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COMPACTNESS IN EQUATIONAL LOGIC

A bstract. Three versions of the compactness theorem for fini-
tary equational logics are generalized and formulated as properties
of infinitary equational logics and it is shown that these properties
are coextensive. The central construction of the paper is derived
from a model theoretic proof of the consequence version of the
compactness theorem: if an equation is a consequence of a set of
equations S, then it is a consequence of some finite subset of S.
Modifying Birkhoff’s 1935 construction, the terms ¢ and ¢’ are re-
lated provided the equation t = t’ is a consequence of some finite
subset of S. This relation is a congruence on the algebra of terms
and the quotient algebra induced by this congruence is a model
of exactly those equations which are a consequence of some finite
subset of S. This construction is extended to infinitary equational
logics to show that if k is a regular cardinal strictly greater than the
degree of each functional constant in the non-logical vocabulary of
the language and no greater than the cardinality of the language,
then any equation that is a consequence of S is a consequence of

a subset of S of cardinality strictly less than x.

Received 6 August 2001



26 GEORGE WEAVER

The Compactness Theorem is generally regarded as one of the most fun-
damental results in first order model theory. Among the several equivalent
formulations of this theorem are: (1) the consequence formulation (if the
first order sentence ¢ is a logical consequence of a set of first order sen-
tences, then ¢ is a logical consequence of some finite subset of that set); and
(2) the satisfiability formulation (if all finite subsets of a set of first order
sentences have models, then the entire set has a model).

These formulations have analogues in equational logic. However, since
every set of equations has a model (viz. the trivial one), the "natural” equa-
tional analogue of the satisfiability formulation is vacuous. There is a more
interesting equational analogue of the satisfiability formulation: if all finite
subsets of a set of equations have non-trivial models, then the entire set has
a non-trivial model. Since a set of equations has only trivial models provided
the equation x = y is a logical consequence of the set, this equational ana-
logue of the satisfiability formulation follows from the equational analogue
of the consequence formulation. Further, in contrast to the situation in first
order model theory, the equational analogue of the consequence formulation
is established directly without first proving the satisfiability formulation.

There are several proofs of the equational analogue of the consequence
formulation. Since every equation is a first order sentence, the equational
analogue of the consequence formulation is a corollary of the consequence
formulation itself. It also follows from the Strong Completeness and Strong
Soundness theorems for equational logic together with the observation that
proofs are finite. In the following, a third proof is presented. This proof
employs only model theoretic notions but avoids the detour through first
order model theory. Omne consequence of this approach is that it can be
applied to infinitary equational logics.

This proof owes much to Birkhoff’s historic 1935 proof of the Strong
Completeness Theorem for equational logic. In essence, Birkhoff used the
deductive apparatus of equational logic to construct for each set of equations
an algebra that makes true exactly those equations that are provable for
that set. Here, however, Birkhoff’s proof theoretic techniques are replaced
by model theoretic ones. For each set of equations, an algebra is constructed
which makes true exactly those equations that are logical consequences of
some finite subset of the set. Since an equation is a logical consequence of
any set of which it is a member, and each equation is contained in a finite
set of equations, this algebra is a model of the given set of equations. Hence,
every consequence of the given set is a consequence of some finite subset of
that set.

Given S, a set of equations, the terms ¢, ¢’ are related provided the
equation ¢ = t’ is a logical consequence of a finite subset of S. This relation
is a congruence on the formal polynomial or free term algebra (cf. Henkin,
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Monk and Tarski [1971] p. 143) and the quotient algebra induced by this
congruence is a model of exactly those equations that are consequences of
some finite subset of S. Further, when all finite subsets of S have non-trivial
models, this quotient algebra is the free algebra over the models of .S with
a generators (cf. Henkin, Monk and Tarski [1971] p. 131) where « is the
cardinality of the set of individual variables.

It is natural to view equational languages as ”sublanguages” of first order
languages. This "first order” view is found in Tarski [1968], Monk [1976]
and Henkin [1977]. On this view, the vocabularies of equational languages
contain a countably infinite set of individual variables. Thus, the above
construction yields free algebras over the models of S with w generators.
A second view of equational languages is also found in the literature (e.g.
Burris and Sankappanovar [19480], Cohen [1981] and Henkin, Monk and
Tarski [1971]). On this view (called the ”algebraic” to distinguish it from
the above), equational languages include those whose vocabularies contain
an uncountably infinite set of individual variables. This algebraic view is
adopted below. Thus, the above construction also yields free algebras over
the models of S with uncountably many generators.

The construction outlined above is easily extended to include infinitary
equational languages (i.e. those whose non-logical vocabularies contain func-
tional constants of infinite arity). While the equational analogues of the two
formulations of the campactness theorem fail for equational logics with in-
finitary languages, the above construction can be modified to obtain various
compactness like results. Let x be an infinite cardinal, an equational logic
is called k-compact provided for S, a set of equations, and ¢, an equation,
if ¢ is a logical consequence of S, then ¢ is a logical consequence of a subset
of S of cardinality strictly less than k; and the logic is called x-satisfiable
provided every set of equations has a non-trivial model when all subsets of
that set of cardinality strictly less than x have a non-trivial model. It is eas-
ily verified that every r-compact equational logic is k-satisfiable. Further,
when k is the least infinite regular cardinal strictly greater than the degree
of all the functional constants in the vocabulary of a given equational logic,
the above construction can be modified to show that the logic is k-compact.
In this case, t and ¢’ are identified provided the equation ¢t = t’ is a logical
consequence of a subset of S of cardinality strictly smaller than k. As above,
if all subsets of S of cardinality strictly smaller than x have non-trivial mod-
els, the resulting quotient algebra is the free algebra over the models of S
with a generators.

While the significance of k-compactness and x-satisfiability results in
equational logic is not comparable to that of the Compactness Theorem in
first order logic, at least some of the applications of the Compactness The-
orem (e.g. Upward Lowenheim-Skolem Theorems) have analogues in equa-
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tional logic which can be obtained by the construction outlined above.

1. K is a non-empty set of non-logical constants, called a type. Members
of K are either functional constants or individual constants and no member
of K is both. For each g, a functional constant in K, d(g) is a non-zero
ordinal called the arity or degree of g. The characteristic of K is the least
infinite cardinal strictly greater than the arity of each functional constant in
K. ¢(K) is the characteristic of K. When d(g) > Ry, ¢ is called an infinitary
functional constant and when d(g) < W, ¢ is called a finitary functional
constant. Among the infinitary functional constants we distinguish those of
constant rank from those of variable rank.

For each infinite cardinal A, V) is a set, disjoint from K, whose members
are called individual variables. The cardinality of V) (cardV)) is A. Further,
it A < N, V), C V. Tk(\) denotes the set of terms in K U V). Tx(N) is
the smallest set containing all individual constants in K, all variables in V)
and for all g, a functional constant in K, if ¢ is finitary or infinitary and of
constant rank, then for all {tg : 6 < d(g)} € Tk (N),g(to,---,tg-- )o<d(g) €
Tk (M) and if g is an infinitary functional constant of variable rank, then
for all ordinals § such that 0 < § < d(g) and all {tg : 6 < §} C Tx(N),
g(to, ... tg...)o<g € Tk (X). Thus, infinitary functional constants of variable
rank form terms from any family of terms indexed by a non-zero ordinal less
than or equal to their arity. Infinitary functional constants of constant rank
as well as the finitary functional constants form terms from families of terms
indexed by their arity. Ex()) is the set of all equations of the form ¢ = ¢
where ¢ and t' are in Tk(\). Members of Fx(\) are called equations in
K UV,. When A < X, TK()\) - TK()\,) and EK()\) - EK()\/). When t is
a term in K U V), V() is the set of variables occurring in t. When V(¢) is
empty, t is called a constant term.

T i is the collection of all algebras of type K. Members of T g are
order pairs A = (A, fo) where (1) A is a non-empty set (the domain of 2);
and (2) fo is a function defined on K such that (a) for all &, an individual
constant in K, fy(k) (the denotation of k in ) is a member of A; and
(b) for all g, a functional constant in K, if ¢ is finitary or infinitary but of
constant rank, fy(g) : “9A — A; and if ¢ is an infinitary and of variable
rank, fo(g) : U{%A:0< 0 <d(g)} — A. fau(g) is called the extension of g in
2. As usual, the cardinality of 2 (card 2) is the cardinality of the domain
of A (card A).

When 2 is an algebra of type K and g is a functional constant in K, fy(g)
is a finitary (infinitary) operation in 2 provided ¢ is finitary (infinitary).
When fy(g) is infinitary, fy(g) is said to be of variable (constant) rank
provided g is of variable (constant) rank. The characterization of abstract
algebras in Birkhoff [1935] includes algebras with infinitary operations of
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both variable and constant rank. The cardinal algebras of Tarski [1949],
the m-complete Boolean algebras of Scott [1955] and Tarski [1955] and the
ordinal algebras of Tarski [1956] all have infinitary operations of variable
rank. Infinitary operations of variable rank are called infinitary operation
symbols in Karp [1964]. While isolated results about algebras with infinitary
operations appeared earlier (e.g. Chang [1954]), Slominski [1959] contains
the first systematic presentation of the foundations of the study of algebras
with infinitary operations.

An assignment for 2 in Ex () is a function a from V) to A. For all
a € Vy, a(a) is the value of @ on a (in ). For each term ¢ in Tk (), foa(t)
is defined as follows: (1) if ¢ is a variable in V), foa(t) = a(t); (2) if ¢ is
an individual constant, foa(t) = fu(t); and (3) if tis g(to...ts...)o<s, then
faa(t) = fal(g)(h) where h € °A and for each § < &, h(0) = fya(ty). It is
easily verified that for all ¢, a term in K U V), fya(t) € A. foa(t) is called
the value of t on a (in ). When no confusion results, a(t) denotes foa(t).
As (1) is the set of assignments for 2.

a satisfies t = t' in A provided a(t) = a(t’). A |= ¢t = t/[a] indicates that
a staisfies t = ¢/ in A; A ¥ ¢ = t'[a], that a does not satisfy t = ¢ in A. An
equation is true on 2 provided it is satisfied by every assignment for 2; and
an equation is false on A provided it is not satisfied by some assignment for
A. A =t =t indicates that ¢t = ¢’ is true on A, and A ¥ t = ¢/, that is false
on A. A is a model of an equation when the equation is true on 2, and
is a model of a set of equations when 2 is a model of every member of the
set. A = S indicates that 2 is a model of the set of equations S. S = ¢
indicates that ¢ is a logical consequence of S, and = ¢, that ¢ is a logical
consequence of the null set.

Let 6 be a non-zero ordinal, @ be ag...ap...0 < & (ag and o are
—

different when 0 and 0 are different) and T bety...tg...0 < 6. (9)[ % ]

is the result of simultaneously replacing every occurrence of ag in ¢ by tg for
—

a
all 0 < 6. (t)] 7 ] is the result of simultaneously replacing every occurrence

— — —

of ag in t by tg for all § < 8. Notice that (t = /)] % lis ()] % ] =) % ).

t . . . t
(9)] v ] is the result of replacing every occurrence of t in ¢ by t'. (¢")] v ]
is the result of explaining every occurrence of ¢ in t” by t. Notice that

(=", Vis (] 1= ("] ]

Ex()) is the equational logic over K U V). Ex(\) = (Ex(\), T k).
When ¢(K) = XNg, Ex()) is called a finitary equational logic; and when
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c(K) > Ro, Ex(A) is called an infinitary equational logic.
T a(A) is the formal polynomial algebra over K U V).

Ta(A) = (Tk V), fxav)

where (1) for each k, an individual constant in K, fg ) (k) = k; (2) for
each g, a finitary or an infinitary functional constant of constant rank, and
each h, a member of {ITx(N), fz,n(9)(R) = g(h(0)...h(0),.. )o<a(y);
and (3) for each g, an infinitary functional constant of variable rank, each
5,0 < ¢ <d(g), and each h, a member of *Tk (),

fzan (9)(h) = g(h(0) ... h(0) .- )o<s-

Notice that for each A, Tg(\) € T k.

For k any infinite cardinal and any set A, p,.(A) is the collection of all
subsets of A of cardinality strictly less than x. Given infinite cardinals s
and A\, S C Ex(\) and ¢, ', terms in K UV}, t ~g, t" iff there is " € p,(S)
such that S’ =t = t. We show below that when k is a regular cardinal,
~g is a congruence on the formal polynomial algebra over K U V). It is
easily verified that ~g, is an equivalence relation on Tk () for all infinite
K.

The following Lemma is used below to show that ~g, is a congruence
on Tk (A) when k is a regular cardinal.

Lemma 1. For all §, a non-zero ordinal, all {tg : § < 0}, {t, : 6 <
0} families of terms in K U V), and all g, a functional constant in K, if
g(to...tg...)g<s is a term in K UV and for all 0 < 9,

SkEty=ty, then SEg(to...tg...)ocs = g(ty.--ty.. )o<s

Proof. Suppose that g(tg...tg...)g<s € Tk(A) and for all § < 4,
S | tg = tp. Note that g(ty...t)...)o<s € Tk (N). Let 2 be a model
of S and a an assignment for 2. By supposition, for all § < §, a(tg) =
a(ty). By definition a(g(to...t,...))e<s = fu(g)(h) where h(0) = a(ty);
and a(g(ty...ty...))e<s = fau(g)(h') where h'(0) = a(t}). By supposition,
h = h'. Hence, g(to...tg...)o<s = g(t,, ...t .. .)o<s is satisfied by a in 2.
Hence, S E=g(to...tg...)g<s = g(t6 e tle .. .)9<5. J

Given S and &, [t]g, is the equivalence class of ¢ in T (A) and Tk (N\)/S, &
is the partition on Tk (A) induced by ~g .

Lemma 2. If k is a regular cardinal and c(K) < k, then ~g, is a
congruence on T g(\).
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Proof. Suppose that k is a regular cardinal greater than or equal to
¢(K). Let g be a functional constant in K, § be a non-zero ordinal and {tg :
6 < 0}, {ty : 0 <} be families of terms in K UV, such that g(ty...t9...)o<s
is a term in K UV).

Suppose that for all § < 6, ty ~g ty. We show that

g(to R 7 .)9<5 ~S K g(t6 e t/9 o )o<s-

By supposition, for each 6 < ¢ there is Sy € p.(S) such that Sy =ty = .
Since § < k and k isregular, S = U{Sp : 0 < 0} € p,(S). Thus, for all < 4,
S’ ): tg = tle. Hence, by Lemma 1, S’ ): g(to .t .)9<5 = g(t6 e t/9 .. .)9<5
and ~g, is a congruence on Tg(\).

Thus, when & is a regular cardinal, $g()\)/S, k is the quotient algebra
on Tg(A) induced by the congruence ~g .. Ta(A)/S,k = (Tk(N)/S, K, fs.r)
where (1) given k, an individual constant in K, fg . (k) = [k]s ., and (2) given
g, a functional constant in K, d, a non-zero ordinal, {ty : < ¢}, a family
of terms in K U V) such that g(tg...ts...)s<s is a term in Tk (N), and h €
Tk (N)/S, r is such that h(0) = [telsx, fs, £(g)(h) = [g(to.. tg...)o<s)s.k
By the axiom of choice, card Tk ()\)/S,k < card Tk (A). Further, if for all
S" € px(S), S has a non-trivial model, then A < card Tk()\)/S, k. To
understand this last point it suffices to notice that if o and o’ are different
members of V), then [a]s, # [@/]sx. Otherwise, there is S” € p,(S) such
that S = a = /. But, a =  is true only on trivial algebras and therefore
S’ has only trivial models. Finally notice that if some member of p(S) has
only trivial models, card Tk (\)/S, k = 1.

We now show that when & is regular, for all ¢ € Ex(\), Ta(N)/S,k E
¢ iff there is " € pg(S) st. S" = ¢. Let ag, be that assignment for
Ta(A)/S, k such that for all o € V), ag (o) = [a]s It is easily verified, by
induction on Tk (\) that for all ¢, a term in K UV}, ag,(t) = [t]s .- O

The following is then immediate.

Lemma 3. Given K, A\ and S C Ex(\) if k is regular, then for all
¢ € Ex(XN), Ta(\)/S, k |= dlag] iff there is S” € px(S) such that S" = .

Proof. Let ¢ € Ex()\). Thus, there are t, t' € Tx(\) such that ¢ is
t =t'. Now, TR(A)/S, K }: t= tl[as,ﬁ] iff agy,.g(t) = as,ﬁ(tl) iff [t]s,ﬁ = [15']57,.C
iff t ~g, t' iff there is S’ € p,(S) such that S' =t =1

It follows from Lemma 3 that if x is a regular cardinal greater than
or equal to ¢(K) and S C Ek(A), then for all ¢, a sentence in Ex()), if
Ta(N)/S, k = ¢, then there is S’ € p,(S) such that S’ = ¢. O

The following lemmas yield the converse of the above.
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Lemma 4. If k is a regular cardinal greater than or equal to c(K),
S C Ex(X), ¢ is a non-zero ordinal < \, {ag : 0 < 6} is a family of distinct
members of Vy and {tg : 0 < 6} is a family of terms in K U V), then for
all a, an assignment for Tg(\)/S, k, and all t, a term in K U V), if V(t) C

—
o

{ag : 0 < 0} and a(oy) = [tglsk for all 0 < 6, then a(t) = ag.((t)[ 2 )]
where @ is ag ... ... (0 <6) and t isty...tg...(0 <9).

Proof. Suppose that k is a regular cardinal greater than or equal to ¢(K)
and that S C Ex()\). Let 6 be a non-zero ordinal < A\, V' = {ap : § < 4}
be a family of distinct members of V) and {tg : § < ¢} be a family of terms
in KUV). @ isag...ag...(0 < d) and T s to...tg...(0 < 9). Let a be
an assignment for Tg(\)/S, k (in Ex()A)). And suppose that a(ag) = [to]sx
for each 6 < 4.

Let T ={t € Tx(\) : if V(t) C V', then a(t) = ag.((t)]

We proceed by showing that T' = Tx ().
Suppose that ¢ € V). Suppose that V(t) C V'. Since t € Vi, V(t) = {t}
and there is § < § such that ¢ is oyp. By supposition, a(t) = a(ag) = [tg]s -

—

()] % ] is tg and ag,.(tg) = [tg]s,. Thust e T.

—
o

—
t

D}

Suppose that ¢ is an individual constant in K. V(t) = A C V', a(t) =

fsx(k) = [klsx = agx(k), where t is the individual constant k. Since
N

(k)[%]isk,teT.

Let t be g(ty...ty...)o<s where g is a functional constant in K and
{t) 0 < 6} C T. Suppose that V(t) € V'. Thus, for all § < 4,
—

V(ty) € V'; and by supposition a(ty) = ag.((ty)| % ). Notice that

— —
[0 [0

(alth .-ty Jos)l > 1is al(E)] = 1... ()] &
a(g(ty...ty...)o<s) = fsk(9)(h) where h(f) = a(ty). Further,

aslo(th -ty Jocs) = asalal(] D 1o ()] S ] co)
— snlo)¥)
where 1(8) = agn((t))] g ). Since {t): 6 < 6} C T, h = /. Therefore,
tefT. O

Lemma 5. [The Substitution Lemma] For all A € T g, all non-zero
ordinals § < X, all aa’, assignments for A in Ex(\) all{ag : 0 < §}, a family
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of distinct variables in Vy, and all {tg : 0 < 6}, a family of terms in KUV if
(1) for all 6 < 6, a(ag) = a'(ty) and (2) for all € Vy, if a ¢ {ag : 0 < 4},
RN
a

then a(«) = a’(«), then (1) for allt, a term in K UV), a(t) = a’((t)] 2 D;
and (2) for all ¢, an equation in K UV, A | ¢la] iff A E (9)] g IEY

where @ is ag ... ... (0 <9) and?isto...tg...(6<6).

Proof. Given 2, {ag_): 0 < 6}, {tg : 0 < 4}, aand a’. Let @ be
ag...ag...(0 < 0) and t be ty...tg...(6 < J). Suppose that a(ay) =
a'(ty), all & < ¢ and that a(a) = a'(a) fora € V) - {ag : 0 < §}. Let

—
T={t:teTxk(\) and a(t) = a'((t)| % I)}. We proceed by showing

that T = TK()\)

-
Suppose ¢t € V. Consider (t)] % |. Either there is unique 6 < § such

o o
that t is ap and (¢)[ — |istport ¢ {ap : 0 < d} and (¢)[ — | is t. Suppose

~~

t
o
tis ag. a(ap) = a'(tg) = a'((ag)| 7 ). Suppose t ¢ {ag : 0 < 6}. Thus,

—
[0
—

a(t) = al(t) = (1) 5 )

=2l

Suppose that ¢ is an individual constant. (¢)] — ] is ¢ and a(t) =

fad'(t) = &'(t). Suppose that t is g(t;...t). ..
By definition, a(t) = fyu(g)(h) where h(0)
— —

5 where {t; : 0 <0} C T.
a(ty), all & < 6. Since

I Jo<s), (W] — 1) =

[0 (6

(9t -ty Jo<s) = 15 g((t) - 1. (a9)]

fa(g)(h') where 1'(0) = a’((tp)]

—

o

—

t

Let ¢ be an equation in K U V). Thus, there are t, t’ terms in K U V)
— —

—_—
such that ¢ is t = /. Notice that (t = ¢')][ % lis (1) % ] = ()] % . By

)6<
—
o
_
t

= 2|

[
o
7 ]), all @ < §. By the induction hypothe-

sis, h = b/ and a(t) = a’((t)| — |). This completes the proof of (1).

definition, 2 = ¢[a] iff a(t) = a(t'); and A | (¢)] % J[a’] iff a’((¢)]

a((t)] > - By (1), a(t) = a'(0] S 1) and a(t) = a'((¢)]

I) =

—
a

—
t

). Thus,
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o = ofa) iff 2 |- 9] = ][a)

—
o

It follows from Lemma 5 that if S = ¢, then S | (¢)] 7 . To un-
derstand this, consider the following. Suppose S = ¢. Let 2 = S. Thus,
A E ¢. Let a’ : Vy — A. To show that A = (¢)] g Jla’]. Let a: V)y — A be
such that a(ag) = a’(ty), for § < 6 and a(a) = a’(a) for a ¢ {ay : 6 < §}.
By Lemma 5, 2 = ¢[a] iff A E (¢)] g |[a’]. Since A E ¢, A E ¢la] and

—

A (9)] 2 Il =

Theorem 1.  For all S C Ex(\) and all k, if ¢(K) < k and K is
regular, then for all ¢, an equation in K UVy, Ta(N)/S,k = ¢ iff there is
S’ € pu(S) and S’ E ¢.

Proof. Suppose that ¢ is an equation in K U V). Thus, there are ¢, t/,
terms in K U V), such that ¢ is t = ¢.

Suppose that there is S" € g, (S) such that S’ =t = /. By Lemma 3,
Ta(N)/S,k =t =t[ag,]. Let V() UV (') = {ap : o« < §}. 6 < A Let
a: Vy— Tg(N)/S,k. Thus, for all § < 4, there is ty, a term in K U V), such
that a(ag) = [tg]s.. Let @ beag...ag...(0 <6) and?beto...tg...(Q <

— —

9). By Lemma 4, a(t) = ag.((t)] % ) and a(t') = ag.((t')[ % ]). By
Lemma 5, S’ = (¢)| % ]. Thus, ag.((t)[ % 1) = as.((t)] % ]) and

a(t) = a(t’'). By definition, T(\)/S, k = ¢[a]. As a was arbitrarily chosen,
Ta(N)/S,k = ¢. Theorem 1 then follows from Lemma 3. O

When r and " are regular cardinals and k < &/, it follows from Theo-
rem 1 that ~g .=~ ; hence that Ta(\)/S,x = Ta(N)/S, K"

We now look at other consequences of Theorem 1.

Corollary 1. If S C Eg(\) and k is a regular cardinal > ¢(K), then

(1) {ZR()\)/S,H ): S ;

(2) for all ¢, an equation in Ex(N), if S = ¢, then there is S" € p,(S)
such that S" = ¢; and
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(3) if every member of ©,(S) has a non-trivial model, then S has a non-
trivial model.

Proof. Suppose that S C Ex(\) and & is a regular cardinal > ¢(K).

(1) Let ¢ € S. Since k is infinite, {¢} € p.(S). Thus, by Theorem 1,
‘Zﬁ()‘)/sv K ): 925

(2) Let ¢ be an equation in Ex(\). Suppose, S = ¢. By (1) and the
definition of logical consequence, Tg()\)/S, K | ¢ and, by Theorem 1, there
is " € px(S) such that S |= ¢.

(3) Suppose that every member of p,(S) has a non-trivial model. Sup-
pose that S has only trivial models. Thus, S = x = y and by (2) there is
S" € pi(S) such that S" = x = y. Thus, S’ has only trivial models. O

Corollary 1 yields compactness results for finitary equational logics (i.e.
logics Ex(A) where ¢(K) = Xp). Corollary 1 (2) yields the (finitary) equa-
tional analogue of the consequence formulation of the Compactness Theorem
and Corollary 1 (3) yields the (finitary) equational analogue of the satisfia-
bility formulation.

Theorem 1 also yields equational analogues of the Lowenheim-Skolem
theorems. For all 2, B, algebras of type K, 2 and B are equivalent (or
indistinguishable) in Er (\) provided for all ¢, an equation in Ex (), A = ¢
iff B = ¢.

Corollary 2. For all S, a set of equations in, K UV, and all A, an
algebra of type K,

(1) if S has a non-trivial model, then S has an infinite model (in partic-
ular, there is B, a model of S such that X < card®B < cardTk(N);
and

(2) if A is non-trivial, then there is B, an algebra of type K, such that A\ <
cardB < cardTg(N) and A and B are indistinguishable in Ex ().

Proof. Suppose that S C Ex(A\) and A € Tg. Let k be a regular
cardinal such that ¢(K) < k.

Suppose S has a non-trivial model. Thus, all members of p,(S) have
non-trivial models; and Tg(A)/S, k is the desired model of S. Suppose that
2 is non-trivial. Let S = {¢ : ¢ € Ex()\) and A = ¢}. Notice that S is
closed under |=. Hence, 2 and Tg(A)/S, k are indistinguishable in Ex ().

Notice that if S C Eg(A) and X is a cardinal > A\, S C Egx(X).
Thus, again by Theorem 1, Tg(\')/S,k is an algebra of type K and X <
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card ¥a(N)/S,k < card Tk (N'). Now, for all ¢ an equation in K U V),
Ta(N)/S,k | ¢ iff there is S” € p,(S) and S’ |= ¢. Hence, Tg(\')/S, k and
Ta(N)/S, k are indistinguishable in Ex (). O

These observations suffice to establish the following.

Corollary 3. For all S, a set of equations in K UV, all A, an algebra
of type K, and all cardinals X' > ),

(1) if S has a non-trivial model, then there is B, an algebra of type K,
such that B is a model of S and N < card®B < card T () ; and

(2) if A is non-trivial, then there is B, an algebra of type K, such that A
and B are indistinguishable in Ex(\) and N < card B < card Tk (N).

When card Tk (\') = X, Corollary 3 provides algebras of cardinality
MN. Such results are easily established for finitary equational logics. Sup-
pose that card K < ¥y and ¢(K) = Ng. Thus, for all cardinals A >
Ng, cardTg(A) = A If card K > Ry and ¢(K) = Ry, cardTg(\) =
max{card K, A\}. Thus, when A > card K, cardTx(A) = A. These ob-
servations suffice to establish the following.

Corollary 4. If ¢(K) = Rg, S is a set of equations in K U V) and 2 is
an algebra of type K, then

(1) if S has a non-trivial model, then S has a model of cardinality \' for
each N > X\ such that card K < \'; and

(2) if A is non-trivial, then for all cardinals N > X such that card K < X,
there is B, an algebra of type K, such that A and B are indistinguish-
able in Ex(\) and card B = \.

The question of what happens in infinitary equational logics (i.e. when
¢(K) > Rg) is discussed in a sequel.

The natural model theoretic version of Birkhoff’s 1935 construction iden-
tifies terms ¢ and ' provided the equation ¢ = ¢’ is a logical consequence of
S. When S has a non-trivial model, the algebra constructed in this way is
exactly the one constructed above. Define =g on Tk (\) such that t =g ¢/
ifft S |t =1t. Let k be the least regular cardinal > ¢(K). If follows
from Corollary 1 that =g=~g,. Hence, =g is a congruence on Tg(\) and
‘Iﬁ()\)/ =5= Kg()\)/S, K.
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2. While Theorem 1 yields compactness results for finitary equational
logics, these results do not extend to the infinitary case. Let K be a type
which contains infinitely-many individual constants and g, a functional con-
stant of degree Rg. Let {c, : n > 0} be the set of individual constants in K.
Let S be the union of the following sets of equations: {g(zcics...cony1...) =
x}, {g(zcacq ... conto...) = co}, {Cont1 = coanto : m > 0}. The equation
co = x is a consequence of S. Hence S has only trivial models. However,
every finite subset of S has a non-trivial model. Therefore, both the equa-
tional analogue of the satisifability formulation and the equational analogue
of the consequence formulation fail in the infinitary logic E g (\).

There are generalizations of the consequence and satisfiability formu-
lations that hold in infinitary equational logics. Let x be an infinite car-
dinal. Eg(A) is k-compact provided (a) k < card Ex(\) and (b) for all
S C Ex()N), all ¢ € Ex(N), if S = ¢ then there is is S’ € ,(S) such that
S" E ¢. Eg()) is k-satisfiable provided (a) k < card Ex(\) and (b) for
all S C Eg(A), if all members of g, (S) have non-trivial models, then S
has a non-trivial model. Ex(\) is compact provided it is Rp-compact, and
Ex()) is satisfiable provided it is W -satisfiable. Any equational logic that
is k-compact is k-satisfiable since a set of equations has only trivial models
iff the equation x = y is a consequence of S. Further, if Ex()\) is k-compact
(or k-satisfiable) and k' is a cardinal such that k < k' < card Ex (), then
Ex()) is also x'-compact (x/-satisfiable).

It follows from Corollary 1 that Ex(\) is k-compact and k-satisfiable
when & is a regular cardinal between ¢(K) and card Ex (). This together
with earlier observations suffices to establish the following.

Corollary 5. For all cardinal &,

(1) if ¢(K) is a regqular cardinal and ¢(K) < k < card Ex(\), then Ex ()
18 k-compact and k-satisfiable; and

(2) if ¢(K) is a singular and ¢(K) < k < card Ex()), then Ex(\) is
K-compact and r-satisfiable.

In this section we show that Corollary 5 is the best result obtainable. In
particular, it is shown that (1) if ¢(K) is a regular cardinal and Ry < k <
¢(K), then Ex () is neither x-compact nor k-satisfiable; and (2) if ¢(K) is
a singular cardinal and Ry < k < ¢(K), then Ex()\) is neither k-compact
nor x-satisfiable.

Lemma 6. If x is an infinite cardinal and there is g € K such that
k <d(g), then Ex(\) is neither k-compact nor k-satisfiable.
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Proof. Suppose that x is an infinite cardinal and that g is a functional
constant in K such that k < d(g). For each A < k, t) is defined as follows:

(1) to is g(t] ... t§ -+ )o<d(g) Where for all 0, t9 is xo; and

(2) when A >0, ¢y is g(¢9 ...%5 .. o<d(g) where for all 6 < A, t§ is z1 and
for all 8 > A, tg is xg.

Let S be {xg = tx : A < K}. ¢ is the equation xg = g(tj ...ty )g<d(g)
where for all 6 < &, t}, is tgp and for all 6 > &, t}, is zo. ¢ is the equation
1 = g(th.. .ty )o<dg)- We claim that S = ¢. Suppose that A = S
and that a € As(A). a(g(ty...ty---)o<ag)) = falg)(h) where h € d9)4
and h(#) = a(ty), for all & < d(g). If § < K, A = zo = ty. Hence,
a(ty) = a(tg) = a(zg). If 6 > &, tj is 9. Thus, a(ty) = a(xg). Therefore,
for all 0 < d(g), a(ty) = a(x). Since A |= zg = to, fa(g)(h) = a(xo); and
A = ¢.

We now proceed to show that for all S” € . (S), S" ¥ ¢. Let S’ € p.(S).
Since card S = k, S’ is a proper subset of S. Thus, there is A* > 0 such that
the equation xg = t)= ¢ S’. It suffices to show that S — {x¢ = t)+} F ¢. Let
A = (A, fo) where A = k. Let h € “94 and 0 < d(g), 0 is the critical point
of h provided there are 0,8 € k where § # ¢, for all A < 0, h(\) = §; for
all A > 6, h(\) = ¢ and 0 + 1 < d(g). h has a critical point provided there
is @ < d(g) such that 6 is the critical point of h. Finally, h is a constant
function provided there is 0 € k such that h(f) = ¢ for all § < d(g). fa(g)
is defined as follows:

(1) fa(g)(h) = h(0), if h is a constant function;

(2) fa(g)(h) = h(0 4+ 1), if 0 is the critical point of h and 6 # \*;

(3) falg)(h) = h(X*), if A* is the critical point of h; and

(4) falg)(h) = h(X*), if h is not a constant function and h does not have

a critical point.

We claim that A = S — {xg = t\-}. Suppose that a € As(2). a(tyg) =
a(g(td.. .14 Jo<arg) = falg)(h) where h(0) = a(ty) for all 6 < d(g). By
construction, for all § < d(g), t§ is x9. Thus, h is a constant function and
falg)(h) = h(0) = a(xg). Therefore, A = z¢p = t9. Let A < k. Suppose
that A # \*. a(ty) = a(g(t} ... 4§ .. Jo<d(g)) = falg)(h) where h(0) = a(tf).
By construction for all 8 < A, t‘?\ is x1 and tg\ is xg for 8 > A. Since A < k
and k is a cardinal A +1 < k < d(g). Thus, X\ is the critical point of
h. Hence fa(g)(h) = h(A +1) = a(tyt!) = a(zg); and A | x9 = ¢y
A ):S—{.T}Q Zt,\*}.
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Finally, we show that 2 = ¢’. Let a € As(A). It suffices to show that
a(g(ty.. .ty )o<d(g)) = a(x1). By construction, for all § < &, t; is tg; and
for > k, ty is xg. Since A = 5 — {zg = t)-}, a(ty) = a(ty) = a(z) when
0 < k and 0 # X*. Further, for 0 > &, a(t)) = a(xo). a(th.) = a(ty«) =
a(g(tl. ... 1. .. Jo<d(g))- Let h* € U9 be such that h*(0) = a(t{.). By
construction, tg* is z1, for & < A*, and t‘?\* is xg ,for 8 > A\*. Since \* < k <
d(g) and k is a cardinal, A* +1 < k < d(g). Thus, A* is the critical point of
he.oa(th.) = a(gtd. ... 15 .. Do<ag) = falg)(h*) = h*(A*) = a(z1). Either
a(x1) = a(zg) or a(x1) # a(zg). Suppose that a(z1) # a(zg). Let h € Wk
be such that h(6) = a(t}). his not a constant function; further, since A* > 0,
h has no critical point. Thus, a(g(ty ...ty .. )o<a(g)) = fa(g)(h) = h(X*) =
a(ty.) = a(z1). Suppose that a(z1) = a(zg). Then, h is a constant function
and fu(g)(h) = h(0) = a(xg) = a(x1). Hence, a(g(ty...ty.. o)) =
a(xg) = a(x1). Therefore, in either case 2 = ¢’[a]. Since 2 is non-trivial,
there is a € As() such that a(xg) # a(x1). Hence, S — {xg =t} ¥ ¢ and
Ex(\) is not k-compact.

Further, all members of p,(SU{¢'}) have non-trivial models. But, since
SE ¢; SU{¢'} E 29 = 21 and SU {¢'} has only trivial models. Hence,
Ex(\) is not k-satisfiable.

Let  be an infinite cardinal < ¢(K'). There is g, a functional constant in
K, such that k < d(g). Hence, by Lemma 6, E () is neither x-compact nor
k-satisfiable. Therefore, if ¢(K) is a regular cardinal and Xy < k < ¢(K),
then Ef (\) is neither x-compact nor k-satisfiable. Analogous results hold
when ¢(K) is a singular cardinal. It remains to show that if ¢(K) is a singular
cardinal, then Ex () is neither ¢(K') -compact nor ¢(K) -satisfiable.

Lemma 7. If ¢(K) is a singular cardinal, then Ex(\) is neither ¢(K)
-compact nor ¢(K) -satisfiable.

Proof. Suppose that ¢(K) is an infinite singular cardinal. Let ( be
the cofinality of ¢(K). ( is an infinite regular cardinal < ¢(K). There is
{0, : v < B}, a family of strictly increasing infinite cardinals each of which
is strictly smaller than ¢(K), and U{6, : v < B} = ¢(K). Further, there is
{9 : v < B}U{g}, a family of different functional constants in K, such that
(1) B < d(g); and (2) for all v < 8, 6, < d(g-)-

For each v < B and 6 < 0,, ty,s is defined as follows:

(1) ty,0 is gV(tfﬁ,Ol . ..t‘[g%O] -+ )o<d(g,), Where for all & < d(g,), tfy,o} is xo;
and

(2) whend >0, ty,5is gy(t?%(ﬂ e t‘[g%(s] -+ )o<d(g.), Where for all § < 4, t([gwﬂ

is 1 and for all 8 > 9, t([;wﬂ is zp.
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Fory< (3,8, ={xg=1t,5:6 <0y}. S=U{S,:v < B} card Sy = 0,
and card S = c¢(K). ¢y is 20 = g4(th .- -1, 5. -)o<d(gy) Whereif 0 <0, 1. ,
is ty9 and if 6 > 6, t’%a is z9. Sy = ¢5.

Let ¢* be zg = g(t5...t5 .. )o<d(g), Where for all 0 < d(g), tj is o.

Let ¢™ be g = g(t§ ...t} ...)o<d(y), Where for all 0’ < 3, t} is
9o (ty -t g - Jo<d(gy) and for 0" > B, tj is xo.

Let ¢** bexy = g(tf ...t} .. Dor<d(g)- It is easily verified that SU{¢*} =
¢** and that S U {¢*, ¢**'} |= 1 = 0.

It is shown below that if S’ € p.k)(S), then S’ U {¢*} ¥ ¢ and that
S'U{¢*,»**'} has a non-trivial model. Given S’ € 9c()(S), there are v < 3
and 0* such that 0 < 6" < 6., and g = t4+ 5+ is not in S’. Let A = (A, fa)
where A = ¢(K). For v < 3, 0 < d(gy) and h € 49:)A, h is a constant
function, 6 is the critical point of A and h has a critical point are defined as
in the proof of Lemma 6. If h € “9A, fy(g)(h) = h(v).

When v # v*, fa(gy) is defined as follows:

(1) falgy)(h) = h(0), if h is a constant function;
(2) falgy)(h) =h(0 +1), if 6 is the critical point of h; and

(3) falgy)(h) = h(0), if h is not a constant function and h has no critical
point.

fa(gy) is defined as follows:
1) falgy)(h) = h(0), if h is a constant function;

( (
(2) falgy)(h)
(3) falgy)(h)
(4) falgy~)(h)
point.

It is easily verified that 2 = (SU{¢*})—{xo = t4= 5*} Let a € As(Ql) To

show that 2 ): o*'[a], a(g(ty ... tgl )9<d( )) = ( L), Smce V< Bt
By constructlon 1f 0 < 97*, t Yo 8 t * 0 and if 6 Z 97*, tlw*ﬁ is Q.

Let h € %9+ )4 be such that h(0) = a(tl. o) for all 0 < d(gy-). a(ts.) =
falgy+)(h). IE 0 # 6%, then a(t.. 4) = a(zo); and

h(6 4 1), if 0 is the critical point of h and 0 # §*;

(
h(d*), if 0* is the critical point of h; and
(

h(d*), if h is not a constant function and h has no critical

atl. 5) = a(gy- (t[ov*ﬁ*}’ : ‘t‘[gv*ﬁ*} " ')6<d(g”*)).

For all 8 < §*, t%* 5] is 1 and for all > 6*, ¢ [ « 6°] is xg. Let b’ € d(9,+)4 be

such that h'(9) = a(t? [y 5*}). Since 6* < 0.« < d(gy+) and 64+ is a cardinal,
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0" +1 < d(gy) and 0* is the critical point of h’. Thus, fy(gy<)(h) =
W(6%) = a(x1) = a(tl. 5.). Either a(z1) = a(xo) or a(z1) # a(zg). Suppose
that a(x1) = a(zg). Then, h is a constant function and fy(g+)(h) = h(0) =
a(ro) = a(x1). Hence, A = ¢**'[a]. Suppose that a(x1) # a(xg). h is
not a constant function. And, as 6* > 0, h does not have a critical point.
Therefore, fa(gy)(h) = h(6*) = a(z1) = a(tl. ;) and A |= ¢**'[a]. Hence,
in either case A = ¢** [a] and A |= ¢**'.

Since 2 is non-trivial, there is a € As() such that a(zo) # a(x1). Thus,
AE o, 5" U{p*} ¥ ¢** and Ex()) is not ¢(K) -compact. Further, for all
S’ € poi)(S), §'U{9*, ¢**'} has a non-trivial model and Ef()) is not ¢(K)
-satisfiable. g

Corollary 1 together with Lemma 6 and Lemma 7 yield the following.

Theorem 2. If k is an infinite cardinal < card Ex(\), then Ex(\) is
k-compact iff Ex(\) is k-satisfiable.

3. There are other formulations of the compactness theorem in first
order logic. Among these is the elementary class formulation: if T, a class
of interpretations, is an elementary class (i. e. the models of some finite set
of first order sentences), then for every S, a set of first order sentences, if T
is the class of models of S, then there is S’, a finite subset of S, such that T
is the class of models of S’. The elementary class formulation is implied by
the consequence formulation. Suppose that T is an elementary class. There
is n > 1 such that S” = {¢; : i <n}and T is the class of models for §”. Let
S be any set of sentences. Suppose that T is the class of models for S. For
all i < n, S | ¢;. Hence, by the consequence formulation, for each i < n
there is S;, a finite subset of S, such that S; = ¢;. Let S = U{S; : i < n}.
S’ is a finite subset of S and T is the class of models of S’.

The elementary class formulation yields the satisfiability formulation.
To see this note that the empty set is an elementary class. Hence, if a set
of first order sentences has no models, by the elementary class formulation,
some finite subset of this set has no models.

The elementary class formulation has an analogue in finitary equational
logic. Let K be a type whose characteristic is < Xg and let T be a class
of algebras of type K. T is a finitary_equational class provided T is the
class of models of a finite set of equations of type K. The following is the
equational analogue of the elementary class formulation: if T is a finitary
equational class, then for all sets of equations of type K, if T is the class of
models of this set of equations, then T is the class of some finite subset of the
given set of equations. Some authors (e.g. Burris and Sankappanavar [1980]
p. 98) call the equational analogue of the elementary class formulation the
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compactness theorem for equational logic. By an argument analogous to the
above it is easily shown that the equational analogue of the elementary class
formulation is implied by the equational analogue of the consequence for-
mulation. Further, the equational analogue of the satisfiability formulation
is implied by the equational analogue of the elementary class formulation.
To see this one need only observe that the class of trivial models of type K
is a finitary equational class.

The above can be generalized to infinitary equational logics. Let K be a
type, T be a class of algebras of type K and « be an infinite cardinal, T is a
k-equational class (in Ex () provided there is S, a set of equations of type
K, such that (1) T is the collection of models of S and (2) the cardinality of
S < k. The finitary equational classes are exactly the Ng-equational classes.
Ex()) is k - ec provided (1) k < card Ex()\): and (2) if T is a k-equational
class in Ex()), then for all S, a set of equations in K, if T is the class of
models of S, there is S" € p,(S) such that T is the class of models of S’.
When ¢(K) is Rg, Ex(A) is Rg- e c. Further, Ex()) is also & -e ¢ for any &
between Rg and card Ex (\). These results are easily generalized.

Lemma 8. If Ex()\) is k-compact and k is a regular cardinal, then
(1) Ex(N) isk - e ¢; and
(2) if k' is a cardinal such that k < k' < card Ex, then Ex()\) is £ - e c.

Proof. Suppose that Ex()) is k -compact and that x is a regular
cardinal.

(1) Let T be a s -equational class in Ex()\). Thus, there is 6, a cardinal
< k,and §" = {6, : v < 6}, aset of equations of type K, such that T is the
class of models of S”. Let S be a set of equations of type K and suppose
that T is the class of models of S. By supposition, for each v < @ there is
Sy € pu(S) and Sy = 6,. Let S" =U{S, : v < 6}. T is the class of models
of S’. Since § < k and & is regular, card S’ < k.

(2) Let &’ be a cardinal such that k < &’ < card Ex(\). Suppose that
T is a k' -equational class in Ex()). Thus, there is 6, a cardinal strictly less
than #', and S” = {¢, : v < 0} such that T is the class of models of S".
Let S be a set of equations in Ex()\) and suppose that T is the collection
of models of S. Each member of S” is a consequence of S. Since Ex(\) is
k- compact, for all y < @ there is S, € p.(S) such that S, |= 0., . Let S’ =
U{S, : v < 6}. T is the class of models of S’. card S’ < max{x,0} < r'.

It follows from Lemma 8 and Corollary 1 that if ¢(K) is a regular cardi-
nal, Ex(\) is k -e ¢ for each k between ¢(K) and Ex(\); and that if ¢(K) is
a singular cardinal, Ex () is k -e ¢ for each k between the cardinal successor
of ¢(K) and card Ex (A). O
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The next lemma implies that this is the best result obtainable.
Lemma 9. IfEx(\) is & - e ¢, then Ex()) is k -satisfiable.

Proof. Suppose that Ex(\) is k -e c. Since « is infinite, the class

of trivial algebras of type K is a k -equational class. Hence, if the set of
equations S has only trivial models, then some member of p,(S) has only
trivial models and Ex () is k -satisfiable. O

It follows from Lemma 9 and Lemma 7 that if ¢(K) is a singular cardinal,

then Ex(A) is not ¢(K) -e c. Further, Theorem 2 together with the above
yield the following.

Theorem 3. If k is an infinite cardinal < card Ex(\), Ex()\) is &

-compact iff Ex(X) is k -e ¢ iff Ex () is k-satisfiable.
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