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ON THE COMPLETENESS THEOREM OF
MANY-SORTED EQUATIONAL LOGIC AND
THE EQUIVALENCE BETWEEN HALL

ALGEBRAS AND BENABOU THEORIES

A bstract. The completeness theorem of equational logic of
Birkhoff asserts the coincidence of the model-theoretic and proof-
theoretic consequence relations. Goguen and Meseguer, giving
a sound and adequate system of inference rules for many-sorted
deduction, founded ultimately on the congruences on Hall alge-
bras, generalized the completeness theorem of Birkhoff to the
completeness theorem of many-sorted equational logic. In this
paper, after simplifying the specification of Hall algebras as given
by Goguen-Meseguer, we obtain another many-sorted equational
calculus from which we prove that the inference rules of abstrac-
tion and concretion due to Goguen-Meseguer are derived rules.
Finally, after defining the Bénabou algebras for a set of sorts S
we prove that the category of Bénabou algebras for S is equivalent
to the category of Hall algebras for S and isomorphic to the cate-
gory of Bénabou theories for S, i.e., the many-sorted counterpart
of the category of Lawvere theories, hence that Hall algebras and
Bénabou theories are equivalent.
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1. Introduction

The completeness theorem of many-sorted equational logic of Goguen-
Meseguer (in [4]), under which the classical completeness theorem of equa-
tional logic of Birkhoff (in [2]) falls, asserts, for a set of sorts S and an
S-sorted signature X, the coincidence of two consequence relations defined
between subfamilies of the many-sorted set Eqy(X), of finitary Y-equations,
and elements of such a many-sorted set, for an S-sorted signature ¥ and

an S-sorted set of variables V' = (V;)ses where, for every sort s in S,
Vs = {v) | n € N} is a standard infinite countable set of variables of
type s.

Concretely, the above completeness theorem affirms that the conse-
quence relations = and F* are identical, where "= ():E,s)(w,s)ES*XS’
with S* the underlying set of the free monoid on .S, the so-called semantical
consequence relation, is obtained from the contravariant Galois connection
between the ordered set Sub(Alg(X)), of subsets of Alg(X), the category
of Y-algebras (identified in this case to its underlying set of objects), and
the ordered set Sub(Eqy (X)), of subfamilies of Eqy(X); while F*, also
indexed by S* x S, the so-called entailment relation, or syntactical conse-
quence relation, can be obtained, for instance, as has been pointed out in [4],
as the operator Cggrerg(y), Of generated congruence, on the Hall algebra
HTerg () that has as underlying S* x S-sorted set (Ts(lw)s)(w,s)es*xs
where, for a word w € S*, |w is the S-sorted set that has, for s € S, as
s-th coordinate the subset of V; defined as (Jw)s = {v] € Vi | w; = s},
while Tx;(Jw) is the underlying S-sorted set of T's(Jw), the free X-algebra
on the S-sorted set |w.

In the second section of this paper, once defined the variety of Hall
algebras for a set of sorts S, through a many-sorted specification slightly
different from that presented in [4], and after reproving the completeness
theorem of many-sorted equational logic, we obtain another many-sorted
equational calculus from which we prove that the inference rules of ab-
straction and concretion in [4] are derived rules, thus providing a system
of sound and adequate inference rules somewhat less redundant than that
presented by Goguen-Meseguer in [4].

In the third and last section, after defining the variety of Bénabou
algebras for a set of sorts S, through a many-sorted specification, we prove,
on the one hand, that the category of Bénabou theories for S, defined
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in [1], has the form of the category of models for a convenient many-sorted
specification because it is isomorphic to the category of Bénabou algebras
for S and, on the other hand, that the category of Hall algebras for S, used
by Goguen-Meseguer in their proof of the completeness theorem of many-
sorted equational logic, is equivalent to that of Bénabou algebras for S,
hence that Hall algebras and Bénabou theories are equivalent. Finally, we
prove that the algebraic lattice Cgr(BTer (X)) associated to the Bénabou
algebra BTerg (X)) is isomorphic to the algebraic lattice of fixed points of
the operator Cny, canonically associated to the semantical consequence
relation [=*.

We point out that the category of Bénabou algebras for a set of sorts S
is not only interesting because it is isomorphic to the category of Bénabou
theories for S and equivalent to the category of Hall algebras for S, but
also because in [3] the Bénabou algebras have been used, among other
things, to define what we have called morphisms of Fujiwara from a many-
sorted signature into another, as well as morphisms from a many-sorted
specification into another, from which we have proved, in a convenient 2-
category of many-sorted specifications, the equivalence between the many-
sorted specifications of Hall and Bénabou, and also, as a direct consequence
of the existence of a certain pseudo-functor from such a 2-category into the
2-category of categories, the equivalence between the associated varieties.

In what follows we use standard concepts from many-sorted algebra,
see e.g., [4]. Sometimes, to avoid any confusion, we will denote the family
of structural operations of a given Y-algebra A by FA and the components
of FA corresponding to the different formal operations o, 7, ..., as F(;A,
FTA, ..., respectively. Moreover, every set we consider will be an element
or subset of a Grothendieck universe U, fixed once and for all.

2. Hall algebras, the many-sorted completeness theorem of
Goguen-Meseguer, and some derived inference rules

Hall algebras, as reflected by the defining axioms stated below, are a species
of algebraic construct in which the essential properties of the concepts of
substitution, for the many-sorted terms in the free many-sorted algebras,
and of generalized composition, for the many-sorted operations on sorted
sets, are embodied. And this is precisely one of the reasons why Hall alge-
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bras are a powerful and fundamental instrument to investigate many-sorted
algebras. To this we add that Hall algebras are not only worth of study
because of its source in the above mentioned procedures. Besides that,
Hall algebras are interesting in themselves since they furnish important
examples of equationally defined many-sorted algebras, and also because
they have been used, as we have said in the introduction, by Goguen and
Meseguer in [4] to prove the completeness theorem of finitary many-sorted
equational logic (that generalizes the classical completeness theorem of fini-
tary equational logic of Birkhoff), providing in this way, a full algebraization
of many-sorted equational deduction.

In this section after defining, for a set of sorts S, Alg(Hg), the category
of Hall algebras for S, through a many-sorted specification Hg slightly dif-
ferent from that presented in [4], we prove the existence, for every S-sorted
signature ¥, of an isomorphism between Ty, (X), the free Hall algebra
on ¥, and HTerg(X), the Hall algebra for (S,3) which, we advance, for-
malizes the concept of substitution and has as underlying S* x S-sorted
set precisely (Ts(lw)s)(w,s)es*xs, i-e., the different sets of finitary many-
sorted X-terms. We point out that this isomorphism, which allows us to
replace everywhere HTerg(X) for T (X), together with the adjunction
Th, - Gug from Set® ¥ to Alg(Hg), will be specially useful to state
some results in a more concrete and tractable way. Then, once reproved
the completeness theorem of many-sorted equational logic, we obtain from
it a many-sorted equational calculus from which we prove that the rules
of abstraction and concretion in [4] are derived rules, hence providing a
somewhat less redundant set of sound and adequate inference rules than
those in [4].

But before we begin to realize what has been announced we consider,
for a set of sorts S and an S-sorted signature X, the concepts of finitary
Y-term, finitary Y-equation and the relation of validation between finitary
Y-equations and Y-algebras. From these concepts we obtain, as it is well
known, a contravariant Galois connection between the ordered set of fam-
ilies of finitary ¥-equations and the ordered set of families of ¥-algebras
and, in particular, the closure operator of semantical consequence on the
set of finitary Y-equations.

Definition 2.1. Let X be an S-sorted signature, w € S*, and s € S.

1. A finitary X-term of type (w,s) is an element P of Tx(lw)s.
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2. A finitary Y-equation of type (w, s) is an element (P, Q) of Tx(lw)?,
i.e., a pair of finitary 3-terms of type (w, s).

From now on we agree that HTerg(¥) denotes (Ts(lw)s)(w,s)es* x5
the S* x S-sorted set of finitary X-terms, and that Eqy(X2) denotes
(Tg(lw)g)(w7s)eg*xs, the S* x S-sorted set of finitary ¥-equations.

Next we define for an S-sorted signature X, on the one hand, the re-
alization of the finitary Y-terms in the Y-algebras and, on the other, the
concept of validation of a finitary »-equation in a Y-algebra.

Definition 2.2. Let ¥ be an S-sorted signature, w € S*, s € S, A a
Y-algebra, and P € Tx(lw)s a finitary X-term of type (w, s). Then

1. The X-algebra of the many-sorted w-ary operations on A is A4dw,
Le., the direct Ay-power of A, where Ay is [];¢)p) Aw;, With |w| the
length of the word w, or, since, for every s € S, the sets (lw)s =
{vf€Vy|w; =s}and {i € |w| | w; = s} are isomorphic, Alv i.e.,
the direct A|,-power of A, where A|,, is Hom(|w, A), the set of all S-
sorted mappings from |w to A. From now on, to shorten terminology,
we will speak of w-ary operations on A instead of many-sorted w-ary
operations on A.

2. We denote by Tr!®»A the unique homomorphism from Tx(|w) to
AA4w such that pr‘fw = TrlwAo Nw, Where prfw is the S-sorted map-
ping (pr‘fw s)ses from |w to A4w defined, for s € S, as prfws =

(prfw787x)me(lw)s, and 7, the canonical embedding of |w into T'x;(|w),

the underlying S-sorted set of T's;(|w). Furthermore, PA denotes the

Jw,A

lwA “and we call the mapping PA from A Lw to

image of P under Tr
As, the term operation on A determined by P, or the term realization

of P on A.

Definition 2.3. Let A be a X-algebra and (P, Q) a finitary -equation
of type (w, s). We say that (P, Q) is valid in A, denoted by A |:§s (P,Q),
if PA = QA If K C Alg(X), then we agree that K =%, (P,Q) means
that, for every A € K, A ):E)s (P,Q).

From the concept of validation we obtain, as it is well-known, the fol-
lowing contravariant Galois connection.

Definition 2.4. Let X be an S-sorted signature.
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L If K € Alg(¥), then Thy(K) = (Ths(K)w,s)(w,s)es*xs, the finitary
Y-equational theory determined by K, is the sub-(S* x S)-sorted set
of Eqy(X) whose (w, s)-th coordinate Thy(K),, s, for (w,s) € S* xS,
has as elements those finitary ¥-equations (P, Q) of type (w,s) such
that K =2 , (P,Q), therefore

ThZ(K:) = ({(P7 Q) € EqH(E)’w,S ‘ VA S IC (A ):EJ,S (P7 Q))})(w,s)ES*XS'

2. If &€ C Eqy(X), then Modx(E), the finitary X-equational class de-
termined by &£, has as elements the -algebras A that validate each
equation of &, i.e.,

Modx(€) = {A € Alg(%) ‘ V(w,s) € S* xS, V(P,Q) € 5w,s,}

Ay, (PQ)

Proposition 2.5. Let ¥ be an S-sorted signature, £, £' two families of
finitary Y-equations and KC, K' two sets of Y-algebras. Then the following
holds:

1. If € C &, then Mods(E') € Modgx ().
2. If K C K/, then Thx(K') C Thy(K).
3. & - ThE(MOdE(g)) and KC - MOdE(ThZ(K)).

Therefore the pair of mappings Thy, and Mods, is a contravariant Galois
conmnection.

The categories associated to the lattices of sets of Y-algebras and fami-
lies of finitary ¥-equations are related by the adjunction Mody, 4 Thy, i.e.,
for every set I of ¥-algebras and every family £ of finitary ¥-equations,
we have that K C Modx(€) iff £ C Thy(K), because of the contravariance.

Definition 2.6. We denote by Cnyx, the closure operator Thy, o Mody,
on Eqy(X) and we call the Cny-closed sets X-equational theories. If €
is a family of finitary -equations and (P,Q) a finitary X-equation of
type (w,s), then we say that (P,Q) is a semantical consequence of £ if
Modyx(€) € Modx(P,Q), ie., if (P,Q) € Cnx(€)y,s = Thy(Mods(E))w,s,
which we denote also by £ =% , (P, Q).
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Before we define the Hall algebras, through an appropriate many-sorted
specification, we agree that for a set of sorts U, a word x € U* and a
standard U-sorted set of variables VY = ({v% | n € N}),ev, | is the U-
sorted subset of V'V defined, for every u € U as (), = {v¥ |i € 27 [u] },
this will apply, in particular, when the set of sorts U is S* x S or S* x S*.

Definition 2.7. Let S be a set of sorts and VHs the S* x S-sorted
set of variables (Vi,s)(w,s)cs+xs Where Vi s = {vn” | n € N}, for every
(w,s) € S*x S. A Hall algebra for Sis a Hg = (S* x S, ¥Hs £Hs)_algebra,
where $H5 is the S* x S-sorted signature, i.e., the (S* x S)* x (§* x S)-sorted
set, defined as follows:

HS;. For every w € S* and i € |w|,
T A— (w, w;),

where |w| is the length of the word w and and A the empty word in
the underlying set of the free monoid on S* x .S

HS,. For every u, w € S* and s € S,
Suw,st (W, s), (w,wo), . .s (U Wy —1)) — (u, 5);
while £W5 is the sub-(S* x §)* x (S* x S)-sorted set of Eq(XHs), where
Eq(219) = (Tyug (1)7, o) @,(u,s)e(5* xSy x (5 x5)»
defined as follows:

H;. Projection. For every u, w € S* and i € |w|, the equation

w U0 U Wiw| -1y _  w,w;
Euw,uwi (550, s Vo ) = v}

of type (((ua ’lUO), SR (’LL, w|w\—1))7 (U, wl))
Hy. Identity. For every uw € S* and j € |ul, the equation

UUj gy u o uuy
fu,u,uj(vj y Ty 77r\u|71) - vj

of type (((u,uy)), (u,uy)).
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Hs. Associativity. For every u, v, w € S* and s € S, the equation
w,s  v,wWwo VW) —1 u,v0 UsV|y|—1y
gu,v,s(fv,w,s(vo )Ul PR 7U|w‘ )a /U|w‘+1) e 7U‘w|+‘v| )

w,s v,wo U,V Uy V|p|—1
Suw,s(V0 " Euwwo (V15 Vo5 Vg o) )i o

5 (vvvw\w\—l Uu,?)o ,quv\v\—l))
0 Ww| =1\ w P lwlH17 T w4

of type (((w7 8)7 (U, wO)a SRR (Uv w\w|—1)’ (uv 'UO)’ AR (uv v|v|—1))v (u7 S))

Remark. From Hgs, for w = A, the empty word on S, we get the
invariance of constant functions axiom in [4]: For every u, v € S* and
s € S, we have the equation

UV |y|—1

gu,v,s(fv,/\,s(vé\’s)a 011171)07 s ,’U|v| ) = gu,/\,s(vé\’S)
of type (((Av 8)) (uv UO)a SR (’LL, U\v\fl))) (U, 8))

We call the formal constants ;" projections, and the formal operations
Euw,s substitution operators. Furthermore, we denote by Alg(Hg) the cat-
egory of Hall algebras for S and homomorphisms between Hall algebras.
Since Alg(Hg) is a variety, the forgetful functor Gyg from Alg(Hg) to
Set® *S has a left adjoint Ty, situation denoted by Tyg - Gug, or dia-
grammatically by

Grg
Alg(Hg) T SetS xS

Tug

which assigns to an S* x S-sorted set ¥ the corresponding free Hall algebra
T (X).

For every S-sorted set A, HOpg(A) = (Hom(Auy, As))(w,s)es+xs, the
S* x S-sorted set of operation for A, is naturally endowed with a structure
of Hall algebra, as stated in the following proposition, if we realize the
projections as the true projections and the substitution operators as the
generalized composition of mappings.

Proposition 2.8. Let A be an S-sorted set and HOpg(A) the %Hs-
algebra with underlying many-sorted set HOpg(A) and algebraic structure
defined as follows
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1. For every w € S* and i € |w|, (7)HOPs(4) — prévi: Ay — Ay, -

2. For every u,w € S* and s € S, §ES§S(A) is defined, for every f €

HO A
Adv and g € A, as §u,w7r«;5( )(f, 905 Gjw|—1) = o (gi)ic|w|, where
i) s the unique mapping from A, to A, such that, for ever
9i)iclwl q pping y

i € |w|, we have that
Pré,z‘ © <gi>i6|w| = Gi-
Then HOpg(A) is a Hall algebra, the Hall algebra for (S, A).

Remark. The closed sets of the Hall algebra HOpg(A) for (S, A) are
precisely the clones of (many-sorted) operations on the S-sorted set A.

We agree that, for every X-algebra A, HOpg(A) is HOpg(A), where
A is the underlying S-sorted set of A. Thus, under this convention, every
Y-algebra A has associated a Hall algebra.

For every S-sorted signature X, HTerg(X) = (Ts(lw)s)w,s)esrxs is
also endowed with a structure of Hall algebra that formalizes the concept
of substitution as stated in the following

Proposition 2.9. Let ¥ be an S-sorted signature and HTerg(X) the
YHs_algebra with underlying many-sorted set HTer 5(X) and algebraic struc-
ture defined as follows

1. For every w € S* and i € \w|, (WZ@U)HTerS(Z)

wj
7 0

is the image under
Niww, Of the variable v;"*, where 1, = (Nws)ses s the canonical
embedding of |w into Tx(lw). Sometimes, to abbreviate, we will

write ™ instead of (W;U)HTGI"S(E)_

2. For every u,w € S* and s € S, 535?5(2) is the mapping

HTerg(X) Tz(l’w)s X Tz(lu)wo X X Tz(lu)w\w\_1 - Tz(lu)s
e (Pv (Ql)ze|w|) I Qus(P)

where, for Q the S-sorted mapping from |w to Tx(lu) canonically
associated to the family (Qi)ic|w|, Q! is the unique homomorphism
from Ts(lw) into Tx(lu) such that QF onj, = Q. Sometimes, to

abbreviate, we will write &, 4, s instead of &EE?‘S(E)_
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Then HTerg(X) is a Hall algebra, the Hall algebra for (S5,%).

Our next goal is to prove that, for every S* x S-sorted set X, Ty, (2),
the free Hall algebra on X, is isomorphic to HTerg(X). We remark that
the existence of this isomorphism is interesting because it enables us, on
the one hand, to get a more tractable description of the terms in Ty (2),
and, on the other hand, as we will show afterwards, to state, for every
Y-algebra A, taking into account the adjunction Ty 4 Gug, the existence
of a homomorphism of Hall algebras Tr® from HTerg(X) to HOpg(A) =
HOpg(A) such that Thy(A), the finitary 3-equational theory determined
by A, is precisely Ker(Tr*), the kernel of the homomorphism Tr#.

To attain the goal just stated we begin by defining, for a Hall algebra
A, an S-sorted signature Y, an S* x S-mapping f: ¥ — A, and a word
u € S*, the concept of derived Y-algebra of A for (f,u), since it will
be used afterwards in the proof of the isomorphism between T (X) and
HTerg(X).

Definition 2.10. Let A be a Hall algebra and 3 an S-sorted signature.
Then, for every f: ¥—=A and u € S*, Af" the derived -algebra of A
for (f,u), is the Y-algebra with underlying S-sorted set A/* = (A, ¢)ses
and algebraic structure F5*, defined, for every (w,s) € S* x S, as

Ew,s - Hopw (Aﬂu)s

Fzﬁ’,g o — Hz‘e\w| Au,wi - Au,s
(a/Ov s 7a|w‘71) — gqﬁw,s(f(w,s)(o—% ag, - - - 7a/‘w|71)
Hie\w| A“ﬂ”i

where HOp,, (A/")s = At
Furthermore, we denote by p* the S-sorted mapping from |u to Af
defined, for every s € S and i € |u|, as p%(vf) = (), and by (p*)* the

K3
U

unique homomorphism from Tx(]u) to Af* such that (p*)? o Ny =P

Remark. For a ¥-algebra B = (B, G), we have that G: ¥ —HOpgq(B)
and B = HOpg(B)“*, where \ is the empty word on S. Besides, for ev-
ery u € S*, we have that BB+, the direct B,-power of B, is isomorphic to
HOpg(B)%".

Lemma 2.11. Let X be an S-sorted signature, A a Hall algebra,
f:X—=A and u € S*. Then, for every (w,s) € S* x S, P € Tx(lw)s
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and a € Hz‘e\wl Ay w,;, we have that

fiu
PA (CL(), s 7a|w\71) = ézﬁw,s((pw)us(P)v ag, - - - 7a|w\71)'

Proof. By algebraic induction on the complexity of P. If P is a variable
v?, with 7 € |w|, then

7A'f7u
/Uz‘s (a05"'7a|w\—1) :agul(vf)

= élﬁw,s((ﬂ-;u)A) ag, - - - 7a‘w|71) (by Hl)

= gqﬁw,s((pw)g(vf)v ao, - - - 7a|w\—1)'

Let us assume that P = 0(Qo, - .,Q|z-1), With 0: z—=s and that, for
every j € |z|, Q; € Ts(lw),, fulfills the induction hypothesis. Then we
have that

(0(Qos -+, Q-1 (a0, - . -, A1)
= oA(Q (a0, A1), - QB (a0, A1)
= &b, (f0), Q0 (a0, . app-1), - - ,Qﬁ{’_ul(ao, e 1))
= & (F(0)€ 2o ()5 (Q0)s a0, - -y Ay 1) - -
5{210@‘1'71((pw)i‘zlil(Q‘x‘,l),ao,...,a‘w|,1)) (by Ind. Hypothesis)
= i€ s (F(0), (0) Q). -
(pw)g:‘x‘_l(Q\z\—l))v ao; - - - apw|—1)(by Hs)

= gqﬁw,s(o-Aw((pw)ﬁzo (QO)a SRR (pw)ﬁzm'_l(Q\z\—l))) ag, - - - 7a\w|—1)
= g'zﬁw 5((pw)§(0a QOa s 7Q|m|—1)a ag, - - - 7a|w‘—1)
:ff,w,s((pw)g(P)vam'“7a|w\71)' U

Next we prove that, for every S* x S-sorted set 3, the Hall algebra for
(S, %) is isomorphic to the free Hall algebra on X.

Proposition 2.12. Let X be an S-sorted signature, i.e., an S* x S-
sorted set. Then the Hall algebra HTerg(X) is isomorphic to Tyg(X).

Proof. It is enough to prove that HTer g(X) has the universal property
of the free Hall algebra on Y. Therefore we have to specify an §* x S-sorted
mapping h from ¥ to HTerg(X) such that, for every Hall algebra A and
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S* x S-sorted mapping f from X to A, there is a unique homomorphism
f from HTerg(X) to A such that foh = f. Let h be the S* x S-sorted
mapping defined, for every (w,s) € S* x S, as

hws

)

{ Ew,s - TZ(lw)s

o — o(v],... vv|5w\—1)

Let A be a Hall algebra, f: ¥ ——= A an S* x S-sorted mapping and J/‘\the
S* x S-sorted mapping from HTerg(X) to A defined, for every (w,s) €
S* x S, as J?w,s = (pw)g, where, we recall, (p*)f is the unique homomor-
phism from Ty(lw) to AS* such that (p¥)* o 7, = p*. Then fisa
homomorphism of Hall algebras, because, on the one hand, for w € S* and
i € |w| we have that

fw i (7] )HTerS )) = J?w,wi v;

—~
N
~—

and, on the other hand, for P € Tx(lw)s and (Q; | i € |w|) € Tx(lu)y we
have that

Fus qlfgim( "(P,Qos -, Quj-1))

= (P")A(Q4(P)

= (1) 0 QE(P)  (because (p")* 0 O = ((p")* 0 Q)F)

= P2 (05 (Q0)s - (9", (Qug—1))

= & (PE(P), (0")e(Q0): -, (0)i,,, (Qpui—1))  (by Lemma 2.11)

~

guw s( w,S(P)v fu,wo(QO)’ s 7ﬁ1,w‘w‘,1(Q|w\—l))'

Therefore the S* x S-sorted mapping ]/”\is a homomorphism. Furthermore,
foh= f, because, for every w € S*, s € §, and 0 € ¥, 5, we have that

Funs(s (@) = ()0 (05 vy 1))
= oA (o (0]). 1 ()
R NGO LN CINLS
= fus(o) (by Hy).
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It is obvious that fA' is the unique homomorphism such that fo h = f.
Henceforth HTerg(X) is isomorphic to T (2). O

As was announced above, this isomorphism together with the adjunction
Thuy 1 Gug has as an immediate consequence that, for every S-sorted set A
and every S-sorted signature X, the sets Hom (X, HOpg(A)), in the category
SetS" %% and Hom(HTerg(X), HOpg(A)), in the category Alg(Hg), are
naturally isomorphic.

Actually, the isomorphism assigns, for an S-sorted set A, as we will
prove immediately below for the case in which A is the underlying S-
sorted set of a Y-algebra A, to a structure of Y-algebra F on A (i.e., an
S* x S-sorted mapping F' from ¥ to HOpg(A)) the homomorphism of Hall
algebras Tr(AF) = (Triw’(A’F))(wvs)eS*Xs from HTerg(X) to HOpg(A),
where, for every w € S*, the subfamily Triw:(AF) — (Triw’(A’F))seg of
Tr4F) is the unique homomorphism from Ty (|w) to (A, )4« the direct
Ay-power of (A, F), such that Triw(AF) 4 Mw = pfw, where p‘fw is the
S-sorted mapping from |w to A4 defined, for every s € S and vi € (Jw)s,
as pfw S(v) = prﬁﬂ-; while the inverse isomorphism sends an homomor-
phism i from HTerg(X) to HOpg(A) to, essentially, the algebraic struc-
ture Gug(h) o ny on A, where 1y is the canonical embedding of ¥ into
Ty (2).

After having stated, for an S-sorted set A and a structure of YX-algebra
F on A, the definition of the $* x S-sorted mapping Tr(4¥) we prove in the
following proposition, among others, that, for a ¥-algebra A = (A, F), it is
in fact an homomorphism of Hall algebras from HTerg(X) to HOpg(A) =
HOpg(4).

Proposition 2.13. Let A = (A, F) be a Y-algebra. Then Tr® =
TeAF) s a homomorphism of Hall algebras from HTerg(X) to HOpg(A)
= HOpg(A). Moreover, Ker(Tr®) = Thy(A), the B-equational theory
determined by A.

Proof. Let w € S* be and ¢ € |w|. Then we have that

Triw,A((ﬂ_gu)HTerS(E)) — pI‘A = (ﬂ_gu)HOpS(A).

w,t

Next given u,w € S*, s € S, P € Tx(lw)s, and (Qi)icjw| € Tx(lt)w,
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we have to prove that

Tel AT s (P (Qi)ietu)) =

ops () (Tl A (P) (Tl A(Qi))ictu))-

Let X%" be the S-sorted set whose s-th coordinate, for s € S, is the
set of all terms P € Tx(lw)s which, for every (Qi)icjw| € Ts(lu)w, satisfy
the above equation. We prove that X" = Tx(|w) by algebraic induction.

For every v} € (Jw)s, we have that v}, identified to

Mo, s (vF) = () FTers ()
belongs to X5 since

TeloA (€HTers () (08 (Qi)icu))
— TrlwA(lTers ) () HTers () (Q,),ic(w)))
= Trl“A Q) (by Hy)

O A w u
— oS (Y HOPs () (TrluA (), p)
— o 25 (prdd L (Teh A (Q))ieuw)
— P  (Te LA (05) (Trk ™ Q1)) icu))-

For every o € X, with 0: 2 —=s, and every (R;j)jc|z| € Xz, 0((Rj)je)a|) €
X" since

TeleA (T (o (R >je|x|> (Qi)ietu))
= el (eETers () (BT () (o((0)) jera), (By)jefa): (Q1)iclu))
= Tel A (€T () (0((0)) jeja) €T (R, (Qi)iefu): - -
S SO (Rigy 1, (Qi)ie\wl))) (by Hs)
= Trl"A (o ((€EFrs ) (R), (Qi)ielw)))jelal)
= FA (Telt A (€Ters ) Ry, (Qiiegu), -
Trit A (eTers ) (R, <Qz>ze|w|>>>

= FA" (G (Trky ™ (Ro), (el A (Qi)ietu))s - -

Eunob S D (Teb o (Ripy-1), (Trf*(Q:))ieju)))  (by Ind. Hypothesis)

HO A HO A w, u
= Qu,r,s Ps( )(F(;Aa uwgg( )(Trl A(RO)a(Trzlui7A(Qi)i€|w|))v--- »
HOpg(A w u
Sy Tk A (Rigy ), (T2 Qi)
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— B (IR (FA (TrL» A (R))) e i)
sy o) J?j xr )
(TrkA(Q:))iciw))  (by Hz)
— R (ORI (TrLoA (5((07) ), (TEEOA(R)) sl

(TrE2(Q0))iclw))
— o) (Trlw AT () (o((u)) 1))y (R)) jefa)))s
(Tl“l”’A(Qz‘))z'e\wD

= EroB S (Tel A (0 ((Ry) jerap))s (TEL A (Q0))icpu)-

Finally, Thy(A), the Y-equational theory determined by A, is, by def-
inition (Ker(Tr!®4) s)(w,s)es*x s> Which is precisely the kernel of Tr® and,
therefore, it is a congruence on HTerg(Y). O

The last part of the proposition just stated can be extended to sets of
Y-algebras and, in particular, to the models of a family £ of finitary >-
equations. From this it will follow that the operator Cggrery(s) is sound
relative to the operator of semantical consequence Cny.

Proposition 2.14. Let K a set of X-algebras. Then Thy(K) is a con-
gruence on HTerg(3).

Proof. Because Thy(K) is 5 Ker(Tr?) € Cgr(HTerg(X)). O

Corollary 2.15 (Soundness Theorem). Let ¥ be an S-sorted signa-
ture. Then we have that Cggperg () < Cny.

Proof. Let £ be a sub-sorted set of Eqy(X). By definition Cnyx (&) =
Thy,(Modyx(€)). But Thy(Modx(€)) is a congruence on HTerg(X) and
contains £. Therefore Cny(£) contains Cgppery(s)(£)- O

The congruence generated in HTerg(X) by a family of finitary -
equations £ can be characterized as follows.

Proposition 2.16. Let £ be a sub-sorted set of Eqy(X). Then
CeHrers(n)(€) is the smallest sub-sorted set E of Equ(X) that contains
& and is such that, for every u,w € S* and s € S, satisfies the following
conditions:

1. Reflexivity. For every P € HTerg(X)y.s, (P, P) € Eus-

)
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2. Symmetry. For every P, @ € HTerg(X)y s, if (P,Q) € Ew.s, then
(Q,P) € Epps.

3. Transitivity. For every P, Q, R € HTerg(X)y. s, if (P,Q), (Q,R) €
Euw,s, then (P, R) € Eyp .

4. Substitutivity. For every (M;)icjw|s (Ni)icjw| € Hie‘MHTerS(E)mm
and every (P,Q) € Eu.s, if, for every i € |w|, it happens that
(MZ,NZ) € Eu,wi; then

(gu,w,s(P) MO’ cee 7M\w|71)a gu,w,s(Qy NOa cee vN\w|71)) € Eu,s-

Let us remark that in the proposition just stated, the substitutivity
condition for w = A, the empty word on S, demands that if (P,Q) € €
then, for every u € S*, (P,Q) € Eys.

Proposition 2.17. Let £ be a sub-sorted set of Equ(X) and o € Xy 5.
If, for every i € |w|, we have that (P;, Q;) € Eww,, then

(U(PO) ... 7-F)|w‘—1)a U(QOa cee 7Q|w‘—1)) € gw,s'

Proof. By reflexivity (o(vo, ..., vjy|-1), 7(vV0, -+, Vjw|-1)) € Ew s hence,

by substitutivity, (o(Po, ..., Puw=1),0(Qo, - - - Qlu|=1)) € Ew,s- O

Proposition 2.18. Let € be a sub-sorted set of Eqy(X) and (w,s) €
S*x S. If (P,Q) € Ews and f is an endomorphism of Tx(lw), then
(fs(P), fs(Q)) € Ew,s-

Proof. For every i € |w|, the equation (fu, (vi), fuw; (vi)) is in Eyw,- By
substitutivity, we have that

(gw,w,s(Pv fwo (’UQ), KR} fw\w\_1(v\w|—1))v fw,w,s(Qv fwo (’UQ), ) fw\w\_l(v\w|—1)))

is in gw,s, hence (fs(P), fs(Q)) € Ew,s. O

Corollary 2.19. Let £ be a sub-sorted set of Eqy(X) and w € S*.
Then €y = (Ew.s)ses is a fully invariant congruence on Tx(|w).
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Proof. By definition, £, is an equivalence on Tx(|w), by Proposi-
tion 2.17 is compatible with the operations in 3 and by Proposition 2.18 is
closed under endomorphisms. O

We remark that the congruence &,, contains Cgfirz( L) (Ew), the fully
invariant congruence generated by £, = (€ 5)ses and, in general, the con-
tainment is strict, because Cg%z( lw)(Ew) contains only the consequences
of the subfamily of & which has the equations in £ with variables in |w,
whereas £, contains the equations with variables in |w that are conse-
quence of all equations in £.

Proposition 2.20. Let £ be a sub-sorted set of Eqy(X) and w € S*.
Then Tx(lw)/E. is a model of €.

Proof. Let (P,Q) € Eu5 be and R: | u—=Tx(lw)/&, a valuation.
Then

R¥(P) = [P(Ro, -+, Rj-1)] = [Q(Ro, - -, Rpu-1)] = RH(Q).

0

Proposition 2.21 (Adequacy Theorem). Let ¥ be an S-sorted sig-
nature. Then we have that Cny, < Cgypery(x)-

Proof. Let £ be a sub-sorted set of Eqy(X). If (P, Q) € Cnx(&)w,s,
then, because Tx(lw)/E, is a model of £, PTs(w)/Ew — QTollw)/Ew
Hence

[P] = [gw,w,s(Pv Q- 77r\lzli;|—1)]

= [PT=0) (g, . vy 1))

= PT=Uw)/Eu [yl ..., [V}w]-1])
= QT Eu ([ug), ..., [Vju|-1])
— [QTE(“”) (vo, ... ,v|w‘,1)]

= [6ww,s(Qs TG s -+ Ty —1)]
=[],

and (P, Q) € CgHTerS(Z) (g)w,s' =
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Corollary 2.22 (Completeness theorem of Goguen-Meseguer).
Let 3 be an S-sorted signature. Then we have that Cggyperg(yy = Cns,
or, what is equivalent, the algebraic lattice of all 3-equational theories is
isomorphic to the algebraic lattice of all congruences on the Hall algebra
HTerg(X).

The completeness theorem of Goguen-Meseguer allows us to obtain
a calculus of finitary Y-equations, i.e., a calculus on sets of variables of
the form |w, for w € S*, or, what amounts to the same, on finite sub-
S-sorted sets X of the S-sorted set V. = (Vj)scs. Before we state the
finitary Y-equational inference rules we agree that (P,Q) : (X,s) means
that the finitary Y-equation (P,Q) is of type (X,s), ie., that P,Q €
Tx(X)s, in addition if P € Ty (X)s and P = (Ps)ses: X —=Tx(Y), then
P(z/Psz)ses, vex, 18 PE(P)~

Proposition 2.23 (Inference Rules). The following finitary X-equa-
tional inference rules determine a closure operator on Eqy(X) that is iden-
tical to the closure operator Cny.

(R1) Reflexivity. For all P € Tx(X)s, (P, P) € Ex.s, or diagrammatically

Py T

(R2) Symmetry. For all P,Q € Tx(X)s, if (P,Q) € Ex.s, then (Q,P) €
EX,S; or diagrammatically

(P.Q): (X,s)
(@, P):(X,s)

(R3) Trausitivity. For all P,Q,R € Tx(X)s, if (P,Q) € Ex,s and (Q, R) €
Ex.s, then (P, R) € Ex. s or diagrammatically

(PQ):(X;s) (QR):(X,s)
(P,R): (X,s)

(R4) Generalized substitutivity. For all (P,Q) € Ex,s and S-sorted map-
pings P, Q from X to Tx(Y) such that, for every s € S, x € X,
(Ps,za Qs,a:) € SY,sy

(gY,X,s(Pv (PS,J:)SES, xeXs)a gY,X,s(Qv (Qs,az)ses, xeXs)) c EY,57
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or diagrammatically

(P7 Q) : (X, 3) ((Ps,zaQs,x) : (Y78)>SES,xEXs ]
(P(x/PS,:L‘)SES,xGXSa Q(x/Qs,x)SES,xEXS) : (Yv 5)

Proof. Because the finitary ¥-equational inference rules are the trans-
lation of the conditions in Proposition 2.16. O

Proposition 2.24. The inference rule R4 is equivalent, assuming R1,
to the following inference rule

(R4') Substitutivity.

(PQ):(X,s) (P,Q): (Y1)
(P(x/P"),Q(z/Q") : (X = 0"") UY, )

e X, 007 = {x}, 0% =@, if s #1].

Proof. We begin by proving that R4 implies R4’. If (P,Q) : (X, s)
and (P',Q’) : (Y,t) are deducible and = € X;, then also, by reflexivity, the
finitary ¥-equations in the family ((PY,, Q%) : (X —6"")UY, 5))ses, zex.,
where P{, = P', Qf, = Q', and otherwise Py, = QY =y, are deducible.
Then, by generalized substitutivity, (P(xz/P’),Q(z/Q")) : ((X — §**) U
Y, s) is deducible, because P(x/P') = (P(x/P{,)ses,zex, and Q(z/Q") =
Q(Qf/Péfx)seS, T€EX, -

Reciprocally, R4’ implies R4, by reiterating the application of R4’
card(] [ X)-times, where [[ X is the coproduct of the S-sorted set X. O

In some presentations of many-sorted equational logic, e.g., in [4], two
additional inference rules that allow the adjunction and suppression of vari-
ables, under some conditions, are introduced. But as we will prove below
both rules are derived rules, relative to the system of rules R1 to R4.

Definition 2.25 (Abstraction and concretion).

(Rb) Abstraction.

(P,Q): (X,s)
(P,Q) : (X U§H*, s)

SCEV}/—Xt.
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(R6) Concretion.

(P,Q) : (X, s)
(P,Q) : (X —0",5)

x € Xy, x ¢ var(P,Q), Ts((D)ses)t # 2.

Proposition 2.26. The abstraction and concretion rules are derived
rules.

Proof. Abstraction is a derived rule. Let y € Vs be such that y ¢
Xs. Then, by reflexivity, the finitary Y-equation (y,y) : (%Y U d4%, s) is
deducible. Hence, by substitutivity, the finitary »-equation

(y(y/P)y(y/Q)) : (67 V") = 5™ U X, 5)

that is identical to (P, Q) : (X U §%%,s), is also deducible. As a particular
case we have that if (P,Q) : ((9)ses, s) is deducible, then (P, Q) : (6%, s)
is also deducible.

Concretion is a derived rule. Since Tx((2)ses): # @ let us choose an
R € Tx((@)ses)t- Then, by reflexivity, the finitary Y-equation (R, R) :
((@)ses,t) is deducible. Hence, by substitutivity, (P(z/R),Q(z/R)) :
(X — 85") U (D)ses,s) is also deducible and, because z ¢ var(P,Q),
(P,Q) : (X — o4, 5) is deducible. O

Definition 2.27 (Replacement rule).
(R7) Replacement.

(PH,QY) : (X, w;)
(J(PQ, e 7P|w\—1)7J(Q07 e 7Q|w\—1)) : (X, 8)

0 € Xy

Proposition 2.28. The replacement rule is a derived rule.

Proof. By reflexivity, (o(vo,- .., Vjw-1);0(v0, .-, Vw-1)) : (lw,s) is
deducible. Now, by reiterating substitutivity |w|-times, we obtain the de-
sired finitary Y-equation. O

Everything we have done until now can be extended to the case of S-
finitary Y-equations, where, for X an S-finite sub-S-sorted set of V', i.e., a
sub-S-sorted set of V such that, for every s € S, card(X;) < Vg, and s € S,
an S-finitary Y-equation of type (X, s) is a pair of coterminal parallel S-
sorted mappings from the S-sorted set 6° = (07 )¢cs, the delta of Kronecker



COMPLETENESS OF MANY-SORTED EQUATIONAL LOGIC 147

in s, such that §; = @ if s # t and 65 = 1, to Tx(X). In this respect we
only have to change the (finitary) structural operations of the Hall algebras
to S-finitary operations. Moreover, the equational calculus has the same
inference rules R1-R4, but generalized to S-sorted sets of variables which
are S-finite. However, the rule of substitution is no longer equivalent to
the generalized rule of substitution. Finally, the rules of abstraction and
concretion for this case are the following.

Definition 2.29.

(R5') Generalized abstraction.

(P.Q): (X,5)
(P,Q): (X UY,s)

(R6") Generalized concretion.

(P,Q) : (X, 5)
(P,Q): (X =Y,s)

Y Nvar(P,Q) = &, supp(Y) C supp(Tx((D)ses)),

where, for an S-sorted set Z, we agree that supp(Z), the support of
Z, is precisely supp(Z) ={s e S| Zs # 2 }.

3. The equivalence between Hall algebras and Bénabou
theories

Another approximation to the study of many-sorted algebras has been
proposed by Bénabou in [1], by making use of the finitary many-sorted
algebraic theories (categories with objects the words on a set of sorts S
such that, for every word w = (w;)ien, there exists a family of morphisms
(p¥)ien, where, for i € n, p{ is a morphism from w to (w;), the word of
length one associated to the letter w;, such that (w, (p}’)icn) is a product of
the family ((w;))ien), that are the generalization to the many-sorted case
of the finitary single-sorted algebraic theories of Lawvere, see [5].

The equational presentation of the finitary many-sorted algebraic the-
ories of Bénabou gives rise to what we call Bénabou algebras. And the
Bénabou algebras, even having a many-sorted specification different from
that of the Hall algebras, are also models of the essential properties of the
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clones for the many-sorted operations. This is so since, as we will prove
below, for an arbitrary but fixed set of sorts S, the Bénabou algebras for
S are equivalent to the Hall algebras for S, i.e., there exists an equivalence
between the category Alg(Hg), of Hall algebras for S, and the category
Alg(Bg), of Bénabou algebras for S.

Moreover, the Bénabou algebras for .S, as we will show below, are more
strongly linked to the finitary many-sorted theories algebraic theories than
are the Hall algebras, because, as we will prove afterwards, there exists an
isomorphism between the category Alg(Bg) and the category BTh¢(S), of
finitary many-sorted algebraic theories for S.

In order to accomplish what has been announced we begin by defining
the Bénabou algebras as those that satisfy the laws of a convenient many-
sorted specification.

Definition 3.1. Let S be a set of sorts and VBs the (S*)2-sorted set of
variables (Vy,w) (w,w)e(s+)2 Where Vi = {vn” | n € N}, for every (u,w) €
(S*)2. A Bénabou algebra for S is a Bg = ((5*)%, £Bs, £Bs)-algebra, where
¥Bs is the (S*)%-sorted signature defined as follows:

BS;. For the empty word A € S*, every w € S* and i € |w|, where |w| is
the domain of the word w, the formal operation of projection:

Tl A— (w, (w;)).

BSs. For every u, w € S*, the formal operation of finite tupling:
Quw s ((w, (wo)), - -+, (U (W —1))) — (v, w).

BS3. For every u, x, w € S*, the formal operation of substitution:
uzw: (U, 2), (z,w)) —=(u, w);
while £B5 is the sub-((S*)2)* x (S*)2-sorted set of Eq(XBs), where
Eq(259) = (Tgps (10)3, 2) @, (we)) e((5)2) x (5925
defined as follows:

B;. For every u, w € S* and i € |w|, the equation:

w u,(wo) u(W—1)y
T Ouw,(w;) <'U0 v Ul —1 >u,w =1 )

of type (((u7 (wo)), R (uu (w\w|—1)))7 (u, (wl)))
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Bsy. For every u, w € S*, the equation:
u,w u u o uw
Vo Ouu,w <7T(]7 e 77r|u‘71>u,u =y

of type (((u,)), (1, 1)).
Bs. For every u, w € S*, the equation:

< w U, W w o u,w> o uw
Ty Cu,wawo Vg 5 - - - 77r\w|71 Uy W, W qp| —1 Yo ww = Yy

of type (((u,w)), (u, w)).

By4. For every w € S*, the equation:
(70w, (wo) = 70

of type (((w, (wo))), (w, (wg))).

Bs. For every u, z, w, y € S*, the equation:

W,y ( TW u,z) _ ( wY w,w) ° U,x
Yo * Cu,w,y \U1 uw,zw V2 ) = Vg~ Czw,y Vg u,z,y V2 )

of type (((w7 y)v (x7 w)? (u7 .%')), (ua y))7

w

where vy, is the n-th variable of type (u,w), Q oyzw P i ousw(P,Q),
and <P0) s ,Hw‘,1>u7w is <>u,w(P0’ s 7Hw|71)~

Since Alg(Bg) is a variety, the forgetful functor Gg4 from Alg(Bg) to
Set 5" has a left adjoint Tpyg

GBS
Alg(BS) T SetS*XS*

Tgg

which assigns to an §* x S*-sorted set the corresponding free Bénabou
algebra.

For every S-sorted set A, BOpg(A4) = (Hom(Aw, Au))w,u)esrxs+ 18
endowed with a structure of Bénabou algebra as stated in the following

Proposition 3.2. Let A be an S-sorted set and BOpg(A) the ¥Bs-
algebra with underlying many-sorted set BOpg(A) and algebraic structure
defined as follows
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1. For every w € S* and i € |w|, (7)BOPs(A) = prévi: A —= Ay

2. For every u,w € S*, <>58PS(A) is defined, for every (fo,..., flw-1)

. BOpg(A

m Hie\w|H0m(vaA(w¢))7 as <>u,pr( )(f07---7f|w\71) = <fi>z’e\w|7
where (fi)ic|w| 45 the unique mapping from A, to Ay such that, for
every i € |w), prﬁvi o (fiicqw| = fi-

3. For every u, x, w € S*, oﬁﬁﬁs(A) s defined as the composition of

mappings.
Then BOpg(A) is a Bénabou algebra, the Bénabou algebra for (S, A).

For every S-sorted signature X, BTers(X) = (Ts(lw)u)w,u)es x5+
that is naturally isomorphic to (Hom(|u, Ts(lw)))(w,ues*x s+, is endowed
with a structure of Bénabou algebra as stated in the following

Proposition 3.3. Let X be an S-sorted signature and BTerg(X) the
¥ Bs_algebra with underlying many-sorted set BTers(X) and algebraic struc-
ture that obtained, by transport of structure, from the algebraic structure
defined on the S* x S*-sorted set (Hom(|u, Ts(lw)))(w uyesxxs+ as follows

1. For every w € S* and i € |w|, (7*)BTers(X) is the composition of the
canonical embedding from |(w;) to |w and the canonical embedding
from |w to Tx(lw).

2. For every u,w € S% <)E’£’”S(Z) is the canonical isomorphism from the

cartesian product Hie\w| Hom(|(w;), Ts(lu)) to Hom(lw, Tx(lu)).

3. For every u, z, w € S*, 033’%3(‘4) is defined as the mapping which
sends a pair P € Hom(|z, Ts(lu)) and Q € Hom(lw, Tx(lz)) to
Pho Q.

Then BTerg(X) is a Bénabou algebra, the Bénabou algebra for (S,%).

Next, after defining the category BTh¢(S), of finitary many-sorted alge-
braic theories of Bénabou (defined for the first time in [1]), that generalize
the finitary single-sorted algebraic theories of Lawvere, we prove that there
exists an isomorphism between the category BTh¢(S) and the category
Alg(Bs).
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Definition 3.4. We denote by BTh¢(S) the category with objects pairs
B = (B, p), where B is a category that has as objects the words on S and
p a family (p“)ypes+ such that, for every word w € S*, p¥ is a family
(P’ : w—=(w;));e|w| of morphisms in B, the projections for w, where (w;)
is the word of length 1 on S whose only letter is w;, such that (w,p") is a
product in B of the family of words ((w;));e|w|, and as morphisms from B
to B’ functors F' from B to B’ such that the object mapping of F is the
identity and the morphism mapping of F' preserves the projections, i.e., for
every w € S* and i € |w|, F(pZZ-U’B) :p;“’B,.

Proposition 3.5. There exists an isomorphism from the category
Alg(Bg) to the category BTh¢(S).

Proof. The isomorphism from Alg(Bg) to BTh;(S) is the functor B¢
which to a Bénabou algebra B assigns the Bénabou theory B, ;(B) which
has as underlying category that given by the following data

1. The set of objects is S* and, for u,w € S*, Hom(u, w) = By,
2. For every w € S*, idy, = {(7)B | i € |0|) w0,

3. If P: u—suxz, Q: x—w, then the composition of P and @ is
Olzix,w(Pv Q)v

and as underlying family of projections that given, for every w € S*,

as ™ = ((7¥

: )B)ie‘w“ and which to a morphism of Bénabou algebras

f: B—=DB'’ assigns the morphism of Bénabou theories B, (f) that to
P: w——wu associates fy,(P): w—su.

The inverse of B, ; is the functor B;, which to a Bénabou theory B =
(B, p) assigns the Bénabou algebra By ,(B) that has

1. As underlying (S*)%-sorted set the family (Homp (w, u)) (w,u)e (572
and

2. As structure of Bénabou algebra on (Homp(w,u))(y u)e(s+)2 that
obtained by interpreting, for every w € S* and i € |w|, 7% as p}’,
for every w,w € S*, ()uw as the canonical mapping from
[Tijw Homs (u, (w;)) to Homp (u, w) obtained by the universal prop-
erty of the product for w, and, for every u,z,w € S*, 0, 4. as the
composition in B;
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and which to a morphism of Bénabou theories F': B—=B' assigns the
morphism of Bénabou algebras By ,(F'), that for every u,w € S*, is the bi-
restriction of F' to the corresponding hom-sets Hom(u,w) and Hom(u, w).

U

Remark. The isomorphism between BTh¢(S) and Alg(Bg) can be
interpreted as meaning, and this can be algebraically reassuring, that the
category of finitary many-sorted algebraic theories of Bénabou, a purely
formal entity, has the form of a category of models for a finitary many-
sorted equational presentation, a semantical, or substantial, entity, there-
fore confirming, once more, that apparently form is substance. Moreover,
the isomorphism shows that the Bénabou algebras are more closely related
to the finitary many-sorted algebraic theories of Bénabou than are the Hall
algebras.

Next we prove that the categories Alg(Hg) and Alg(Bg) of Hall and
Bénabou algebras, respectively, are equivalent.

Proposition 3.6. For every set of sorts S, the categories Alg(Hg) and
Alg(Bg) are equivalent.

Proof. The equivalence from Alg(Hg) to Alg(Bg) is the functor Fj,
which to a Hall algebra A assigns the Bénabou algebra F} ;(A) that has

1. As underlying (S*)2-sorted set ((Aw)u) (w,u)e(s+)2 Where
Ay = (Aw,s)ses and (Aw)u = HZGM Aw,uia and

2. As structure of Bénabou algebra on ((Aw)u)(w,u)e(s+)? that defined
as

() e A = () ),

((@0); > (@ 1))a ™ = (€8 oo (T3 @05+ Qo)1) -
Eotwiop) 1 (T —15@0, - @) 1))
ou S (@,5) = (62 10 (00, @0, -+, Afay 1) -
&ffm,w‘w‘_l(bm—h ao; - -+ 5 Ajz—1));

and which to a morphism f: A — B of Hall algebras assigns the mor-
phism Fh,b(f) = ((fw)u)(w,u)E(S*)2 from Fh,b(A) to Fh,b(B) deﬁned, for
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(G’Oa s 7a\u|fl) in (Aw)ua as
(a(), s 7a|u\71) I (fw,uo (a0)7 s 7fw,u‘u‘_1(a\u|71)))-

The quasi-inverse equivalence from Alg(Bg) to Alg(Hg) is the functor
Fy, ,, which to a Bénabou algebra A assigns the Hall algebra Fj ;(A) that
has

1. As underlying S* x S-sorted set (A, (s))(w,s)es*xs , and
2. As structure of Hall algebra on (A, (s))(w,s)es*xs that defined as

() oA = () A

7 )

Fy,n(A) :
wns (@5 Q05+ -+ Alp|—1) = @ Oy s (@05 - -+ 5 Q| =1 )u,w)

and which to a homomorphism f: A —=B of Bénabou algebras assigns
the bi-restriction of f to F}, ,(A) and Fj,;(B).

Next, for a Bénabou algebra A, we prove that A and F}, ;,(Fp, 5(A)) are
isomorphic. Let f: A—=F}, ,(F,(A)) be the S* x S*-sorted mapping
defined, for (u,w) € S* x S* and a € A, as

ar ()% oa,..., (ﬂ-ﬁ}u‘—l)A oa).

The definition is sound because, for a € A, we have that (7)Ao a €
Fb,h(A)u,wia hence ((WéU)A oca,..., (77‘11;,|_1)A o a) S Fh,b(Fb,h(A))u,w~ Thus

defined f is a homomorphism, since we have, on the one hand, that

F(T)A) = (2" o m)
= ((m (() >(wz ),(ws) © i) (by By)
= ((m6" o ((m6") 0 T ) (by Ba)
= (<7r T w ,(wi)) (by B2 and Bs)
= (i) (by Bs)
(sz)Fh b(Fb, h(A))
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on the other hand, that

F({ao, - ap—1) i) = (7)) 0 (a0, -+ Q)1 )i -+
(”m 1)A o {ao, . .. a|w\fl>ﬁtw)

= (P @) ((ag)Fent®) ag, . ap 1),

gForB (e, ) For ™) ag, . aj)-1))
=((a0). - (apuy 1)y A

:<f(a0), ... 7f(am' 1)>Fh b (F, h(A))’
and, lastly, that

fbot a) = (w2 o (boa),..., (7r‘“;u|71)A o(boa))
Asbo (@0 - -5 Q| =1)5 - -+ 5
(Wffv‘fl)A 0bo(ag,...,au-1))
= (f(bo) © {ao, - - - Aoy — s

(b|w\ 1) © (ao, - - y Q|| — 1>)
= (2B (f(bo), f(ao). .-, f(apu)-1))s -

) (f (b 1), f(a0), - flapw)-1)))

= f(b )OFh,b(Fb,h( ) f(a).
Reciprocally, let g: Fj, p(F 1 (A)) —= A be the S* x S*-sorted mapping
defined, for (u,w) € S* x S* and b € F}, ,(Fp4(A)), as
b (Do, - D= 1) -

The definition is sound because, for b = (b, . . ., bjy|—1) € Frp(Fpn(A)), we
have that b; € Fj,j,(A)uw,, hence b; € A, (), therefore (by, ..., by, —1)™* €
Ay . Thus defined it is easy to prove that g is a homomorphism.

Now we prove that the homomorphisms f and g are such that gof = ida
and fog =1idg, ,(r,(a)- On the one hand, if a € Ay, then, by Bs, we
have that

(A oa,. .., (Wﬁv‘il)A oa) = a,
hence go f =ida. On the other hand, if b € F}, ;(F} 4 (A)), then g, ., sends
b to (bo, .. by|—1) i and fuw sends (bo, ..., bjy|—1)h, to

() FrpFon(B) o (pg |1 )ies - -5

(Wﬁv‘il)Fh,b(Fb,h(A)) o (by, ... vb\w|—1>uA,w)a
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but this last coincides with

(7)) o) 0 (b, BtV -+ (i) ) 0 (B, b 1))

thus, by the axiom B, we have that this, in its turn, coincides with

<b07 s 7b|'w‘—1>uA,w7

therefore fy, 4 o guw(b) = b. From which we can assert that fog =
ith,b(Fb,h(A))'

Finally, for a Hall algebra A we have that A and Fj,(F,(A)) are
identical, because a € Ay s iff @ € Fjp(A)w () iff a € Fy p Flp(A)w,s- O

Corollary 3.7. There exists an equivalence between the category
Alg(Hg) and the category BTh¢(S).

In the following proposition, for a set of sorts .S, we state some relations
among the equivalence between the categories Alg(Hg) and Alg(Bg), the
adjunctions Tgg 4 Gug and Ty - Gpg, and the adjunction HleS .
Ajyps determined by the mapping 1x (g from S* x S to S* x S* which
sends a pair (w,s) in S* x S to the pair (w,(s)) in S* x S*. From these
relations we will get as an easy, but interesting, corollary, that, for every
5* x S-sorted set X, Ty (][5, 2), the free Bénabou algebra on [, ¥,
is isomorphic to BTerg(X).

Proposition 3.8. Let S be a set of sorts. Then for the diagram

Gug

Set ¥ xS T Alg(Hs)
Thg

Mixgg | 4| Aixg Frp|=|Fbn
Gpg

Set S <" T Alg(Bs)
Ts

S
we have that Ay, 5, 0 Gpg = Gug o Fpp and Ty o Hlx{}s = Fppo Thg.

Proof. The equality Ay, 0Gpy = Gug o Fyp, follows from the defini-
tions of the functors involved. Then, being Ty OHleS and Fj, 0Ty left
adjoints to the same functor, we can assert that Tgg o HleS = Iy poThHg.

d
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Corollary 3.9. Let ¥ be an S-sorted signature. Then the free Bénabou
algebra Ty (1455 X) on [ixgy = is isomorphic to the Bénabou algebra
BTers(X) for (S,%).

Proof. It follows after BTerg(X) = Fj, ,(HTerg(X)). O

If we agree that Eqg(X) denotes BTerg(X)?2, then the congruence gen-
erated in BTerg(X) by a subfamily £ of Eqg(X) can be characterized as
follows.

Proposition 3.10. Let £ be a sub-sorted set of Eqg(X). Then
CeBrerg(x)(€) is the smallest subfamily € of BTers(X) that contains £ and
is such that, for every u,w,x € S* satisfies the following conditions:

1. Reflexivity. For every P € BTers(X)wu, (P,P) € Ewu-

2. Symmetry. For every P, Q € BTerg(X)w.u, if (P, Q) € Ewu, then
(QP) € Ewu-

3. Transitivity. For every P, Q, R € BTerg(X)yu, if (P,Q), (Q,R) €
Ewu, then (P,R) € Ey.s.

4. Product compatibility. For every P, Q € BTerg(X)yw, if, for every

ZE \w\, (Pu Ql) S Euy(wi), then ((P(), R ,P‘w|_1>, <Q0, ce ,Q|w‘_1>) S
Euw-

5. Substitutivity. For every P, Q € BTerg(X), . and
M,N € BTerg(X)zw, if (P,Q) € Eya and (M,N) € E, ., then it
happens that (M oP,N o0 Q) = (P o M,Q 0 N) € Eyp-
Next we define two pairs of order preserving mappings, in opposite
directions, between the ordered sets Sub(Eqy(X)) and Sub(Eqp(X)) that
will allow us to determine the exact relation that there exists between the

category Sub(Eqy (X)) and the category Sub(Eqg (X)) in the category Adj
of categories and adjunctions.

Proposition 3.11. Let ¥ be an S-sorted signature. Then the mappings
H, D from Sub(Eqg(X)) into Sub(Eqy (X)) defined, for every sub-sorted set
E of Eqp(X), respectively, as

H(S) = ({<P7 Q) S EqH(E)w,S ‘ (P7 Q) € gw,(s)})(w,s)ES*X5’7

_ AR, S) € Eus i € ul[s),
D(&) = ({(P, Q) € Eqg(X)w,s (P,Q) = (R;, S)) }>(w,s)€S*><S’
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and the mappings I, B from Sub(Eqy(X)) into Sub(Eqg(X)) defined, for
every sub-sorted set £ of Equ(X), respectively, as

N ds € S such that
1) = ({(P@ e By | | =00, S})(w e

B(Sl) = ({ (Pv Q) € EqB(E)w,u ’ Vi e ’u‘ ((P’lv Qz) € gz/u ul) })(w,u)eS*XS*v

are order preserving. Moreover, Hol = Dol = HoB = Do B =
idgub(Eqy(n)) and, for every € C Equ(X) and £ C Eqg(X), we have that
D) C & iff E C B(E') and I(E') C E iff &' C H(E), hence D 4 B
and I 4 H. Finally, because the composite adjunction Dol 4 H o B
is the identity adjunction, we conclude that Sub(Eqy (X)) is a retract of
Sub(Eqgp (X)) in the category Adj of categories and adjunctions.

After this we prove, for an S-sorted signature 3, that there is an iso-
morphism between the lattices Cgr(HTerg(X)) and Cgr(BTerg(X)).

Proposition 3.12. Let 3 be an S-sorted signature. Then the congru-
ence lattices Cgr(HTerg(X)) and Cgr(BTerg(X)) are isomorphic.

Proof. If £ is a congruence on HTerg(X), then we have that

CgBTerS(Z)(B(S)) = B<CgHTerS(Z)(8))

is included in B(€) and B(E) € Cgr(BTerg(X)).

Reciprocally, if € is a congruence on BTerg(X), then Cggper g (s) (H (€))

is included in H(Cgprerg(x)(€)), which in its turn is included in H(£), and

H(&) is a congruence on HTers(X). But, because HoB = idgup(rqy(n)), We

only have to verify that, for every congruence £ on BTerg(X), B(H(E)) =
E.

If (P,Q) € B(H(E))uuw, then, for every i € |w|,

(P Qi) € H(Eum

hence Pi, Qi) € &y (w;) and (P, Q) € &y, thus B( &) ce
S
B(H

(
If (P,Q) € Eyw, then, for every i € |w|, (P;,Q;) gu
(P, Qi) € H(E)uw, and (P, Q) € B(H(E))u,w, thus 5 < (€

From this it follows immediately the following

(w;), hence
))- O

Corollary 3.13. Let ¥ be an S-sorted signature. Then the algebraic
congruence lattice Cgr(BTerg(X)) is isomorphic to the algebraic lattice
of fixed points of Cny, i.e., the algebraic lattice of the finitary equational
theories for S is isomorphic to the algebraic lattice of the congruences on
the Bénabou algebra BTerp(X).
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