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MINIMAL NON-RELEVANT LOGICS
WITHOUT THE K AXIOM

A bstract. The logic B} is Routley and Meyer’s basic positive
logic. The logic Bx4+ is Biplus the K rule. We add to Bgy
four intuitionistic-type negations. We show how to extend the
resulting logics within the modal and relevance spectra. We prove
that all the logics defined lack the K axiom.

1. Introduction

The aim of this paper is to study the effect of adding the K rule and the
paradoxes of consistency to relevance logics in the context of intuitionistic-
type negations with respect to the presence (or absence) of the K axiom in
the resulting systems.

In the literature on relevance logics, paradoxes of implication are clas-
sified into paradoxes of relevance and paradoxes of consistency (see, e.g.,
2], p. 349). A distinctive paradigm of the former is the K axiom

(a). FA— (B— A)

Received 23 August 2006



118 GEMMA ROBLES AND JOSE M. MENDEZ

or the K rule
(b FA= FB— A

and a typical example of the latter is the ECQ axiom ("E contradictione
quodlibet” axiom)
(¢). F(AN-A)— B

and related theses such as
(d). HA— (-A— B)

and
(e). F-A— (A— B)

Well, the purpose of this paper is to prove that a wide range of relevance
logics can be extended with the K rule and the paradoxes of consistency
without the resulting logics having the formula (a) cited above (the so-called
K axiom) as a theorem.

Now, relevance logicians have always been interested in exploring the
frontiers between relevance and non-relevance logics. The most promi-
nent example is, no doubt, the considerable attention conceded to the non-
relevance, paradoxical R-Mingle in Entailment I (see [1]). But not less
interesting is the work of Routley, Meyer and others on the logics KR, CR
and CE (see [7], [8], [4] and [11]). The logic KR is the result of adding the
axiom ECQ (c) to the Logic of Relevance R and, on the other hand, the
logic CR and the logic CE are obtained by adding a boolean negation to R
and to the Logic of Entailment E, respectively.

Now, it is to be stressed that the investigations just mentioned have
been carried in the context of the standard negation in relevance logics,
which is a De Morgan negation , as it is known. Well, the objective of this
paper is to study this type of questions in the context of intuitionistic-type
negations.

In particular, we are interested (as it was remarked above) in adding
to relevance logics the K rule and the paradoxes of consistency. But let us
now note some previous results.

In [10], the K rule is added to relevance logics in the presence of a weak
constructive negation. It is proved that neither the K axiom nor the ECQ
axioms are provable. In [5], the same results are obtained in the context of
a non-constructive negation. But let us be more explicit about or results.
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By B, we refer to Routley and Meyer’s basic positive logic (see [11]). Next,
Bgy is the result of adding the K rule to B;.. Two are the principal logics
presented here. The logic Bgcqn, is the result of adding the constructive
contraposition, double negation and reductio axioms. The logic By is
obtained by adding the ECQ axioms to B g cdn-

Our logics are clearly subsystems of intuitionistic logic or of minimal
intuitionistic logic, as it is the case. But let us remark that they are not
included in Lewis’s modal logic S5 (so, they are not included in Lewis’s S4
or in the Logic of Entailment either): A8 and A1l are not valid in S5 (the
arrow is read as S5 strict implication, of course). On the other hand, our
logics are not included in the logics KR and CR (so neither are they in
CE) mentioned above consequently providing a different perspective (from
that considered until now) on the borderlines between relevance and non-
relevance logics.

The structure of the paper is as follows. In sections 2-4, the logic B i+
is introduced. In section 5, we define the logic B i;,,. This logic is obtained
by adding a minimal negation to B by way of extending the positive
language with the propositional falsity constant F'. In sections 6-8, the logic
Bkedn 1s introduced. This logic is the result of adding the (constructive)
contraposition and double negation axioms to Bg,. In sections 9-11. The
logic B cdnr is defined. It is the result of adding the (constructive) reductio
axioms to Bxqn. In these sections, we thoroughly investigate the relations
between the different contraposition (reductio) axioms, on the one hand,
and between the contraposition (reductio) postulates, on the other. We also
look into the relations maintained by axioms (contraposition or reductio)
and postulates (contraposition or reductio) between each other. In sections
12-14, we add the ECQ axioms to B g¢an, defining the logic Bx ;. Finally, we
include two appendices and some concluding remarks. The first appendix
provides some notorious theorems of the logics studied. The second one
places these logics in the spectra of well-known modal and relevance logics,
respectively. In the concluding remarks, we discuss some possibilities for
extending them.

2. The positive logic By

Bg+ is axiomatized with
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Axioms

Al. A— A

A2. (ANB)— A | (AANB)—B

A3. [A—=B)AN(A—=C)]—[A— (BAC)]
A4, A— (AvB) | B— (AVB)

A5, [(A—C)A(B—C)]—[(AVB) - C]
A6. [AN(BVC) —=[(AANB)V(AANC)

The rules of derivation are

Modus ponens (MP): (FA& FA—B)= FB
Adjunction (Adj.): (FA& FB)= FAAB
Suffixing (Suf.): FA—-B= F(B—-C)—(A—C)
Prefixing (Pref.): FA—B= +(C — A)— (C — B)
Ki-FA= FB—-A

Therefore, B4 is By with the addition of the K rule.
We note the following two lemmas and conjecture:

Lemma 2.1 The implicational fragment of Bi 1 does not have the vari-
able sharing property.

Proof. For any propositional variable p, p — p is a theorem of By,
and by rule K, so is ¢ — (p — p). O
Obviously, the same is true for By .

Lemma 2.2 A paradozx of implication, namely, A — (B — B) is a
theorem of Bi . (Indeed, it is a theorem already of its implicational frag-
ment).

Proof. Immediate from the previous proof. O

Conjecture 2.1 There are denumerably many distinct logics between
By and B extended by the axiom K, that do not posses the variable sharing

property.
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3. Semantics for By

A Bgy model is a triple K, R, E; where K is a non-empty set, and R is
a ternary relation on K subject to the following definitions and postulates
for all a, b, ¢, d € K with quantifiers ranging over K:
dl. a < b=g4 JxRxadb
d2. R%*abed =4 Iv(Rabx & Rxcd)
Pl.a<a
P2. (a < b & Rbed) = Racd
P3. (b <d & Radc) = Rabc
Finally, F is a valuation relation from K to the sentences of the positive
language satisfying the following conditions for all propositional variables
p,wif A, Band a € K:
(i). (a<b&akFp)=0bFp
(ii). aFk AANBiffaF Aand a F B
(iii). aF AVBiffaF AoraF B
(iv). aF A — Biff for all b, c€ K, (Rabc & bE A) = cE B
A formula A is Biy valid (Fp,, A)iff a F Afor all a € K in all models.
Note that the postulates
P4. Rabc=b<c
P5. (a<b&b<c)=a<c

and
P6. R%abed = Rbed

are immediate in all By models.

Regarding semantic consistency (soundness), the proof that all theorems
of Bi 4 are valid is left to the reader (see, for example, [2] or [6] for a general
strategy).

A final note. As it is known, there is a set of ”designated points” in
the standard semantics for relevance logics (see the two items just quoted
above). It is in respect of this set that d1 is introduced and wff are eval-
uated. The absence of this set in Bx semantics (and the corresponding
changes in d1 and the definition of validity) are the only (but crucial) dif-
ferences between B1 models and Bx 4 models.
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4. Completeness of By

We begin by recalling some definitions:

A theory is a set of formulas closed under adjunction and provable
entailment (that is, a is a theory if whenever A, B € a, then AN\ B € a;
and if whenever A — B is a theorem and A € a, then B € a); a theory a
is prime if whenever AV B € a, then A € a or B € a; a theory a is regular
iff all the theorems of Bi belong to a. Finally, a is null iff no wff belongs
to a.

Now, we define the Bg canonical model. Let KT be the set of all
theories and RT be defined on K7 as follows: for all formulas A, B and a,
b,ce KT, RTabc iff if A— B € a and A € b, then B € ¢. Further, let K¢
be the set of all prime non-null theories and R® be the restriction of RT
to KC. Finally, let E¢ be defined as follows: for any wiff A and a € K¢,
a EC Aiff A € a. Then, the Bx, canonical model is the triple (K¢, R,
EC;.

Next, we sketch a proof of the completeness theorem.

Lemma 4.1 If a is a non-null theory, then a is reqular.

Proof. Let A € a and B be a theorem. By the K rule, A — B is a
theorem. So, B € a. O

Lemmas 4.2-4.6 below are an easy adaptation of the corresponding B
lemmas (see, e.g., [6]) to the case of non-null theories (as it is known,
theories are not necessarily non-null in the By canonical model and, in
fact, in the canonical model of any standard relevance logic).

Lemma 4.2 Let A be any wff, a, a non-null element in KT and A ¢ a.
Then, A ¢ = for some v € K such that a C .

Lemma 4.3 Let a be a non-null element in KT, b e KT and ¢ a prime
member in KT such that RTabe. Then, RT xbe for some z € K€ such that
aCzx.

Lemma 4.4 Let a € KT, b a non-null element in KT and ¢ a prime
member in KT such that RTabe. Then, RT azc for some x € K€ such that
bCux.

Now, we set
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Definition 4.1 Let a, b€ KT. Then, a <T b iff RTzab and = € K.

We have

Lemma 4.5 a <7 b iff a Cb.

And consequently,

Lemma 4.6 a < b iff a Cb.

Note that b and ¢ in lemma 4.3 and a and ¢ in lemma 4.4 need not be
non-null. On the other hand, lemma 4.7 below follows immediately from
lemma 4.2.

Lemma 4.7 If¥p, A, then there is some x € K© such that A ¢ .

Lemma 4.8 Let a, b be non-null theories. The set x = {B | JA[A —
B € a and A € b]} is a non-null theory such that R abz.

Proof. It is easy to prove that x is a theory such that RTabx. We
prove that x is non-null. Let A € b. By lemma 4.1, A - A€ a. So, A€ x
by R abzx. O

The following three lemmas are proved similarly as in the standard
semantics (use lemma 4.8 in the proof of the canonical adequacy of clause

(iv).

Lemma 4.9 The postulates P1, P2 and P3 hold in the Bx 4 canonical
model.

Lemma 4.10 EC is a wvaluation relation satisfying conditions (i)-(iv)
above.

Lemma 4.11 The canonical model Bgy is in fact a model.

By lemmas 4.7 and 4.11, we have

Theorem 4.1 (Completeness of Br,) IfFp,, A, thenbp, . A.
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5. Bx+ with minimal negation: the logic By,

The logic By, is an extension of the language of By with the proposi-
tional falsity constant F'. We add the constant F' to the positive language
and define

—-A =df A—F

No new axioms, however, are added.
A Brm-model is a quadruple K, S, R, F; where K, R and F are defined
similarly as in a Bx 4 model and S is a non-empty subset of K. The clauses

(v). (a<b&aFF)=bFF
(vi). aE Fiffag¢ S

are added to (i)-(iv). A is Bgy, valid (Fp,,, A) iff a F A for all a € K
in all models. Semantic consistency of B, follows immediately from that
of Bk +. Moreover, we note that F' is not valid (in fact, it is insatisfiable).
Let M be any model and a € S. Then, a ¥ F.

Turning to completeness, we define the canonical model as the structure
K¢, 8¢ RC EY; where K€, R, EC are defined similarly as in the B,
canonical model, and S¢ is interpreted as the set of all consistent prime
non-null theories, a theory being consistent if F' ¢ a. In order to prove
completeness, we have to prove that clauses (v) and (vi) are canonically
valid and that S¢ is not empty. Now, clauses (v) and (vi) are

(V). (aCb& Fea)=F¢€b

(vi"). Feaiff Fea
when read canonically (cf. definition of Bx canonical model and lemma
4.6). So, there is nothing to prove. On the other hand, let B g, be the set
of its theorems. As ¥p,  F, ¥p,, F by the soundness theorem, i.e., F' ¢

Bxm. Then, by lemma 4.2, there is a consistent prime theory x such that
F ¢ x. So, we have

Theorem 5.1 (Completeness of By,,) IfFp,, A, thentp, A.

On the meaning of the constant F' in Bf,,, we prove

Proposition 5.1 A theory a is inconsistent iff for some theorem —B,
B € a.
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Proof. (1) Suppose a inconsistent. Then, F' € a. But - =F, by Al.
(2) Suppose B € a for some theorem —B. By definition, H B — F. So,
Fea. Il

In other words, a is inconsistent if it contains the argument of a negative
formula that is a theorem.

6. Bx with weak contraposition and weak double negation.
The logic Bxcqn

The logic Bgcan is an extension of Bg,,. In order to axiomatize B g cgn, we
consider the following axioms

A7. (A—-B)—[(B—F)— (A—F)]
A8. (B—F)—[(A— B)— (A— F)]
A A—[(A—F)— F]

A10. [A— (B— F)]—[B— (A— F)]
All. B—[[A—=(B— F)]— (A— F)]

and the rule (Permutation F')
Perm F: If FA— (B — F), then - B— (A— F)

Then, the result of adding any of the six following groups (a-f) to Bx,
axiomatize Bg.g4, in an equivalent way:

A8, A10

A10, A1l

A7, A8, A9

A7, A8, Perm F
A7, A9, All

A7, Al11l, Perm F

g @

w2 2 Q

We prove

Proposition 6.1 The siz possibilities (a-f) just mentioned provide
equivalent axiomatizations of Bredn-
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Proof. We leave to the reader the proof of the following facts:

1. Given Bg,, and A7, A9 and Perm F are equivalent.
2. Given Bk, and A9, A8 and All are equivalent.

3. Given Bg,, and A10, A9 is derivable.

4. Given Bg,,, A10 and A9, A7 is derivable.

5. Given Bg,,, A7 and A9, A10 is derivable.

Then, ¢ and d, and e and f are equivalent by 1; moreover, c, d, e and f
are equivalent by 2. Now, it follows immediately from 2 y 3 that A8 and
A1l are equivalent, given B, and A10. So, a and b are equivalent and,
on the other hand, b = e by 3 and 4. Finally, e = b, by 5. Therefore, The
six possibilities are equivalent. O

7. Semantics for By 4,
Consider the following list of semantical postulates

P7. R%abed & d € S = (3z € K)(Jy € S)(Racx & Rbxy)
P8. R%abed & d € S = (3z € K)(Jy € S)(Rbcx & Raxy)
P9. Rabc & c € S = (Ir € K)Rbax

P10. R?*abed & d € S = (3x € S)R*acba

P1l. R%abed & d € S = (3r € S)R*bcax

Consider now the following four groups formed by combining the pos-
tulates in the list:

a: P8, P10
b: P10, P11

: P7, P8, P9
d: P7, P9, P11

o

Next, we define Bgcgn, models. A Bgqn model is exactly like a By,
model save for the addition of any of the four groups of postulates above.
We prove that the four possibilities are equivalent.
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Lemma 7.1 Let a, b be non-null members in KT, ¢, a consistent mem-
ber in KT and RTabc. Then, a and b are consistent too.

Proof.

1. By reductio, suppose that a is not consistent. Then, F' € a. Let
Acb. By T10, A — F € a, and so, by RTabc, F € c contradicting
the consistency of c.

2. Suppose that b is not consistent. Then, F' € b. By Al and lemma
4.1, F — F € a. So, by RTabc, F € ¢ contradicting the consistency
of c.

0

We now prove the equivalence of the four possibilities

Proposition 7.1 Given Bg,, semantics, the groups a-d referred to
above are equivalent.

Proof. We first prove that b and ¢ are equivalent.
l.b=c

(a) P9 is derivable: suppose Rabe, ¢ € S. By P1, d1, Rzxaa for some
x € K. By d2, R?>xzabc; by P11, R%xbay for some y € S and, by
P11, R%*baxz for some z € S. Then, Rbau, Ruxz by d2. Finally,
by lemma 7.1, u € S.

(b) P7is derivable: suppose R2abed, d € S. By P10, Racx, Rxby
for some y € S. Then, by P9, Rbxz for some z € S.

(¢) P8 is derivable: proof similar to the previous one.
2.¢c=b

(a) P10 is derivable: suppose R?abcd, d € S. By P7, Racx, Rbry
for some y € S. By P9, Rxbz for some z € S. So, R%acbz by d2.

(b) P11 is derivable: proof similar to the previous one. Use PS8.

Next, we prove that a and b are equivalent

3.a=Db
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(a) P9 is derivable: suppose Rabe, ¢ € S. By P1, d1, Rxaa for some
r € K. By d2, R?>zabc; by P10, R?>xzbay for some y € S. Then,
Rbaz, Rxzu for some u € S by P8. Finally, z € S by lemma 7.1.

(b) P11 is derivable: suppose R%abed, d € S. By P8, Rbcx, Raxy
for some y € S. By P9, Rzaz for some z € S. So, R%bcaz by d2.

4. b= a

(a) P8 is derivable: suppose R2abed, d € S. By P11 and d2, Rbey,
Ryax for some x € S. Then, by P9, Rayz for some z € S (note
that P9 is derivable, cf. 1(a)).

Finally, we prove c & d
5. ¢ = d. We have to prove that P11 is derivable (cf. 2(b))

6. d = c. We have to prove that P8 is derivable (cf. 4(a)).

O

Now, A is Bgedn valid (Fpy,,, A) iff a F A for all @ € K in all models.
The proof that all theorems of B k.4, are valid is left to the reader. Anyway,
we note that the validity of A7, A8, A9, A10, A1l and Perm F' is proved
with P7, P8, P9, P10, P11 and P9, respectively.

8. Completeness of B4,

The definition of the B g4, canonical model is similar to that of the B,
canonical model. Next, we prove a useful lemma:

Lemma 8.1 Let a € KT. Then, a is inconsistent iff a contains the
negation of a theorem.

Proof.

1. Suppose a is inconsistent. Then, F' € a, and by A9, (FF — F) — F €
a.

2. Let A be a theorem and A — F € a. By A9, (A - F) - Fisa
theorem, so F' € a.
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Now, as in Bg,, it can be proved

Lemma 8.2 S¢ is not empty.

Next, we have

Lemma 8.3 Let a, b, ¢ be non-null members in KT and d a consistent
member in KT . Further, let R2abed. Then, for some x in K€ and y € S©,
we have

1. RTacx and RTbxy
2. RTbcx and RTaxy
3. RTacx and RT xby

4. RTbex and RTzay

Now, let a, b be non-null members in KT, ¢ a consistent element in KT
and RTabe. Then, for some x in S€, we have

5. ¢ Cz and RTbax.
Proof.

1. Assume the hypothesis of the lemma. By d2, we have R”abz and
RT zcd for some z € KT Define (cf. lemma 4.8) the non-null theories

u={B| JA[A - B caand A € (]}

and
w={B|JA[A — B eband A € u|}

such that RTacu and RTbuw. Next, we prove that w is consistent.
Suppose F' € w. By definitions of u and w, B - A€ a, A— F €b
and B € ¢. By A7, (A — F) — (B — F) € a. Given RTabz
and A - Feb B— F €z Given RTzed and B € ¢, F € d
contradicting the hypothesis. Now, apply lemmas 4.2 and 4.4 to define
z in K¢ and y in S¢ such that RTacx and RTbxy.
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Proof of cases 2-5 are similar using A8, A10, A11 and A9, respectively.
O

Lemma 8.4 The canonical postulates hold in the B4, canonical mo-
del.

Proof. Immediate by lemma 8.3. (Il

Lemma 8.5 Clauses (v) and (vi) hold in the canonical model.

Proof. By definitions, as in Bg,. (]

Lemma 8.6 The By .qn canonical model is indeed a model.

Proof. Lemmas 4.9, 4.10, 8.2, 8.4 and 8.5 0

Now, we can prove

Theorem 8.1 (Completeness of Byan) If FBy,,, A, then Fp,. .,
A.

Proof. Given that an analogue of lemma 4.7 for B .4, is immediate,
completeness follows, by lemma 8.6. ]
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9. Bicgn with the reductio axiom: the logic Bk gn:

In order to axiomatize Bk cqpn:, we add to B g, any of the following axioms
or rules of inference:

Al12. [AN(A— F)|—F

A13. If FA—Band FA— (B— F),then A — F
Al4. [A-(A—F) - (A—F)

Al5. A—[[A— (A— F)| — F]

A16. If FA— B, then F[A— (B—F)]— (A—F)
AT If FA— (B— F), then F(A—B)— (A—F)
Al18. [A— (B— F)] = [(AAB) — F]

A19. (A— B) = [[AN(B— F)] — F|

A20. (ANB) = [[A— (B— F)] — F|

A21. [[AANB) — F)] — [(A— B) — F|

A2 [A— (B F)]  [(A— B) — (A F)]

A23. (A—B)—[[A— (B—F)— (A—F)]

We prove

Proposition 9.1 A12-A23 are equivalent, given B cqn .

Proof. We prove

1. A28 is derivable from A12: We can proceed as follows. Using A3 and
the K rule prove

(a). F(A— B)—[A— (AAB)]

By (a) and A7

(b). FIJA-(A—-F)]—=[[AN(A—F) - F]— (A— F)]

On the other hand, by A9 and A10,

(c). If A, then F[A— (B— F)]— (B—F)
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By (b), (c) and A12
d). F[A-(A—=F)— (A= F)
which easily give us
(). f HA— B, then F[A— (B— F)]— (A—F)

and

(f). F(AANB) = [[A— (B — F)] — F]

Finally, A23 is easily derivable from (a) and (f).

A12 is derivable from any of A13-A22: All cases are easy, and the
proof is left to the reader.

A12-A22 are derivable from A23: All cases are easy except maybe
A22. which is proved as follows:

[

JA-(B—-F)—-[[A—-[(B—F)—F|]]-(A—=F)] A23

2.[(B—-F)—(A—-F)—-[A—=[(B—F)— F] A10
3. {[A — [(B — F) — F]| — (4 — F)} —

{{(B—-F)—-(A—-F)]—(A—F)} Suffixing, 2
4 A=B=F]=((B=F)—=(A=F)]—=(A-=F)

Transitivity, 1, 2

Now, by A7 and 4

5. [A—= (B—= F)] = [(A— B) = (A= F)
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10. Semantics for By .4y,

Models for Bggnr are defined similarly as those for Bg.g4, but with the

addition of any of the following postulates

P12.
P13.
P14.
P15.
P16.
P17.
P18.
P19.
P20.

a € S = (Iz € S)Raax
Rabc & c€ S = ( )
Rabe & ¢ € S = (3z € S)R*baax
Rabe & c € S = (3x € S)Rbcx
(
(

dx € S)Rebx

Rabe & ¢ € S = (3x € S)R*abbx

Rabc & c € S = (Fz € K)(Jy € S)(Rabx & Rbry)

Rabc & c € S = (3z € K)(Jy € S)(Rbaxr & Raxy)

R%abed & d € S = (3z,y € K)(3z € S)(Racx & Rbey & Rryz)
R%abed & d € S = (3z,y € K)(3z € S)(Racx & Rbcy & Ryzxz)

These postulates are equivalent in the presence of B k.4, models, as we

prove below.

Proposition 10.1 The postulates P12-P20 are equivalent given By cdn

semantics.

Proof. We prove

1. P12 = P19, P20

We start by proving:

(a)

(b)

P12 = P15: suppose Rabc and ¢ € S. By P12, Rccx for some
x € S. By d2, R%abcx. Applying P8, Rbey, Rayz for some
ye K, z€S. But y € S by lemma 7.1.

P15 = P18: suppose Rabc and ¢ € S. By P9, Rbax for some
x € S. Then, Raxy for some y € S, by P15.

Now,

P12 = P19: suppose R%abcd and d € S. By P10, there is some
x € K and y € S such that Racx and Rxby. By Rxby and P18,
we have Rbrz, Rxzu for some u € S; by Racr and dl, ¢ < z,
that is, Rbcz by P3 and Rbxz. Therefore, we have Racx, Rbcz
and Rzzu with u € S as it was required.
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(d) P12 = P20: The proof is similar.
2. P12 = P13-P18

(a) P12 = P13: suppose Rabc and ¢ € S. By P12, Rccx for some
r € S. Applying d2, R%abcx. By PS8, Rbcy, Rayz for some
z € S. Finally, Rcbz for some z € S by Rbcy and P9.

(b) P12 = P14: Suppose Rabc and ¢ € S. By P9, Rbay for some
y € S. By P13, Ryax for some x € S.

(c) P12 = P15: cf. 1(a).

(d) P12 = P16: proof similar to that of 2(b).
) P12 = P17: proof similar to that of 2(b).
) P12 = P18: cf. 1(b).

3. P13 (P14, P15, P16, P17, P18) = P12:

(a) P13 = P12: suppose a € S. By P1 and dl, Rzaa for some
x € K. Then, by P13, Raaz for some z € S.

(b) P14 = P12: suppose a € S. By P1 and dl, Rzaa fro some
x € K. By P9, Raxz for some z € S. Applying P14, Rzay,
Ryau for some u € S. By Rzay and d1, a <y. So, Raau by P3
and Ryau.

) P15 = P12: proof similar to that of 3(a).

d) P16 = P12: proof similar to that of 3(b

) P17 = P12: proof similar to that of 3(b
) (

P18 = P12: proof similar to that of 3(b

)
)
)
)

4. P19 = P12 (P20 = P12): we start by proving:

(a) P19 = P18: suppose Rabc and ¢ € S. By P1 and d1, Rzcc for
some x € K. By P9, Rcxy for some y € S. So, by d2, R%abxy
whence R?braz for some z € S, by P11. Applying P19, we
have Rbau, Rraw, Ruww! for some w/ € S. As a < w (Rzaw,
dl), Ruaw!/ (Ruww); then by P9, Rauw for some w// € S.
Therefore, we have Rbau, Rauw!! with w!/! € S as it was required.

Now,
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(b) P19 = P12: it follows from 4(a) and 3(f)
(c) P20 = P12: proof similar to that of 4(b).

It remains to prove that P19 and P20 are equivalent, which is easy by
Pa. O

Now, A is Brednr valid (Fp,.,,,,. A4) iff a = A for all « € K in all models.
The proof that all the theorems of Bg g4, are valid is left to the reader.
Anyway, we remark that the validity of A12-A23 may be proved as follows
(but there are more possibilities, cf. proposition 10.1):

1. A12, A13: P12
2. Al4, Al6: P13
3. Al15, A20: P14

4. A17: P15

Next, A18, A19, A21, A22 and A23 are proved with P16, P17, P18,
P19 and P20, respectively.

11. Completeness of B g4

The Bgedgnr canonical model is defined similarly as the corresponding one
for Bxedn. Then, we prove

Lemma 11.1 1. Let a € S©, then for some z in S¢, RCaax.

2. Let a, b be non-null members in KT and ¢ a consistent element in
KT . Further, let RTabc. Then, for some y in KT and z in S€, we
have

(a) RT cbx

(b) R"baax

(¢c) RTbcx

(d) RT%abbx

(e) RTaby and RTbyx
(f) RTbay and RT ayx
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3. Let a, b, ¢ be non-null members in KT and d a consistent element in
KT. Further, let RT2abcd. Then, for some x, y in KT and z in S©,
we have

a acr an CY an Yz

(a) RT d RTbey and RTzy
acr an CY an rz

(b) RT d RTbey and Ry

Proof. Similar to that of lemma 8.3. Case 1 can be proved with A16,
A20, A17, A18, A19 and A21, respectively. But there are other possibilities
(cf. proposition 9.1). Finally, let us show how to prove cases 3(a) and 3(b).

We prove case 3(a): Let a, b, ¢ be non-null members in KT and d a
consistent member in K. Further, let R7?abed, i.e, RT abz and RT zbd for
some x € K. Define the theories y, z and u such that RTacy, RTbcz and
RTyzu. Note that y, z and u are non-null (cf. lemma 4.8). We prove that
u is consistent. Suppose it is not. Then, B - (A —- F) €a,C — A€b
for some wifs A and B € ¢, C € ¢. By Al, (C — A) — (C — A) € a.
So, C — A € x (Rabx, C — A € b) and next A € d (Rxed, B € c¢).
On the other hand, B — B € x (Al). Then, B € d (Rzcd, B € ¢) and
consequently, A A B € d.

We now prove —=(A A B) € d contradicting the consistency of d. Given
that B — (A — F') € a, we have A — (B — F') € a by A10 and, by A18,
(AANB) — F € a. Now, let D € b. By T10, (AA B) — =D € a. By A7,
=D — =~(AAB)€a. As -—D € b (A9), =-(AAB) € z (Rabx). By T10,
(ANB) — =C € z. Next, by A7, ==C — =(AAB) € z. As -=C € ¢
(A9), by Rzxed, =(A N B) € d.

Case 3(b) of lemma 11.1 is proved similarly. O

Now, given that an analogue of lemma 8.4 is immediate, we have

Theorem 11.1 (Completeness of By anr) If By, A, then
'_Bchn'r A

We finish this section with a proposition simplifying the standard pos-
tulates for relevance logics P19 and P20 (see, e.g., [9]).

Proposition 11.1 Given Bggnr, the postulates

P19’. Rabcd & d € S = (3x € K)(3y € K)(3z € S)(Racx & Rbry & Rxyz)
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and
P20°. Rabcd& d € S = (3x € K)(3y € K)(3z € S)(Racx & Rbry & Ryzz)

are equivalent to P19 and P20, respectively.
Proof.

1. P19’ = P19: suppose R2abcd, d € S. By P19, Racx, Rbxy, Rryz
with z € S. By P4, ¢ < x, and by P3, Rbcy. So, Racz, Rbry, Rryz
and z € S as it was required.

2. P19 = P19’: As it is shown in section 10, P19 implies postulates
P12-P20. We now prove P19’. Suppose R%abcd and d € S. By P7,
Racx, Rbry and y € S. By P15, Raxyz for some z € §. Therefore,
Racx, Rbry, Rxyz for some x € K,y € K, z € S, as it was required.

0

12. Bk with intuitionistic negation: the logic B
To define By, we add to B cgn, the axiom
A24. F — A

We note that, in addition to T1-T20, T21-T28 are now provable (see
Appendix A).

13. Semantics for By

A Bgj model is a triple | K, R, Fj where K is a non-empty set, R is a ternary
relation defined on K and F is valuation relation from K to the sentences
of the positive language extended with F. The following definitions and
postulates hold for all a, b, ¢, d € K: d1, d2, P1-P3 (as in B g, models)
and also

P21. R%*abed = (3z € K)R%acbx
P22. R?abcd = (3z € K)R%bcax
P23. (3z € K)Raax
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On the other hand, clauses (i)-(iv) hold, but clause (vi) is replaced with
(vii). a ¥ F for all a € K in all models

Ais valid (Fpy, A) iff aF A for all @ € K in all models.

Semantic consistency is proved similarly as before, but now, it is obvious
that A24 is valid. It is easy to see that a By, model is like a B cqpn, model
save for the omission of all references to the set S: now, S = K.

14. Completeness of B

The B canonical model is the structure jK ¢ RC EC; where R® and EC
are defined as in the Bg g4, canonical model, but K C is now the set of all
non-null consistent prime theories, a theory being consistent as before (a is
inconsistent iff F' € a). We begin by proving some previous lemmas.

Lemma 14.1 a is consistent iff AN —=A ¢ a for some wff A.

Proof. Suppose a is inconsistent. Then, F' € a. By A24, F — A,
F — —A are theorems. By A3, FF — (A A —A) is also a theorem. So,
AN-A € a. Suppose now AA—A € a. Then, F € a by T23. Therefore, a
is inconsistent. U

Next, we define

Definition 14.1 « is degenerate if all wffs belong to a.

We prove

Lemma 14.2 a is consistent iff a is non-degenerate.

Proof. Suppose a is consistent. Then, F' ¢ a. So, a is non-degenerate.
Suppose now a is non-degenerate. If F' € a, then, by A24, any wif belongs
to a. Therefore, a is consistent. [l

We note that by lemmas 8.1, 14.1 and 14.2, we have

Lemma 14.3 a is inconsistent (F € a) iff a contains the negation of
a theorem iff for some wff A, AN—-A € a iff a is degenerate.
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Now, it is clear that in order to prove the completeness of B ;, most of
the previous lemmas must be modified: given the B ; model, we have to
prove that all theories defined in these lemmas are consistent. In particular,
lemmas 4.2-4.6, 8.3-8.6 and 11.1 must be modified, and, on the other hand,
note that 4.8 does not hold generally (if = has to be consistent) and that
8.2 is dropped.

Well, with the aid of lemma 14.3, it is not difficult to prove that the
required modifications of the above lemmas hold. Let us, for instance, prove
lemma 4.3. Now, it would read

Lemma 4.3": Let RTabe, a a maximal non-null consistent element in
KT, b e KT and c a prime member in K7. Then, R zbc for some = in K7
such that a C z.

Proof. Define from a a maximal non-null consistent theory x such that
a C x and RTzbc. Suppose z is not prime. Then, AVB cx, A¢ x, B¢ x
for some wifs A, B. Define

[,A] ={C| 3D[D € x and + (AN D) — C|}

Define [z, B] similarly. It is easy to prove that [z, A] and [z, B] are
non-null theories strictly including z. By the maximality of x, there are
three possible situations:

1. [z, A] and [z, B] are inconsistent

2. not - RT[z, Albc and not - R [x, B]bc

3. not - RT[z, Albc and [z, B] is inconsistent or not - R”[x, B]bc and
[, A] is inconsistent.

We prove that each one of these situations is untenable:

1. [z, A] and [z, B] are inconsistent. Then, F' € [z, A], F' € [z, B] (lemma
14.3) whence it is easy to show F' € x.

2. not - RT[x, AJbc and not - R [z, B]bc. But, then, it is easy to show
that ¢ is not prime.

3. not - R”[z, Albc and [z, B] is inconsistent or not - R’ [z, B]bc and
[, A] is inconsistent: We prove that the first alternative is untenable
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(proof of the second one is similar): suppose not - RT [z, Ajbc. By
definitions, - (AANC) — (D — FE) with C € z, D € b, E ¢ c.
Suppose [z, B] is inconsistent. Then, D — FE € [z, B] (lemma 14.3).
By definitions, - (B A C1) — (D — E) with C1 € x. Then, it is easy
to show that D — E € z. But given RTabc and D € b, E € ¢, a
contradiction. Therefore, x is prime.

Now, given that the canonical clause (vi) is immediate, we have

Theorem 14.1 (Completeness of Bg;) IfFp,, A, then Fp, . A.

A. Appendix. Theorems of By, By, Bxeins Breanr and By

Theorems of By

t1. B—)(A—>A)

t2.

Theorems of By,

T1.
T2.
T3.
T4.
T5.
T6.

Theorems of By 4,

(A— B) — [A— (AN B)]

FA— B=F-B—-A
F-B=F(A— B)—-A
-(AV B) < (AN -B)
(mAV-B) — =(AAB)
-F

A— —F

T7. (AV B) — =(=AA-DB)
T8. (AANB) — —=(—=AV -B)

ALK
Al, A3, t1

Suf.
Pref.
By B+
By B¢
Al
Al K

T3, A7
T4, A7



MINIMAL NON-RELEVANT LOGICS WITHOUT THE K AXIOM

T9. A — [(A— -B) — —B]|
T10. F — -A
T11. -A— (A — -B)
T12. A — (-A — —-B)
T13. =A — (B — —A)
T14. (AV-B) — (-A — —-B)
T15. (WAV -B) — (A — —-B)
T16. -A — [(AV -B) — —B]
T17. A — [(wAV —-B) — —B]
T18. -——A — -4

Theorems of B g 4.

In addition to T1-T18, A7-A23, we have

T19. =—(AV —-A)
T20. (AAN—-A) — —-B

Theorems of By

In addition to T1-T20 and A7-A24, we have

T21. -A— (A — B)

T22. A— (-A— B)

T23. (AN-A)— B

T24. (AN-A) < F

T25. (AV B) — (-A — —B)
T26. (WAV B) - (A — —-—B)
T27. -A — [(AV B) — B]
T28. A — [(wAV B) — B]

141

A10, A1l
T6, A10
T10

A9, T11
T11, A10
T12, T13
T11, T13
T11, K
T12, K
A7, A9

A4, A7, A23
A12, T10

A24

A9, A24
Al12, A24
A24, T23
T13, T22
T13, T21
T21, K
T22, K
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B. Appendix. Matrices

Consider the following axioms and rules of inference:

al. (A—-B)—(B—(C)— (A—C)
a2. (B—C)—[(A— B)— (A—C)

a3. [A — (A— B)] - (A — B)

ad. A— [(A— B) — B]

ad. [[(A—B)—C]— (A— B)]— (A— B)
a6. FA=F(A— B)— B

Now, Lewis’s positive modal logic S5 can be axiomatized (see [3]) with
adjunction, modus ponens, the K rule, al, a2, a3, a5, a6 and A1-A6 of §2.
And Anderson and Belnap’s positive logic of relevance Ry (without the
connectives o and t), can be axiomatized with adjunction, modus ponens,
al, a3, ad and A1-A6 of §2.

Let R+ be the result of adding the K rule to R ; and let S5; and R; be
the result of adding A8, A10, A12 and A24 to S54 and R, respectively.
We note the following proposition:

Proposition B.1 1. R; is equivalent to intuitionistic logic.
2. S§5; is not included in Lewis’s modal logic S5.

3. The axiom K, i.e.,
A— (B—A)

is not derivable in S5;.

Proof. The proofs of 1 and 2 are left to the reader. A simple proof of
3 is as follows. Consider the following set of matrices where 2 is the only
designated value and F'is assigned the value O:

o= of |
o o Nn|o
o N N
SRS
o o~ O >
o o o|lo
— = O
N R O N
o~ O <
N o= oo
N = = =
SRS
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This set of matrices verifies S5; but falsifies the K axiom when v(A) =1
and v(B) = 2. So, note that any logic included in S5; (see Concluding
remarks) lacks the K axiom. We find among these logics, e.g., E;, The
Positive Logic of Entailment E with intuitionistic negation. O

C. Concluding remarks. Extending the logics

A number of logics can be defined from Bgp,, Bgeanr or B;. By way of
example, consider the following semantic postulates:

pl. R%abcd = (3z € K)(Racr & Rbxd)
p2. R%abcd = (3z € K)(Rbex & Raxd)
p3. Rabe = R%abbe

p4. Rabc = Rbac

p5. (3z € K)Raza

The logic ML is minimal positive logic of Anderson and Belnap (see
[5]) MLy with the distributive laws and the K rule. It can be axiomatized
by adding al, a2 to Bx;. MLk, models can be defined by adding pl
and p2 to B4 models. Then, ML g,, MLgcgnr and MLk ; can be defined
similarly as B g, Brcdnr and B ; were defined. The logic Tk is positive
Ticket Entailment T with the K rule, it can be axiomatized by adding a3
to MLk . Tg4 models are defined similarly as ML g models but with the
addition of the postulate p3. The logic RW g is contractionless positive
relevance logic RW, with the K rule. It can be axiomatized by adding a4
to MLk 4. RWg models are defined by adding p4 to ML x4 models. A
last example. The logic Ex 4 is positive entailment logic E; with the K
rule. Ex 4+ models are defined by adding p5 to Tx4+ models. In fact, the
logic Ex is Lewis’s modal logic S4 (see [3]). So, actually, E; is S4; with
intuitionistic negation. But we shall not pursue the study of the negation
extensions of the logics here defined any further.

Notes
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