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Stipe MARIC, Tin PERKOV

SELECTION METHOD FOR INQUISITIVE
MODAL LOGIC

A bstract The selection method is one of the methods to prove that
various modal logics have the finite model property. For a given formula that is
satisfiable in some model, we select a finite tree-like submodel, while preserving
the satisfiability of the observed formula. In this paper, we adapt the selection
method for the inquisitive modal logic InqMLg. We first define a tree-like model
in the inquisitive setting and show that each satisfiable formula is satisfiable in
a tree-like model. Then, using the notions of n-bisimulation and characteristic
formulas, we show that IngqMLg has the finite tree model property, i.e., each
satisfiable formula is satisfiable in a finite tree-like model. Furthermore, we show
analogous results for the inquisitive modal logic InqML_,, and as a consequence
we obtain the decidability of InqML._,.

1 Introduction

Inquisitive logic is a generalization of classical logic that can express questions. The
language of inquisitive logic is obtained by adding a connective W, called the inquisitive
disjunction, to the language of classical logic. This connective allows us to write down
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formulas that represent questions. For example, a formula ¢ \ ¢ can be read as "is ¢
or ¢ the case?”. Although it is not clear what would it mean to say that a question is
true or false, we can talk about whether a question is supported by a given information.
Therefore, semantics is not defined using a relation between worlds and formulas, but
using a relation between sets of worlds (information states) and formulas.

The inquisitive modal logic InqMLg is a generalization of standard modal logic, whose
language is extended by the modal operator H, called window, which is a natural analogue
of the operator [J in standard modal logic. In the epistemic context, in this logic it is
possible to express not only the information that agents have, but also the information
in which they are interested. For example, the formula H?p can be read as “the agent
wonders whether ¢”, where 7 is an abbreviation for ¢ W —.

The inquisitive modal logic InqMLg was first introduced in [5], and systematically
elaborated in [4]. In [6] and [8] the first results in the model theory of InqMLg were
obtained, such as the notion of bisimulation, an analogue of Ehrenfeucht-Fraissé theorem,
the standard translation from InqMLg to two-sorted first-order logic and an analogue of
van Benthem characterization theorem.

A further contribution to the model theory of InqMLg we made in [7], where we
proved that InqMLg has the finite model property, and consequently, that it is decidable.
The finite model property in modal logic is usually proved by two distinct methods: the
selection method and the filtration method (cf. e.g. [1]). Since in [7] we use the latter
method, it is natural to consider the former method as well. While filtration identifies
worlds using some equivalence relation, selection takes finitely many worlds from the
starting model, and disregards other worlds. The selection method is arguably more
natural, in sense that it is intuitively clear why we select worlds which we select. Also,
it proves a stronger property: the finite tree model property. On the other hand, the
resulting tree-like structure can differ greatly from the starting model, while filtration
preserves some structural similarity to the starting model. This can be important, in
particular when we want to prove the finite model property w.r.t. a class of models
satisfying certain constraints. Having in mind these advantages and disadvantages, it
is useful to have both methods developed for a given logic.

So, in this paper we present the selection method for the inquisitive modal logic
IngMLg. Let ¢ be a formula that is satisfiable in a model 9. The main idea of the
selection method is to obtain a finite tree-like submodel of 91, in which ¢ is also satisfiable.
To obtain such a model, we first define a tree-like model in the inquisitive setting and
show that ¢ is also satisfiable in this model. Since a tree-like model is generally of infinite
height, we reduce it to a finite height by using the notion of n-bisimulation. The resulting
structure can still be infinite, since it can have infinitely many branches. Finally, in
order to get a finite structure, unnecessary branches are removed without affecting the
satisfiability of the formula ¢. From this we can conclude that each satisfiable formula is
satisfiable in a finite tree-like model, i.e., InqMLg has the finite tree model property. In
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particular, InqMLg has the finite model property.

In [2] the logic InqMLg was generalized to an inquisitive modal logic InqML_, (also cf.
[3]). The language of InqML_, is based on a binary modal operator =, while the formulas
of InqML_, are interpreted over models in which a downward closure condition is not
required. In this paper, we use the selection method to prove that the logic InqML_, has
the finite model property.

In contrast to the logic InqMLg, for which decidability has been shown (cf. [7]), the
decidability of the logic InqML_, has not yet been tested. As an important consequence
of the finite model property, we show that the logic InqML_, is also decidable.

In Section 2 we give an overview of basic definitions and results about InqMLg. In
Section 3, we define a tree-like structure and show that IngMLg has the tree model
property. In Section 4, we show that the logic InqMLg has the finite tree model property
by applying the selection method. In Section 5, we use the selection method to show the
finite model property and thus the decidability of the logic InqML._, .

2 Preliminaries

Definitions and facts from this section are taken from [4] and [8].

Let W be a non-empty set of elements called the worlds. An information state (or
simply, a state) over W is any subset s C W. Furthermore, an inquisitive state over W
is a non-empty set of information states II C P (W) that is downward closed, i.e., s € II
implies t € II for all t C s.

Definition 2.1. Let P be a set of propositional variables. An inquisitive modal
model is a triple MM = (W, X, V), where W is a set of worlds, ¥ : W — P(P(W)) a
function that maps each world w to an inquisitive state ¥(w) and V : P — P(W) a
function that maps each propositional variable to a set of worlds.

In this paper we will also need an auxiliary structure in which the sets ¥(w) are not
necessarily downward closed.

Definition 2.2. An inquisitive modal pseudo-model is a triple MM = (W, X, V),
where W and V are defined as in the case of an inquisitive modal model and ¥ : W —
P(P(W)) is a function that maps each world to a non-empty set of information states.

The syntax of InqMLg is given as follows:
pu=p|Ll@rg)|(p—=9)|(pVe)|Be.

We take negation and disjunction as defined connectives in the usual way:

o=@ =L, @Vii=a(np ).
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Definition 2.3 (Semantics of InqMLg). Let 9t = (W, X, V) be an inquisitive modal
model or a pseudo-model. The relation of support between states in 91 and formulas is
defined as follows:

e M, s =p<=sCV(p)

e MskE L= s=10

M, s =A< M s k= pand M, s = Y

M, s =@ =< forallt Cs,if Mt = p then M, t = 9;

M s =WV MskEpor M sk
e M. s =Hp < foral wes, forall t € X(w), M, t = .

A state s is compatible with a formula ¢ if there is ¢ C s,¢ # (), such that M, ¢t E .
The support conditions for the connectives = and V can then be expressed as follows:

e M, s = —p <= s is not compatible with ;

e MsE VY < forallt Cs,t+# (), we have that ¢ is compatible with ¢ or ¢ is
compatible with 1.

Remark 2.4. The modality [J is usually included in the alphabet with the following
semantics:

M, s = Op <= for all w € s we have SJT,UZ(w) = .

In [4], however, it is proved that every occurrence of O can be paraphrased away using H.
The elimination of [ is not uniform, but depends on a formula, so the question whether
0 is included in the alphabet or not has an impact on the proof theory of InqMLg. Since
this paper only deals with the model theory of InqMLg, it does not matter whether [
is included in the alphabet or not. Therefore, in accordance with our previous work (see
[7]), we have not included OJ in the alphabet.

Let 9 = (W, X, V) be an inquisitive modal model or a pseudo-model. The following
properties hold generally in InqMLg;:

o Persistence: if M, s =@ and t C s, then M, t = ¢;
e Empty state property: M, D = .

Definition 2.5. A formula ¢ is satisfiable if there exist an inquisitive modal model
M= (W,2, V) and s C W, s # (), such that M, s = .

A formula ¢ is refutable if there exist an inquisitive modal model 9 = (W, X, V)
and s C W such that 9, s = ¢.
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A formula ¢ is true at a world w in an inquisitive modal model or a pseudo-model I,
denoted M, w = o, if M, {w} E ¢.

Definition 2.6. A formula ¢ is truth-conditional if, for all 91, s, the following
holds:
M, s = ¢ if and only if for all w € s we have M, w = .

Remark 2.7. From the support condition for H, it is obvious that every formula of
the form Hy is truth-conditional.

Let 9 = (W, %, V) be an inquisitive modal pseudo-model. We define an associated
inquisitive modal model MM+ = (W, 4, V), where ¥+ : W — P(P(W)) is defined by
YHw) = {t € P(W) : t C s for some s € L(w)}, for w € W, i.e., L4(w) is obtained by
taking the downward closure of the set ¥(w).

It is easy to see ([8], Proposition 2.6) that the following proposition holds.

Proposition 2.8. Let M = (W, X, V) be an inquisitive modal pseudo-model and s C
W. Then for every formula @ we have:

M, s = ¢ if and only if M, s = .

Notice that the previous proposition implies the following: a formula ¢ is satisfiable if
and only if there exist an inquisitive modal pseudo-model M = (W, X, V) and s C W, s #
(), such that M, s |= ¢.

3 Tree model property of InqMLg

In this section we define a tree-like model, i.e., a model in which there is a unique path
from a particular world (called the root) to every world of the model. At the end of the
section, we prove that each satisfiable formula is satisfiable in a tree-like model.

First, we define the notion of a generated submodel.

Definition 3.1. Let 9t = (W, X, V') be an inquisitive modal model or a pseudo-model.
A submodel of M is an inquisitive modal model or a pseudo-model ' = (W', ¥ V') if:

e W CW;
o X =XNW xP(PW"));
o V'(p) = V(p) N W', for every propositional variable p.

A submodel MM of M is a generated submodel of M if the following condition is
satisfied:

o if we W and s € ¥(w), then s C W'
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Let A C W. The submodel generated by A is the smallest generated submodel of
M whose set of worlds contains A.

In particular, a rooted model is a model generated by a singleton set whose element
is called a root.

In the following proposition we show that support is preserved on a generated sub-
model.

Proposition 3.2. Let MM be an inquisitive modal model or a pseudo-model and MM’ a
generated submodel of M. Then for every s C W' and every formula ¢ we have:

M s = ¢ if and only if M, s E .

Proof. We prove the claim by induction on the complexity of ¢.

The cases in which ¢ is a propositional variable, L or a formula of the form ¢ A ¥,
Y — x or ¢ \V Y are trivial to prove.

Let ¢ = By and s C W’. First suppose that ', s & Hy. Then there are w € s
and t € ¥/(w) such that 9V, ¢ %~ ¢. By induction hypothesis we have 9, ¢ [~ 1. Since
M is a submodel of M, it follows that ¢ € X(w), and therefore M, s = BHip. Conversely,
let M, s = Byp. Then there are w € s and t € ¥(w) such that 9, ¢ = ¢. By induction
hypothesis we have M, ¢ [~ . Since M’ is a generated submodel of M, w € W’ and
t € X(w) imply t € W', so we get t € ¥'(w). Thus, M, s = Ep. O

The next goal is to show that every world in a rooted model is reachable from the
root. First, we define the notion of a path.

Definition 3.3. Let 9t = (W, X, V) be an inquisitive modal model or a pseudo-model
and let w,u € W. A path from w to u is a finite sequence (w, s1, U1, S2, Ug, . . ., Up_1, Sp, U)
consisting of worlds and states such that s; € X (w), s;11 € X(w;),u; € s; and u € s, for
alli=1,...,n—1.

Proposition 3.4. Let M = (W, 3, V) be a rooted model with the root w. Then for
every u € W there is a path from w to u.

Proof. Let M = (W', 3 V') be the submodel of 9, where W’ is the set of worlds
from W for which there is a path from w. We claim that 9 is a generated submodel
of M. Suppose u € W’ and s € 3(u). We need to show that s C W'. Let v €

s. Since u € W', there is a path from w to wu, say (w, sy, u1, S2,Us, ..., Sy, u). Then
(w, $1,u1, So, Us, ..., Sp, U, S,v) i a path from w to v, so we get v € W’. Therefore,
s C W',

Obviously, W’ contains w, so since 9 is a generated submodel of 9t whose set of
worlds contains w and 91 is the model generated by {w}, we get ' = M. There is
therefore a path from w to every world of the model 9. U
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The notion of a bounded morphism is crucial for transition from a rooted model to a
tree-like model.
For s C W, denote f(s) ={f(w): w € s}.

Definition 3.5. Let M = (W, X, V) and ' = (W', X, V') be inquisitive modal
models or pseudo-models. A function f: W — W’ is a bounded morphism from 9 to
M’ if the following conditions are satisfied:

(atyy,) for every propositional variable p we have: w € V(p) if and only if f(w) € V'(p);
(forthyy,) if s € E(w), then f(s) € ¥'(f(w));
(backyy,) if s € ¥'(f(w)), then there is s € ¥ (w) such that f(s) = s'.

In the following proposition we show that support is preserved when there is a bounded
morphism from one model to another.

Proposition 3.6. Let M = (W, X, V) and M = (W', X V') be inquisitive modal
models or pseudo-models and let f : W — W' be a bounded morphism from 9% to .
Then for every s C W and every formula ¢ we have:

M, s = ¢ if and only if M, f(s) | ¢.

Proof. We prove the claim by induction on the complexity of .

If o = p, then the claim follows from condition (aty,). The cases in which ¢ is L or
a formula of the form 1) A x or ¥ \v x are trivial to prove.

Let ¢ = ¢ — x and s C W. First suppose that 9, s }~ ¢ — x. Then there is t C s
such that 9, ¢ = 4 and M, ¢ £ x. By induction hypothesis, we have 9, f(t) = ¢ and
M, f(t) = x. Since f(t) € f(s), we get M, f(s) £ ¥ — X

Conversely, let 9, f(s) & ¥ — x. Then there is t' C f(s) such that 9, ' = ¢ and
M t' = x. Since t' C f(s), there is ¢ C s such that f(¢) = ¢. By induction hypothesis,
we have 9, t =1 and M, ¢ = y. Since t C s, we get M, s = — x.

Let ¢ = By and s C W. First suppose that 9, s & . Then there are w € s
and t € X(w) such that 9, ¢ = 1. By induction hypothesis we get I, f(t) |~ . By
condition (forthyn,), we have f(t) € ¥'(f(w)). Then f(w) € f(s), f(t) € ¥'(f(w)) and
MY, f(t) = o imply M, f(s) = B,

Conversely, let M, f(s) & By. Then there are w’ € f(s) and t' € ¥'(w') such that
M t' = 1. Since w’ € f(s), there is w € s such that f(w) = w'. Since t' € ¥'(f(w)), by
condition (backy,y,), there is t € X(w) such that f(t) = ¢’. By induction hypothesis we get
M, t =Y. Now w € s,t € X(w) and M, ¢t = ¢ imply M, s b~ Ep. O

Now, we define a tree-like structure in the inquisitive modal logic InqMLg.

Definition 3.7. An inquisitive modal model Mg = (Ws, X5, Vs) is a downward-tree
if the following conditions are satisfied:
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i) there is a unique world w € Wy, called the root, such that there are no u € Wy an
) there i i 1d W, lled th t h that th Wg and
s € Yg(u) with w € s;

(17) for every u € Wy there are unique worlds uy, ..., u,_1 such that
(w, $1, U1, Sg, U, - . ., Up_1, Sn, w) is a path from w to u;

(27i) for any path (w, s1,u, S2, s, ..., Up_1, Sn, u) there is another path
(w, 87, u1, 85, Uz, ..., Up_1, S5, u) such that for every path
(w,ty,ur,to, U, ..., Up_1,tn,u) we have t; C sf foralli=1,... n.

In the previous definition, we require that a downward-tree g is an inquisitive modal
model, i.e., that the sets Yg(v) are downward closed. Thus, if w is the root of Mg, then
a path from w to u is not necessarily unique, as it might be possible to choose different
states as part of the desired path. In order to obtain a tree-like structure in this setting,
condition (i74) must also be fulfilled, since otherwise we could obtain a structure that we
do not want to have as a tree. Let us illustrate this with the following example.

Example 3.8. Let 9t = (W, 3, V) be an inquisitive modal model such that W =
{w, ur, up,us}, B(w) = {0, {wr}, {ua}, {us}, {ur, ua}, {uz, us}}, E(ur) = L(uz) = L(us) =
{0}, and V(p) = () for each propositional variable p. Then 90 satisfies conditions (i) and
(), but not (7i7). Indeed, the only paths from w to uy are (w, {us}, us), (w, {us, us}, us)
and (w, {ug, ug}, usz), so condition (ii7) obviously fails. Therefore, 9t is not a downward-
tree as desired.

Remark 3.9. An inquisitive modal model 9t = (W, 3, V) can be associated with
an underlying Kripke model Mg = (W,0,V), where ¢ : W — P(W) is defined by
o(u) == JX(u). If Mg = (Ws,Xs,Vs) is a downward-tree, then it is obvious that the
underlying Kripke model Mg, = (Wg, 05, Vs) is a tree in the usual sense. On the other
hand, an inquisitive modal model from the previous example is not a downward-tree,
while the underlying Kripke model is a tree.

If we want a unique path from the root to each world, we need a tree-like structure in
which the sets Yg(u) are not necessarily downward closed.

Definition 3.10. An inquisitive modal pseudo-model Mg = (Ws, Xg, Vs) is a tree if
the following conditions are satisfied:

(7) there is a unique world w € Wg, called the root, such that there are no u € Wy and
s € Yg(u) with w € s;

(7i) for every u € Wy there is a unique path from w to u.

Remark 3.11. Let Mg = (Ws,Xs, Vs) be a tree. Then an inquisitive modal model
MY, = (Ws, Zé, Vs) is a downward-tree.
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Theorem 3.12. Let M = (W, X, V) be a rooted model. Then there ezists a tree
Mg = (Ws,Xs, Vs) such that M is an image of Mg by a bounded morphism.

Proof. Let w be the root of a model 9. We define a structure Mg = (Ws, Xg, Vs) as
follows. Let Wy be the set of all finite sequences, whose elements are worlds and states
of the model 9, of the form

(w, $1,U1, So, U, .« ., Up_1, Sn, Uy), Where 51 € X(w), s;11 € X(u;), for all ¢ =
I,...,n—1,and u; € s;, forall j =1,...,n.
Let w,uy,...,up—1 € W and sy,...,s, € W be such that s; € X(w), s;41 € X(w;) and
u; € 55, for all i =1,...,n — 1. Denote by S s; u1,s0,us,...;un_1,s,) the set
S(w,s1 11,821, tin1,5m) = LW, 81, UL, S2, U, .+« Un—1, S, Upn) : Un € Sp} € W,
We define a function Xg as follows:
ss € Yg(w, 81, U, So, U, .« . ., Up_1, Sp, Up) if and only if
5 = S(w,s1,u1,59,u2 1. st 1 5 stimssmi1)s LI SOME Spig € X(Up).
Furthermore, we define a valuation Vs as follows:
(w, 81, U1, Sg, U, -« .y Up_1, Sn, Un) € Vg(p) if and only if u,, € V(p).

It is obvious that Mg is a tree with the root (w).
Now, we define a function f: Wg — W with

F(w, s1,u1, 59, Uz, . ., Un_1, Sn, Un) = Up.

Using Proposition 3.4, it is easy to show that the function f is surjective. It is also
easy to show that the function f satisfies the conditions (aty,), (forthy,) and (backy,,),
i.e., f is a bounded morphism.

Therefore, f is the required surjective bounded morphism. O

Finally, we prove that InqMLg has the tree model property.

Theorem 3.13 (Tree model property of InqMLg). Fach satisfiable formula ¢ is sat-
1sfiable at the root of a downward-tree.

Proof. Suppose that a formula ¢ is satisfiable in an inquisitive modal model 99t =
(W,X,V). This means that there is some s C W,s # (), such that 9M,s E p. By
persistence, for every u € s we have MM, u = ¢. Let w € s. Then M w | ¢. Let
M = (W' X, V') be a submodel of M generated by {w}, i.e., M’ is a rooted model with
the root w. By Proposition 3.2, it holds 9V, w = ¢. By the previous theorem there is
a tree My = (W§, X, V) such that I is the image of M by a bounded morphism
f with f((w)) = w, where (w) is the root of M. From Proposition 3.6, it follows
that MM, (w) = . Let My = (Wh, X5, VL. Then MY is a downward-tree and, using
Proposition 2.8, we get My, (w) = . O
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4 Finite tree model property of InqMLg via selection

In this section, we use results on n-bisimulation in the inquisitive setting to prove the
main theorem.

As usual, the modal depth of a formula ¢ is defined as the maximal number of nested
modalities in ¢. As mentioned in [6], it is easy to see that the class of all formulas with the
modal depth of at most k, assuming that we have finitely many propositional variables,
is finite up to logical equivalence.

The notion of inquisitive bisimulation was first defined and studied in [6]. The purpose
of bisimulation is to establish a relation between two models in which related worlds satisfy
the same propositional variables and have corresponding inquisitive states. In this paper,
we only need the notion of n-bisimulation, a finite approximation of bisimulation, which
was also defined in [6].

First, for a relation Z C W x W', we define the relation Z C P(W) x P(W') as follows:
sZs' if and only if

e for every w € s there is w’ € s’ such that wZw’;
e for every w’ € ¢ there is w € s such that wZw’.

Definition 4.1. Let 9 = (W,X,V) and O = (W’,¥, V') be inquisitive modal
models and n € N. A family (Z;,i < n) of non-empty relations Z; C W x W’ is called
n-bisimulation if, for all i < n, the following conditions are satisfied:

(at,) if wZw', then for every propositional variable p we have: w € V(p) if and only if
w' € V'(p);

(forthy,) if wZw',i > 0, and s € ¥(w), then there is s’ € ¥'(w') such that sZ;_15';
(back,,) if wZw',i > 0, and s" € ¥'(w’), then there is s € ¥(w) such that sZ;_;s'.

Worlds w and w’ are n-bisimilar, which is denoted by 9%, w ~,, ', w’, if there is an
n-bisimulation (Z;,7 < n) such that wZ,w’.

States s and s’ are m-bisimilar, which is denoted by 91, s ~,, ' s, if there is an
n-bisimulation (Z;,i < n) such that sZ,s’.

Remark 4.2. The notion of n-bisimulation between inquisitive modal models 91 =
(W,%,V) and 9 = (W' 3" V') can equivalently be defined as a family of non-empty
relations Z; CW x W/ UP(W) x P(W’) (cf. [6] for more details). In this paper, we have
chosen to define n-bisimulation as a family of relations defined exclusively on the worlds
of the observed models.
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Definition 4.3. Let M = (W, X, V) and M = (W', X', V') be inquisitive modal
models and n € N. The states s and s’ are modally n-equivalent, which is denoted by

M, s =, M, ¢, if for every formula ¢ with the modal depth of at most n the following
holds:

M, s E ¢ if and only if M’ " = .

In particular, if M, {w} =, ', {w’}, then the worlds w and w’ are modally n-equivalent,
which is denoted by I, w =, M, w'.

It is easy to see that the following holds:
if M, s ~, M, s, then M, s =, M, 5.
The next result about characteristic formulas is proved in [6].

Proposition 4.4. Let the set of propositional variables be finite, let n € N, and let
M= (W, 2, V) and M = (W', X" V') be inquisitive modal models. Then for every w € W
there is a formula xgy ,,, which is called a characteristic formula, with the modal depth n,
such that for every w' € W' we have:

M, w' = Xgp of and only if M, w' ~, M, w.

Let 91 be a rooted model with the root w. If a formula ¢ with the modal depth k
is true at w, then the submodel of 91, which only contains worlds that are reached in at
most k steps from w, is sufficient to prove that the formula ¢ is true at w. We prove this
in the next lemma. First we define the height of a world and the k-restriction of a rooted
model.

Definition 4.5. Let 9t = (W, 3, V) be a rooted model with the root w. The height
h of worlds of 901 is recursively defined as follows:

e h(u) =n+1if u € s, where s € ¥(v) and h(v) = n, with the condition that the
world u has not already been assigned a height lower than n + 1.

Definition 4.6. For a natural number k, the k-restriction of a rooted model 9 =
(W, %, V), denoted by M|, = (W, X|k, Vi), is the submodel of 9 that contains only
worlds whose height is at most k, i.e., W, = {u € W : h(u) < k}, Z|p = Z N (Wi X
P(P(W|k))), and for every propositional variable p, V|x(p) = V(p) N W .

Lemma 4.7. Let M = (W, X, V) be a rooted model with the root w and let k € N.
Then for every world u € Wi, we have M|, u ~; M, u, where | =k — h(u).
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Proof. Let u € W|. Let (Z;,i <) be a family of relations Z; C W/, x W defined
by Z; = {(v,v) : v € W|g_;} for all ¢ = 0,1,...,l. Relations Z; are clearly non-empty.
Furthermore, it is obvious that uZju. We claim that (Z;,7 <) is an [-bisimulation.

Let vZ;v, where v € W/i_;, 0 < ¢ < [. Then for every propositional variable p
we have v € V|g(p) if and only if v € V(p), so condition (at;) holds. Let vZ;v, where
v € Wlk_i,0 <i <l and let s € ¥|i(v). Then we have s € ¥(v). Since s C Wx_;11, we
get sZ;_1s, which proves condition (forth;). Now let vZv, where v € Wl,_;,0 < i <1,
and let s € 3(v). Then we have s C W|,_;41, and therefore s C W|. This implies
s € Bk(v), so, since s C Wli_i11, we get sZ;_1s, which proves condition (back;).

Hence, (Z;,i <) is an [-bisimulation. O

We are now ready to prove the finite tree model property of InqMLg

Theorem 4.8 (Finite tree model property of InqMLg). Fach satisfiable formula ¢ is
satisfiable in a finite downward-tree.

Proof. Let a formula ¢ be satisfiable in an inquisitive modal model 9t = (W, X, V).
Furthermore, let k£ be the modal depth of the formula ¢ and let P be the set of all
propositional variables occurring in .

By Theorem 3.13 there is a downward-tree 9t; with the root wq such that 0, wy = .
Denote with 9ty = M |x. From the previous lemma, it follows that MMy, wy ~p My, wp.
Then we have My, wy =, My, wp and thus My, wy = @.

Now we define sets of states Sy, ..., Sk. Define Sy as Sy = {{wp}}, and suppose that
S1, ..., 5,1 < k, have already been defined. Let us now define the set S;,;.

Choose any u € s, where s € S;. Since P is finite, there are finitely many non-
equivalent formulas with the modal depth of at most k —i. For every such formula of the
form Hy such that 9y, u = By, choose a state s, € Xo(u) such that My, s, = . If the
state s, is finite, then we add s, and all subsets of s, to S;1.

If the state s, is infinite, then we reduce s, to a finite state in the following way:

Let s, = {v; : j € J}, where J is an infinite set. Now we select all non-equivalent
characteristic formulas of the worlds from s,. Since there are finitely many non-equivalent
formulas with the modal depth of at most k — ¢ — 1, there are finitely many such char-

acteristic formulas; without loss of generality, let these formulas be X];ﬁ; Z;;jll, . ,X’;n_? Z;;jlm.
Denote s;, = {vj;,...,v; } C s,. We claim that My, s, ~p—i—1 My, s,,. If v € s,, then

there exists v' € s/, such that X];J{Q 17;1 = X’;jg ”;,1. Thus, since My, v’ |= Xl;)z; :1, by Proposi-

tion 4.4 we have My, v' ~;_; 1 My, v. Conversely, for v' € s/, we choose the same v’ € s,
and obtain My, v' ~p_;_1 My, v'. Hence, My, 5, ~p—i1 Mo, 5.,

An infinite state s, is thus reduced to a finite state s/, in such a way that 9, s, ~p—;—1
My, si,. Then we have My, s, =¢_;—1 My, 5, so we obtain My, s/, K~ 1. Now we add the
state s/, and all subsets of s/, to Si;1.

We repeat this selection process for every world u from every state s € S;, and we
define S;1; as the set of all states selected in this way.
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Notice that every set (J.S; is finite, and the height of every world of every state
belonging to S; is i.
Let M3 = (W;3,%3,V3) be the inquisitive modal model, where W3 = U u,

UEs
s€SpU---US,

and the functions Y3 and V3 are restrictions of the functions ¥y and V5 of the model
My = (W, X9, Vo) to the set 3. Notice that the model 93 is a finite downward-tree.

Let us now prove the following claim.
(%) Let ¢ < k. Then for every state s € So U --- U S; we have M3, s =¢_; My, s.

Let s < kand s € SyU---US;. Furthermore, let ¢ be a formula with the modal depth
of at most k —i. We need to show the following: M3, s = ¢ if and only if My, s = . We
prove this by induction on the complexity of .

Let ¢ = p, where p is a propositional variable. Since the valuation V3 is a restriction
of the valuation V5 on W3, the claim immediately holds.

For ¢ = 1, the claim obviously holds.
The cases ¢ =1 A x and ¢ = 1 \V Y are trivial.

Let ¢ =1 — x and suppose M3, s = 1 — x, where s € S for some | < i < k. This
means that there is ¢ C s such that M3, ¢ = ¢ and M3, ¢ = x. Since t € S; C SpU---US,
and the modal depth of the formulas ¢ and y is at most k — ¢ < k — [, by the induction
hypothesis we have My, ¢t = 1 and My, t = x, ie., Ms, s = ¥ — x. The converse is
proved analogously.

Let ¢ = By and suppose M3, s = By, where s € S; for some [ < i < k. Since the
formula B is truth-conditional, there is u € s such that M3, u = BHy. Then there is
t € S;p1 € Ws such that ¢ € ¥3(u) and M3, t = . From t € Siyy C SpU--- US4 and
the fact that the modal depth of v is at most k —7 — 1 < k — [ — 1, it now follows, using
the induction hypothesis, that 9y, ¢ [~ 1. Since X3 is the restriction of 3y to Wi, we get
t € 3a(u), so My, u = Hip, and thus My, s = Hip.

Conversely, suppose My, s = By, where s € S; for some [ < ¢ < k. Then there is
u € s such that My, u = Hp. By the definition of the set Spq, there is t € S C
SoU-+-USp4q such that t € ¥o(u) and My, t = 1. Since the modal depth of 4 is at most
k—i—1<k—1-1, using the induction hypothesis, it follows that 93,¢ %= 1. Since
Y3 is the restriction of ¥y to W3, u € W3 and t C W3 imply t € X3(u). Thus we get
M3, u = B, and therefore My, s = BH.

Hence, the claim (*) is proved.

This implies M3, wy =k Ma, wp, so since My, wy | ¢, it follows that M3, wy E ¢,
which proves the theorem. Il
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5 Selection method for IngML_,

In IngqMLg formulas are interpreted over inquisitive modal models, i.e., downward closed
neighborhood models'. If we drop the downward closure condition, it is shown in [2] that
the modal operator H is no longer sufficient to have an expressively adequate language.
To solve this problem, a binary modal operator =, read "yields”, is used instead of H.
The resulting inquisitive modal logic InqML_,, which was first introduced in [2], can thus
be seen as a generalization of the logic InqMLg, in which formulas are interpreted over
neighborhood models that are not necessarily downward closed. For more details on the
motivation for InqML_, see [2] and [3].

Let P be a set of propositional variables.

The syntax of InqML_, is given as follows:

pu=plL]l(eAp)|(e—=0) | (V)| (p=p).

Definition 5.1. An inhabited neighborhood model is a triple 9 = (W, 3, V),
where W is a set of worlds, ¥ : W — P(P(W)) a function such that for all w € W we
have ) € ¥(w), and V : P — P(W) a valuation function.

For the sake of simplicity, we assume in the previous definition that for all w € W we
have () € ¥(w), i.e., the neighborhoods are non-empty. If we allow empty neighborhoods,
we have to add a modal constant to the language to determine whether or not @) € X(w)
(cf. [3], Section 8).

The support conditions for propositional variables, 1, and the formulas of the form
© A, — 1 and ¢ \ ¢ are the same as in the logic InqMLg. The only novelty concerns
the interpretation of =.

Definition 5.2 (Support for =). Let 9t = (W, 3, V) be an inhabited neighborhood
model. The relation of support between states in 91 and formulas of the form ¢ = v is
defined as follows:

M s =><forallw e sand t € X(w), M, t = implies M, ¢ = 1.
A unary modal operator H is defined as an abbreviation:
He =T = .
Remark 5.3. Note that every formula of the form ¢ = 1 is truth-conditional.
The set of declarative formulas is defined as follows:

az=plLl(ara)[(a=a)l(p=p),

! A neighborhood model is a structure in which each world is associated with a set of neighborhoods,
where the neighborhood is defined as a set of worlds.
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where ¢ is an arbitrary formula.
The set of declarative formulas is, up to logical equivalence, exactly the set of truth-
conditional formulas (cf. [2] and [3]).

Definition 5.4. To every formula ¢ we can assign a set of declarative formulas, called
the set of resolutions R(y), as follows:

e R(a) ={a} if a is a propositional variable, L, or a formula ¢ = ;
e ReAy)={anp|aeR(p),f€RW)}

o R(p—= 1) ={y|f:R(p) = R} where vy := N (a0 = f(a));
a€R(yp)

* Rlp V1) =R(p) UR(Y).
Every formula has a normal form, as the following theorem shows (cf. [2] and [3]).

Theorem 5.5 (Normal form of InqML_,). Every formula ¢ is equivalent to the in-
quisitive disjunction of its resolutions, i.e.,

=01V ...V oy,
where R(p) ={a1,...,an}.

For other basic properties of InqML_, see [2] and [3].

Our goal is to implement the selection method for InqML_,. The first step is to show
that the logic InqML_, has the tree model property. So, we define a tree-like structure
in InqML_,, by using the notion of path in an inhabited neighborhood model, which is
defined in the same way as in Definition 3.3.

Definition 5.6. An inhabited neighborhood model Mg = (Ws, Xg, Vi) is a tree if
the following conditions are satisfied:

(7) there is a unique world w € Wy, called the root, such that there are no u € Wy and
s € Yg(u) with w € s;

(17) for every u € Wy there is a unique path from w to w.

Note that the previous definition is the same as the definition of a tree in InqMLg,
with the only difference that in this logic we observe inhabited neighborhood models,
while in InqMLg we observe pseudo-models.

The definitions of generated submodel, rooted model and bounded morphism as well
as analogues of Proposition 3.2, Proposition 3.4, Proposition 3.6 and Theorem 3.12 from
Section 3 can easily be generalized to IngML._,.

The proof of the following theorem is then carried out using the previous results
analogously to the proof of Theorem 3.13.
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Theorem 5.7 (Tree model property of InqML_,). Each satisfiable formula ¢ is sat-
isfiable at the root of a tree.

The notion of n-bisimulation in IngML_, is defined as in InqMLg (cf. [3]).

It is easy to see that n-bisimilar states support the same formulas with the modal
depth? of at most n, i.e., if M, s ~,, M, &', then M, s =, M', s’ (cf. [3]).

Let the set of propositional variables be finite, let n € N, and let 9t = (W, 3, V) and
M = (W', X' V') be inhabited neighborhood models. In [3] it is shown that for every
w € W there is a characteristic formula xgy ,, with the modal depth n, such that for every
w' € W' we have:

M, w' = xgn,, if and only if M, w’ ~,, M, w.

Furthermore, an analogue of Lemma 4.7 also holds in this logic.
Using the previous facts, we can adapt the proof of Theorem 4.8 to prove the following
theorem.

Theorem 5.8 (Finite tree model property of InqML_,). Each satisfiable formula ¢ is
satisfiable in a finite tree.

Proof. Let a formula ¢ be satisfiable in an inhabited neighborhood model 9 =
(W, %, V). Furthermore, let k& be the modal depth of the formula ¢ and let P be the set
of all propositional variables occurring in .

By Theorem 5.7 there exists a tree 9; with the root wg such that 9%, wy = ¢. Denote
with My = M. Now we have My, wy ~p My, we and therefore My, wy =5 My, wo.
Hence, My, wy = .

Now we define sets of states Sy, ..., Sk. In contrast to the proof of Theorem 4.8, we do
not need to require that the sets S; are downward closed. Let Sy = {{wp}} and suppose
that S1,...,9;,¢ < k, have already been defined. We define the set S;;1, observing the
formulas of the form i = x as follows.

Choose any u € s, where s € S;. The set P is finite, so there are finitely many non-
equivalent formulas with the modal depth of at most k —i. For every such formula of the
form ¢ = x such that My, u £ 1 = x, choose a state s, € Ya(u) such that My, s, = ¥
and My, s, £ x. If the state s, is finite, then we add s, to Si,1.

If the state s, is infinite, then we reduce s, to a finite state s/, using characteristic
formulas in the same way as in the proof of Theorem 4.8, and add the resulting finite
state s, to Sij1.

As in the proof of Theorem 4.8, we define the inhabited neighborhood model i3 =
(W3, X3, V3), where W3 = U u, and the functions Y5 and V3 are restrictions of the

ues
SESHU---USy

2The modal depth of the formula ¢ = 1 is the maximum of modal depths of formulas ¢ and
increased by 1.
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functions X5 and V5 of the model My = (Wa, Xo, V5) to the set W3. The model My is a
finite tree.

Furthermore, we prove the following claim.

(%) Let i« < k and let T; := {t C W3 : t C s for some s € S;}. Then for every state
seTyU---UT; we have M3, s =,_; My, s.

Let i < kand s € TyU---UT;, and let ¢ be a formula with the modal depth of at most
k —i. By induction on the complexity of ¢ we prove: Mg, s = ¢ if and only if My, s = .

We only consider cases in which ¢ is the formula of the form ¢ — y and ¢ = ¥, since
other cases are trivial.

Let ¢ =1 — x and suppose M3, s = 1» — x, where s € T} for some | < i < k. Then
there is ¢ C s such that M3, ¢t =1 and M3, ¢ = x. Since t € T, C To U --- U T} and the
modal depth of the formulas ¢ and y is at most k —i < k— [, by the induction hypothesis
we have My, t = 1 and My, t = x, and thus My, s = ¢ — x. The converse is proved
analogously.

Let ¢ = ¢ = x and suppose M3, s £ ¥ = x, where s € T; for some | < i < k.
Since the formula ¢ = x is truth-conditional, there is u € s such that M3, u = ¥ = .
Then there is t € S;y1 € Ws such that ¢ € Y3(u) for which we have 9t3,¢ = ¢ and
M3, t = x. Now from ¢t € Sjp1 C Tjyy CToU---UT4; and the fact that the modal depth
the formulas ¢ and x is at most kK — ¢ — 1 < k — [ — 1, using the induction hypothesis,
we obtain My, t = ¢ and My, t = x. Since X3 is the restriction of ¥y to W3, we have
t € 3y(u). This implies My, u = 1 = x and thus My, s = ¢ = x.

Conversely, suppose My, s = v = x, where s € T; for some | < i < k. Then
there is u € s such that My, u = 1» = x. By the definition of the set Sj;q, there is
t € Sy €Ty CToU---UTpy such that t € ¥o(u) for which we have 9y, t = ¢ and
My, t I~ x. Since the modal depth of the formulas ¢ and x is at most k—i—1 < k—[—1,
using the induction hypothesis, we obtain 93,t = ¢ and M, ¢t & x. Since 33 is the
restriction of ¥y to W3, from u € W3 and ¢t C Wj it follows that ¢t € ¥3(u). Now we have
M3, u = 1 = x, and thus My, s = ¢ = x.

This proves the claim ().

Finally, we have M3, wg =5 Mo, wo. Then from My, wy = ¢, it follows that M3, wy =
®. U

The next goal is to show that the logic InqML_, is decidable. To show this, we need
the following claim: each refutable formula is refutable in a finite inhabited neighborhood
model.

In inquisitive modal logic, for a model 9t = (W, X, V), a state s C W and a formula
v, the following generally does not hold:

M, s b~ ¢ if and only if M, s = —p.

From this, it follows that proving ¢ is refutable is not the same as proving that —¢
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is satisfiable, so we need to adapt the selection method used for satisfiable formulas to
obtain the required claim for refutable formulas as well.

Let us therefore suppose that a formula ¢ is refutable in an inhabited neighborhood
model M = (W, X, V), i.e., there is some s C W such that 9, s = .3 By Theorem 5.5,
there are declarative formulas aq, ..., a, such that ¢ = a; Vv ... WV «,,. Then we have
M, s =gV ... Va, and thus M, s £ «; for every i = 1,...,n. Since the formulas «;
are truth-conditional, for every i = 1,...n, there is w; € s such that 9, w; £ «;.

Now, in exactly the same way as for satisfiable formulas, we apply the selection method.
Thus, for every ¢ = 1,...n, there is a finite tree D with the root wf such that MY, wi p=
Q.

We now need the following definition.

Definition 5.9. Let (IM; = (W;,%;,V;),i € I) be a family of inhabited neighborhood
models. An inhabited neighborhood model L-_rjim, = (W,%,V) is a disjoint union of
iel

models (9;, i € I) if:

o W= JW; x {i});
el
e (5,7) € X(w,1) if and only if i = j and s € ¥;(w), where (s,i) = {(w,i) : w € s} C
W; x {i}, for s C W;;

e for every propositional variable p we have: (w,i) € V(p) if and only if w € V;(p).

By induction on the complexity of a formula ¢, it is easy to show that for every i € T
and s C W; the following holds:

M, s = ¢ if and only if H—Jmu (5,7) = .

icl

Let Mg = (Ws, Xg, V) be the disjoint union of the trees MY, ..., ML ie., Mg = L-_I-J M.

i=1
Notice that Mg is a finite inhabited neighborhood model. Put s’ = {(w}, 1), ..., (w§,n)} C
Ws. Since My, wi f= ay, for every i = 1,...n, we have Mg, (wf, i) = a;. By persistence,
we obtain Mg, s’ & «; for every i = 1,...,n. Now we have Mg, s’ = a; WV ... V a,, and
therefore Mg, s" = .

Hence, each refutable formula is refutable in a finite inhabited neighborhood model.

Corollary 5.10. Inguisitive modal logic InqML_, has the finite model property.

3Notice that we cannot conclude from this that there is a world w € s such that 9, w £ ¢.
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Now, using the finite model property of InqML_,, we are able to show that InqML_
is a decidable logic.

In [3], a Hilbert-style proof system for InqML_, is defined, and the completeness of
that system is proved. Using the finite model property and the completeness we can prove
the decidability of InqML_, by a standard argument (cf. [1], p. 343).

First notice that the following holds:

e the set of validities of InqML_, is recursively enumerable;

e the set of all (up to isomorphism) finite inhabited neighborhood models is recursively
enumerable.

So there is an algorithm that simultaneously enumerates all validities of InqML_, that
are compared with a given formula ¢, and all finite inhabited neighborhood models in
which the falsifiability of ¢ is checked.

Since InqML_, has the finite model property, the algorithm will in finitely many steps
either find an inhabited neighborhood model in which ¢ is refuted or establish that ¢ is
a validity of InqML_, .

Thus, the following theorem holds.

Theorem 5.11 (Decidability of InqML., ). Inquisitive modal logic InqML_, is decid-
able.
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