),
23-37. MR1848567

[3] M. Di Nasso, L. Luperi Baglini, R. Mennuni, M. Pierobon, M. Ragosta, Self-divisible ultrafilters and
congruences in 87, J. Symbolic Logic, 90 (2025), No.3, 1180-1197.

[4] R. Goldblatt, Lectures on the Hyperreals, An Introduction to Nonstandard Analysis, Springer, 1998.

[6] C.W. Henson, The isomorphism property in nonstandard analysis and its use in the theory of Banach
spaces, J. Symbolic Logic 39 (1974), 717-731. MR0360263

[6] N. Hindman, D. Strauss, Algebra in the Stone-Cech Compactification, Theory and Applications, 2nd
revised and extended ed. De Gruyter, 2012.

In a forthcoming paper of the author joint with L. Luperi Baglini, M. Mamino, R. Mennuni and M.
Ragosta it will be shown that the answer to Question 6.1(b) is independent of ZFC.



46 BORIS SOBOT

[7] L. Luperi Baglini, Hyperintegers and Nonstandard Techniques in Combinatorics of Numbers, Ph.D.
Thesis, Univ. of Siena (2012).

[8] N. L. Poliakov, D. I. Saveliev, On two concepts of ultrafilter extensions of first-order models and
their generalizations, in: J. Kennedy, R. J. G. B. de Queiroz, eds., Logic, Language, Information
and Computation, Lecture Notes in Comput. Sci. 10388, Springer, Berlin, 2017, 336-348. MR3690833

[9] C. Puritz, Skies, constellations and monads, in: W. A. J. Luxemburg, A. Robinson, eds., Contribu-
tions to non-standard analysis, North-Holland, 1972, 215-243. MR0645172

[10] A. Robinson, Non-standard analysis, North-Holland, 1966, MR0205854

[11] B. Sobot, Divisibility in the Stone-Cech compactification, Rep. Math. Logic 50 (2015), 53-66.
MR3419952

[12] B. Sobot, Divisibility orders in N, Publ. Inst. Math. (Beograd) (N.S.) 107 (121) (2020), 37-44.
MRA4122314

B. Sobot, T—divisibility of ultrafilters, Ann. Pure Appl. Logic 172 (2021), No.1, 102857. MR4121955

w

—
[

B. Sobot, Divisibility in AN and *N, Rep. Math. Logic 54 (2019), 65-82. MR4011918
B. Sobot, More about divisibility in SN, MLQ Math Log. Q. 67 (2021), No.1, 77-87. MR4313128
B. Sobot, Congruence of ultrafilters, J. Symbolic Logic 86 (2021), No.2, 746-761. MR4328026

= = =0 = =
N e 9o

EN|

B. Sobot, Multiplicative finite embeddability vs divisibility of ultrafilters, Arch. Math. Logic 61 (2022),
535-553. MR4418756

Department of Mathematics and Informatics, University of Novi Sad,
Trg Dositeja Obradovica 4, 21000 Novi Sad, Serbia

sobot@dmi.uns.ac.rs

ORCID: 0000-0002-4848-0678



