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(N 4+ 1)-BOUNDED WAJSBERG ALGEBRAS
WITH A U-OPERATOR

A Dbstract Wajsberg algebras are just a reformulation of
Chang MYV-algebras where implication is used instead of dis-
junction. M V-algebras were introduced by Chang to prove the
completeness of the infinite-valued Lukasiewicz propositional cal-
culus. Bounded Wajsberg algebras are equivalent to bounded
MYV-algebras. The class of (n 4+ 1)-bounded Wajsberg algebras
endowed with a U-operator, which plays the role of the universal
quantifier, is studied. The simple algebras and the subalgebras of
the finite simple algebras are characterized. It is proved that this

variety of algebras is semisimple and locally finite.

1. Preliminaries

Wajsberg algebras (see [6,13,9,18]) are an equivalent reformulation of
Chang MV -algebras based on implication instead of disjunction. As proved
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by Chang, idempotent MV -algebras are the same as boolean algebras.
MYV -algebras were introduced by Chang [3,4] to prove the completeness of
the infinite valued Lukasiewicz propositional calculus. R. Grigolia [11] ax-
iomatized (n+1)-valued Lukasiewicz propositional calculi, using the (n+1)-
boundedness axiom, together with other special axioms (for details see [6]).

Y. Komori [13] introduced the C'N-algebras as algebraic models of Luka-
siewicz infinite-valued propositional calculus formulated in terms of the
operations implication and negation. A. J. Rodriguez [18] called Wajsberg
algebras what was previously known as C'N-algebras (see also [9]). Bounded
and (n+1)-valued Wajsberg algebras are equivalent to bounded and (n+1)-
valued MV -algebras, respectively.

In what follows, we list several known results about Wajsberg algebras
and (n+1)-bounded Wajsberg algebras. The basic papers on MV -algebras
are Chang’s papers [3,4] (see the book [6] for further references). For a
reformulation in the context of Wajsberg algebras (or C'N-algebras) see
[18,9,13]. Let us remember that an algebra (A,—, ~,1) of type (2,1,0) is
a Wajsberg algebra (or W-algebra for short) if the identities 1 — x = =z,
@@=y —-((y—2—@—2)=1 (r—y) -y =(y—2z)—zand
(~y—n~x)—(xr—y) =1 are satisfied.

We denote by C),+1 the W-algebra with universe {O, %, %, e "771, 1}
and the operations defined by x —y := min {1,1—x+y} and ~ z :=1—=x.
It is verified that Cyy; is a W-subalgebra of C,,41 if and only if ¢ divides n.

Let (A,—, ~,1) be a W-algebra. Then (A,V,A,~,0,1) is a Kleene al-
gebra where 0 =~ 1, zVy = (z—y)—y, cAy=~(~azV~y)and z <y
if and only if z—y = 1.

A subset D C A is a deductive system of Aif 1 € D and a,a—b € D
implies b € D. We represent by D(A) and M(A) the families of deductive
systems and maximal deductive systems of A, respectively. D(A) is an
algebraic lattice with the set-inclusion, and it is isomorphic to the algebraic
lattice of all congruence relations on A.

For each = € A, we let 0z = 0, and for each integer n > 1, nx =~z —
((n — 1)a).

Let n be a positive integer. A W-algebra A is (n + 1)-bounded (or
Wi41-algebra for short), if ~ aV na =1, for any a € A.

(P1) A W,,1-algebra A is simple if and only if A is isomorphic to Cy41,
for some integer 1 < r < n.
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We say that an algebra A can be represented in [] A;, if A is subdirect
el
product of the family {4;}ier.

(P2) Let A be a non trivial W-algebra. Then, A is a W, -algebra if
n

and only if A can be represented in [] Cﬁﬁ“, where M;1 = {D €
i=1

W, +1-algebras are locally finite. We denote by L, (k) the (n + 1)-
bounded Wajsberg algebra freely generated by a set of cardinal k > 0.
n .
(P3) [18] Lw,_, (k) is isomorphic to [] C’ﬁ_’“l(zﬂ), where
i=1
we(i+ 1) =+ = > wp(G+1)
Jlig#i
As proved by Grigolia [11], the classes of (n + 1)-bounded and (n + 1)-
valued Wajsberg algebras are the subvarieties of the variety of W-algebras
generated by chains of length less or equal to n + 1 and by the chain of
length n + 1, respectively.
If Ay and A, are two algebras with the same universe A, algebra A is

said to be a reduct of As if every fundamental operation of A is a term in
the language of As.

(P4) [19,14] If A is an (n+ 1)-bounded W-algebra, then A admits an (m +
1)-valued Lukasiewicz algebra reduct, where m is the least common
multiple of all integers r such that 1 <r < n.

(P5) [19] Let A be an (n + 1)-bounded W-algebra. If there is an element
¢ € Asuch that (n—1)(~ ¢) =~ ¢ then A is polinomially equivalent to
a Post algebra of order (n+1) whose fundamental chain is {ej }o<r<n,
where for each 0 < k <mn, e = k(~c) =~ ((n —k)(~ ¢)).

Generalizing the notion of universal quantifier on a Tarski algebra, A.
V. Figallo [7,8] defined U-operators on I-algebras (the implicative reduct
(A,—, 1) of a Wajsberg algebra (A,—, ~,1) is an I-algebra). The U-opera-
tors on Wajsberg algebras have been studied in [15,16,14].

Definition 1.1. Let (A,—, ~,1) be a W-algebra. A U-operator on A
is a function V : A — A that verifies the identities
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(Ul) Vz—x =1 and
(U2) V(Vx—vy) = Vo —Vy.

An algebra (A,—,~,V,1) is a UW-algebra if the reduct (A,—, ~,1) is a
Wajsberg algebra and V is a U-operator on A.

Let A be a UW-algebra. For each x,y € A we have
(U3) z <y implies Vz < Vy.

Following Chang, an element a € A is called a boolean element if there
is b € A such that a Vb =1 and a A b= 0. We denote the set of boolean
elements of A by B(A); K(A) ={z € A: 2 =Va}and H(A) = B(A) N
K(A). B(A), K(A) and H(A) are UW-subalgebras of A.

A deductive system D of A is a U-deductive system if x € D implies
Ve e D.

We represent by Dy (A) and My (A) the families of U-deductive systems
and maximal U-deductive systems of A, respectively. Dy(A) is an algebraic
lattice with the set-inclusion, and it is isomorphic to the algebraic lattice
of all congruence relations on A.

(P6) [16] If S is a UW-subalgebra of A then Dy(S) = {DNS : D €
Dy(A)}, and My (S)={DNS:D e My(A)}.

It is known that all (n + 1)-valued W-algebras have a reduct of (n+ 1)-
valued Lukasiewicz algebra [19,12]. Monadic (n + 1)-valued Lukasiewicz
algebras were studied by L. Monteiro [17] for n = 2 and by M. Abad [1]
for n > 1, respectively. In [14] conditions are given so that a U-operator
commutes with Moisil’s modal operators that can be defined on an (n+1)-
valued Wajsberg algebra (the additional axioms are (U4) V(mxz) = mVx
and (U5) V(~m ~ x) =~ m ~ Vz, for each m > 1).

Monadic (n+1)-valued M V-algebras (see [20,21,10]) are defined as pairs
(A,3), where A is an (n+1)-valued M V-algebra and 3 verifies, among other
conditions equivalent to (Ul) and (U2), the dual of axioms (U4) and (U5)
for m = 2. It is proved in [10] that the monadic (n+1)-valued MV -algebras
are polynomially equivalent to the (n + 1)-valued Lukasiewicz algebras for
n=2andn=3.
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2. UW(,41)-algebras: definition and simple algebras

Definition 2.1. [15] An algebra (4,—,~,V, 1) is a UW,;-algebra if
the reduct (A,—,~, 1) is an (n + 1)-bounded Wajsberg algebra and V is a
U-operator on A.

Let K be a class of algebras and let S and A be K-algebras. We write
S<k A to indicate that S is a subalgebra of A, and A ~x B whenever there
is a K-isomorphism between K-algebras A and B. We denote by [X]|k the
K-subalgebra of A generated by X, for some X C A. In all the cases, when
K is the class of UW,,-algebras we shall tacitly omit the symbol K.

Remark 2.1. It is easy to see that (Cs,—,~,V, 1) is a UW3-algebra,
where V0 = V% = 0 and V1 = 1. If we consider the structure of three-valued
Lukasiewicz algebra of C3, we have that o3 (V4) = 0 whereas Vo3 (3) = 1.
Therefore, if we have dz =~ V ~ z, it results that the class of UWoy1-
algebras is not equivalent to the class of monadic three-valued Lukasiewicz

algebras introduced by L. Monteiro in [17].

The underlying lattice of a W, -algebra is a dual Heyting algebra
[22,23]. Then, for every W,,;1-algebra A, there is a bijective correspondence
between W-subalgebras S of A which verify the condition: for each a € A,
the set (a] NS has a biggest element, and U-operators on A. Moreover, the
U-operator corresponding to W-subalgebra S is defined, for each a € A, as
the biggest element in (a] NS, and K(A) =S (see [5]).

Example 2.1. Let ¢ be an integer, 1 < ¢t < n. From the above
discussion we know that there are as many U-operators on Cyy1 as W-
subalgebras; i.e. there are as many U-operators on Cy,1 as divisors of ¢. If
r divides ¢ (r/t for short), we denote by (Cyt1,V") the UW,,1-algebra in
which the U-operator is determined by C).1; i.e. V'z is the biggest element
in (z] N Cri1.

Example 2.2. Let a nonempty set I and integers r, t;, 1 < t; < n
such that r/t; for every i € I. For each i € I, let A; = (Ct,41,V}). Then,
the nonempty family of UW,i-algebras {A;}ic; determines a UW,,41-
algebra, which we denote by P, (1,1, ,, in the following way. Let us consider
the direct product of W,,;1-algebras Cf, 11, Pyyicr = I Ct,+1, and let ¥v"

1€l
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be the unary operator on Py, , defined by the prescription (V"f)(i) =
A Vi(f(i)). It is easy to show that P, 1., = (Ppyie,, V') s a UWpya-
el

algebra by taking into account that in every W-algebra A, if {a;}icr C A
is a nonempty family of elements of A and there is A a;, then for every

el
a € A there exists A (a—a;) and A (a—a;) =a— A a; holds.
i€l i€l i€l

If A; = (Cy1, V) for every i € I and for some integer ¢, 1 <t < n, then
the P, (1,1,., algebra is precisely the functional algebra P, ; = C’tI 1, which
is a (¢ + 1)-valued Wajsberg algebra.

In the variety of (n + 1)-bounded Wajsberg algebras every deductive
system is a Stone filter (i.e. a lattice filter generated by a set of boolean
elements), therefore every U-deductive system coincides with the lattice
filter generated by its boolean elements. This is, for every D € Dy (A),
D =FDnNB(A) ={x € A: thereis a € DN B(A) such that a < z}.
Besides, it is easy to show that Dy (K(A)) = D(K(A)) and Dy(H(A)) =
D(H(A)). Using this result and property (P6) we obtain

Theorem 2.1. Let A be a UW,,11-algebra. Let us consider the func-
tions

1:Du(A) = D(K(A)), p1(D) = DN K(A);

2 : Dy(A) = Du(B(A)), ¢2(D) = DN B(A);
w3 : D(K(A)) = D(H(A)), ¢3(D)=DnNH(A);
¢4 : Du(B(A)) — D(H(A)), pa(D) = DN H(A).

If the sets Dy(A), Dy(B(A)), D(K(A)) and D(H(A)) are ordered by set-
inclusion, then the functions @1, @2, w3 and p4 are order-isomorphisms, and
the following square is commutative.

¥1
Dy(A) — D(K(4))
w2 |l L w3

Dy(B(A)) — D(H(A))
P4
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Hence, the notions of maximal U-deductive system, irreducible U-de-
ductive system and completely irreducible U-deductive system coincide in
the variety of UW,,41-algebras, because they coincide in Boolean algebras
and the function 3 o p1 (or 4 0 ) preserves these concepts.

Therefore, each proper U-deductive system is the intersection of maxi-
mal U-deductive systems and, the intersection of all maximal U-deductive
systems is the set {1}.

Thus, by known results of universal algebra (see [2]) we have that every

non trivial algebra A is isomorphic to a subalgebra of I[1I A/M,ie.
MEMU (A)
the following is verified.

Theorem 2.2. Fvery UW, 1-algebra is semisimple.

If A is a finite UW,,y1-algebra, it is easy to prove that the maximal
U-deductive systems are the lattice filters generated by elements of H(A).

Moreover, if A is a finite non trivial UW,, y-algebra, then A ~ H A/M;,

where {M; }1<i<¢ is the family of maximal U-deductive systems of A and ¢
is the number of atoms in H(A).

Theorem 2.3. Let A be a non trivial UW,,+1-algebra. The following
conditions are equivalent:

(i) A is a simple UW,,y1-algebra,
(ii) K(A) is a simple W, 41-algebra,

(iii) H(A) is a simple boolean algebra.

Proof. Follows at once from Theorem 2.1. O

Corollary 2.1. The P, ,y,., algebras (defined in Example 2.2) are
stmple.

Theorem 2.4. If (A,—, ~,V,1) is a simple UW,1-algebra, then it is
isomorphic to a subalgebra of Py (11,.,, for some nonempty set I and some
integers v, {t;}ier.
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Proof. Let A be a simple UW,,;1-algebra. Then M(A) # 0 and from
Theorem 2.3 and (P6) it is clear that DN K (A) = {1} for each D € M(A);
hence the function gp : K(A) — A/D defined by gp(x) = qp(x) for each
x € K(A) (with gp we denote the natural epimorphism from A onto A/D),
is an injective W-homomorphism. Besides, C,4; ~ K(A) ~ Sp < A/D ~
Cip+1, for some integers r, tp such that 1 < r,tp < n and r/tp for
each D € M(A). Let g : K(A) — C,41 be the isomorphism; we have
that K(A) ~ Sp ~ C,y; for every D € M(A). Therefore, identifying
isomorphic algebras and making abuse of notation we write gp(k) = g(k),
for each k € K(A). Thus we obtain

(1) Ap = (A/D,V},) is a UW,,4q-algebra for each D € M(A), and
V5 ((gp(x)) is the biggest element in (¢p(x)]NSp (see Example 2.1).

Let Pr (15} peniny = <P{tD}DeM(A)7vr> be the algebra defined as in Ex-
ample 2.2; i.e.

P{tD}DeM(A) = H A/D ~ H Cip+1,
DEM(A) DEM(A)

and

VAL = N\ Vp(f(D

DEM(A)

Then Pr (15} pena) = V") is a UW,,41-algebra.

<P{tD}DeM<A)’

From (P2) we know that there is an injective W-homomorphism
¢ A—Plip}pe iy
defined by ¢(x) = h, for each = € A, where hy : M(A)— |J A/Dis

DeM(A)
the application defined by h,(D) = qp(z), for each D € M(A).

To prove that p(Vz) = V"¢(x) for every x € A, it is enough to verify

m(Vz) = /\ Vplap(=

DeM(A)

for each M € M(A). We will prove that ag = ay, being ag, a1 € Syy,

Qo = /\ Vplap (@
DeM(A)
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and a1 = qu (V). In fact, since a1 = g (V) < gu(x), from (1) we have
that ay < V', (qm(x)) for every M € M(A), because oy € Syr; therefore
a1 < . On the other hand, as ag € Sy ~ K (A) there is k € K(A) such
that ag = qar(k). Hence,

ao=quk) = /\ Vplan(z)) <Vpep(x)) < gp(x)
DeM(A)

for every D € M(A). Then, k—z € (] D = {1}. From (Ul) and
DeM(A)
(Ub) it results ag = qur (k) < g (V) = .
Therefore the W-homomorphism ¢ is also a UW-homomorphism. [

3. Subalgebras of the finite simple algebras

Let ¢t and r be positive integers such that 1 < ¢ < n and r/t; let us
consider the UW,,;;-algebra (Cy11,V"), defined as in Example 2.1. If « is
a positive divisor of r, the restriction of U-operator V" to the subalgebra
Co+1 is the identity; i.e., (Coq1,V?) is a subalgebra of (Cy41,V"). If there
is a positive integer s such that s/t and r/s, then C, 1 <w Csy1 <w Ciyq
and therefore (Cs41,V") is a subalgebra of (Cyy1,V").

Lemma 3.1. If S is a subalgebra of (Cy41,V") then S ~ (Cs41,V"), for
some positive integer s which verifies r/s and s/t, or S ~ (Cy11,YY), for
some positive integer o such that a/r, o # r and we say that S is a Type
1 or Type 2 subalgebra of (Cyy1,V"), respectively.

Proof. Let S be a subalgebra of (Cy11,V"); in particular S <w Cy41,
then there is a positive integer s divisor of ¢ such that S ~w Cs41. It is
clear that K(S) is a subalgebra of K(Cy41) ~ Cyy1, hence K(S) ~ Cyi1
for some « divisor of r. If & # r then must be a = s and S ~ (Cyp41,V?),
because the U-operator on S must be the restriction of V" to S. If « = r
then S ~ (Cs41,V"). O

Given a nonempty set I and integers r, t;, 1 < ¢; < n such that r/¢;
for every i € I, let P, ,),., be the algebra determined by the family of
algebras {(Ct,+1,V])}icr as shown by Example 2.2. In the following, we
will suppose that the set I is finite, I = {1,2,...,m}, and sometimes we
will write Py, 1,), .., instead of P, 14,3, We say that:
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(i) {Siti<i<m is a Type 1 family of subalgebras of {(Ct,+1,V]) hi<i<m if
S; is a Type 1 subalgebra of (Cy,11,V}) for each i, 1 <i < m.

(i) {Siti<i<m is a Type 2 family of subalgebras of {(Ct,4+1,Y])}<i<m if
Si ~ (Cqy1, %) for every i, 1 <1i < m and some « divisor of r, o # 7.

(iii) {Siti<i<m is a family of subalgebras of {(Cy,1+1,Y])} i<i<m if it is a
Type 1 or Type 2 family of subalgebras.
It is clear that if {S;}1<i<m is a family of subalgebras of {(Ct,+1,V!) hi<i<m
m
then [] S;, with the U-operator defined as in Example 2.2, is a subalgebra

=1
of 7 () 1<i<m
that the family of subalgebras is Type 1 because it is the most general

In the proofs, unless otherwise specified, we will suppose

case.

Let B be a boolean subalgebra of B(P,,_,.,.)- Since B(Py,),_,.,. ) =~
2/ (2 being the Boole algebra with two elements), we have that B(P,), ... )
is a Boole algebra with m atoms. It is known that there is a bijective co-
rrespondence between subalgebras of 27 and partitions of the set of their
atoms. Moreover, each partition of the set of atoms in 2! corresponds,
in a natural way, with a partition of the set I. Then, there is a bijective
correspondence between subalgebras of B(F,),_,_, ) and partitions of I.
Let II(B) = {II;,1Ia,...,IIx} be the partition of the set I determined by
the subalgebra B. The elements in B are characterized as the elements
[ € Py,),,,, such that f(i) € {0,1} for every 1 <i < m and f(i) = f(j)
if4,5 € II,.

Let {S;}1<i<m be a family of subalgebras of {(Ct,11,V)}1<i<m and B
be a boolean subalgebra of B(F,),_,_,,)- We denote by [{S;}1<i<m, II(B)]
the set

JEIlL

{fe [1S::ifie, fG)e N S and f(i) = £(j) for all 4, j eny}.
i=1

Lemma 3.2. Let {S;}i<i<m be a family of subalgebras of
{Cti+1,Y0) h1<i<m

and let B be a boolean subalgebra of B(P,),_,.,.)- Then, [{Sit1<i<m,11(B)]
is a subalgebra of Py (t;), <, -
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Proof. Routine. |

Conversely, let S be a subalgebra of P, ), ... For each 4,1 <i <m,

let p; be the projection map on the ith coordinate of [[ Ct,+1. Then p;(S)
i€l
is a W-subalgebra of Cy, 11 which contains a copy of K (5). Particularly,

S <w sz‘(s) <w P(ti)ISiSm'
=1

If K(S) ~ Cy41, then p;(S) contains a copy of Cy41, for every i, 1 <
i < m. Thus (pi(S),V]) < (Ct,+1,V]), for every i, 1 < i < m. Therefore,
{pi(S) }i<i<m is a Type 1 family of subalgebras of {(Ct,+1,Y])}1<i<m.

If K(S) is a proper subalgebra of C,1, let us say K(S) ~ Coy1, a # 1,
a/r, then p;(S) ~ Cy1 for every i, 1 < i < m (because the U-operator is
the one determined by r). In this case, {p;(S)}1<i<m is a Type 2 family of
subalgebras of {(Ct,+1,V!) hi<i<m.

Therefore, {p;(S)}1<i<m is a family of subalgebras of {(Ct, 41, V}) }1<i<m.

We say that S'is a Type 1 (Type 2) subalgebra of Py (1,y, .. i {pi(S)}1<i<m
is a Type 1 (Type 2) family of subalgebras of {(Ct,+1,V})}1<i<m.-

The subalgebra (C]%,V") has been included in the class of Type 1
subalgebras, but when it is convenient we will include it in the class of
Type 2 subalgebras.

Let B(S) be the boolean subalgebra of B(F,),_,., ) determined by S,
ie. B(S)=SNB(Py,),,.,) and let TI(B(S)) = {I11, I, ..., Il } be the
partition of I determined by B(S).

Given II,, € II(B(S)) let us consider the element a € B(S) defined by

, 1 ifjell,
a(j)_{ 0 ifj¢Il,

Since a is an atom in B(S) we have that D(a) = [a,1] N S is a maximal
deductive system and S/D(a) is a simple W-algebra.

Lemma 3.3. S/D(a) ~w pi(S), for every i € I1,,.

Proof. For each i € II, let h; : S /D(a) — p;(S) be such that
hi(qp(a)(z)) = pi(z) for all z € S. Let y € qp)(z). Then there is
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b € D(a) such that x Ab = y A b. For every ¢ € II, we have that
(i) = (x Ab)(i) = (y Ab)(i) = y(i) because b(i) = 1. Hence, h; is
well defined for each ¢ € II,. It is clear that h; is a W-epimorphism;
moreover N(h;) = {c € S /D(a) : hi(c) = 1} is a deductive system of
S/ D(a), which is a simple algebra. Since qp(4)(0) ¢ N(h;) we have that
N(hi) ={qpa)(1)}. Then h; is injective for all i € II,,. O

Corollary 3.1. Let II, € II(B(S)). Then p;(S) ~w p;(S) for all
i,j €L,

Theorem 3.1. Let S be a subalgebra of Py, . Then there exist

1<i<m
{pi(S)h<i<m, a family of subalgebras of {(Ct,+1,V]) hi<i<m, and B(S), a
boolean subalgebra of B(P,) , such that S = [{pi(S) }1<i<m, IL(B(S))].

lgigm)

Proof. Let II(B(S)) = {II;, Iy, ..., It} be the partition of I deter-
mined by B(S5).

For brevity we will write Q(S) instead of [{pi(S)}1<i<m, IL(B(S5))].

Suppose that p;(S) ~ (C;,41,Y}), for each i € I. From (P4) we have
that the (n+1)-bounded Wajsberg algebra [] p;(S) admits a (t+ 1)-valued
Lukasiewicz algebra reduct, where ¢ is théelleast common multiple of all

integers x such that 1 < 2 < n. In fact, [] p;(S) is a W-subalgebra of C}% |,
el

which is a (f + 1)- valued W-algebra and therefore, admits a structure of

-l s

(t+1)-valued Lukasiewicz algebra, where the unary operators ", ..., 0,

are defined pointwise as follows:

for each € [] pi(S) and each 1 < k < ¢, ob(2)(i) = ok (2(3)),
el
where for 0 < a <t,

t+1<a> 0 ifk+a<t,
g — =
k t 1 otherwise.

Let s € S, II, € TII(B(S5)) and 4,5 € II,. From Corollary 3.1 we can
suppose p;(S) ~ (Cy41,V]) for every i € II,. Besides, there is an integer
q > 1 such that t = ¢z.

Lets(i):%:%ands(j):g:qu,forOSa,bgz.
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If a < bthen ag < bgand 1 <t —bqg+ 1 <t. Since

oty 1 (s) € B=B(S)NB(Py,

t—bg+1 1§i<m) = B(S) N B( I‘Trl)v

we have that aﬁ;qﬂ(s)(i) = aff;qﬂ(s)(j).
On the other hand, aff;qﬂ(s)(i) = Ufféﬁl(%) = 0 and O—Et;q_t,_l(s)(j) =
Uff;qﬂ(b?q) = 1 which is a contradiction. Then, there must be s(i) = s(j)

and therefore s € Q(S).

For the other inclusion, let y € Q(S). For each i € I = {1,...,m} we
have that y(i) € p;(S), i.e. there is s; € S such that p;(s;) = y(i). Let
II,, € II(B(S)) such that ¢ € II,,. ;From S C Q(S) we obtain p;(s;) =
pi(si) for every j € I1,,.

Consider the element z; € B(S) defined by

‘ 1 ifjell,
x’(J)_{o if j ¢ I1,,.

Let b; = z; A s;, for each i € I. Then s =b1 Vby V...V b, €S. For every
j €T, it is bi(5) = (zi Asi)(d) = si(§) = pj(si) = pi(si) = y(i) = y(j), and
for all j € I —1I,, it is b;(j) = (i A s;)(j) = 0. Then, s =y. O

Let {Si}1<i<m be a family of subalgebras of {(Cy,+1,V})}<i<m, B be
a boolean subalgebra of B(F,),_,.,.) and I(B) = {II;,II,... I} be
the partition of I determined by B. To abbreviate we write () instead of
[{Si}1<i<m, II(B)]. It is clear that [] S; is a subalgebra of P, ), ., and

i€l -
(2 is a subalgebra of [] S;.
el

For each II,, € TII(B) and each i € II,, let U; = F({i}) be the ultrafilter
of 27 generated by {i}. It is easy to see that II,, € U;. With © we denote
the W-congruence relation determined by the ultrafilter U; on [] S;, i.e.

el
(z,y) € O] if and only if ||z = y|| = {j € I : =(j) = y(j)} € U, for any
T,y € H Sz
el

Let ©; the restriction of ©/ to Q, i.e., ©; = Q>N O} With ¢; we denote
the natural W-epimorphism from 2 onto 2/0;.

Lemma 3.4. Q/0; ~y () Sj, for every i € II,, and each II,, € TI(B).
J€Ell,
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Proof. Let II, € II(B), i € II, and = € €. The function

JEIL,

such that ¢;(g;(x)) = x(i) is well defined and is an injective W-homomor-

phism. Besides, ; is surjective.
m

In fact, given a € () S}, we define z € [[ S; by

JEIl, j=1

N ) oa ifjell,
x(j)_{ 0 ifjéelL,.

It is clear that = € Q and ¢;(¢;(x)) = a, for every i € II,,. O

Then, we can assure that {Q/0;}1<i<;, is a family of subalgebras of
{(Cti+1,vg>}1§i§m of the same Type that {Sz‘}lgigm.

Theorem 3.2. Suppose that {Si}i<i<m is a family of subalgebras of
{{Cti+1,V]) }i<i<m- Let B be a boolean subalgebra of B(Py,),_,...) and let
II(B) = {I1},Hy,..., I} be the partition of I determined by B. Then

O~ H Q/0;,,

1<j<k

where ©;, denotes the W -congruence on € determined by i; € 11;, for each
j1<j<k.

Proof. For each j, 1 < j < k, let ¢; : @ — Q/O;, the natu-

ral W-epimorphism. Let ¢ : @ — [] €/©;, be defined by q(r) =
1<j<k

(q1(x),...,qx(x)). It is clear that ¢ is a W-homomorphism. If ¢(z) = ¢(y)

we have that (z,y) € ©;; for every j, 1 < j < k, then II; C |z = y

for all j, 1 < j < k, from we obtain x = y. Therefore ¢ is injective. Let

(@1(z1), .. qu(or)) € JI Q/O;,. Foreach j, 1 < j <k, let a; € [[S;
1<j<k iel

. 1 ifi eIy,

a; (1) _{ 0 ifig¢ Tl
It is clear that a; € €2 for every j, 1 < j < k. Let b; = x; A a;, for each j,
1 < j < k. Since i; € II; it results b;(i;) = x;(i;) A aj(i;) = x;j(i;), then

defined as follows:



(N 4 1)-BOUNDED WAJSBERG ALGEBRAS WITH A U-OPERATOR 103

holds (2) (bj,z;j) € ©;; foreach j, 1 <j <k. Letb=>5b1V...Vb. Ifi ¢ Il
we have that bj(’L) = $J(Z) A CLJ'(’L') = (0. Thus b(ZJ) = bl(ij) V...V bk(’LJ) =
bj(ij), for any j, 1 < j < k. Then holds (3) (b,b;) € ©;; forall j, 1 < j < k.
From (2) and (3) we obtain ¢(b) = (q1(b), ..., qx(b)) = (qi(x1), ..., qx(zk)),
hence q is surjective. O

Corollary 3.2. Let S be a subalgebra of Py ,),.,..., B = B(S) and
II = {II;, My, ..., g} be the partition of {1,2,...,m} determined by B.
Then there are integers vj, 1 < vj < n, r/vj, v;/t;, for every j,i, 1 <
Jj < k, i €l1l, such that [{Siti1<i<m, ] is isomorphic to Type 1 algebra
Pr(v;)1<;<is OF there is o # 1, afr such that [{Si}1<i<m, 1] is isomorphic
to Type 2 algebra Py, (v, _;., where v; =« foralll <j<k.

Proof. It follows at once from Theorems 3.1 and 3.2. Note that
if {pi(S)h<i<m is a Type 1 family of subalgebras of {(Cy,4+1,V])}<i<m
then for each j, 1 < j < k, there is vj, 1 < v; < n such that r/v; and
Q/0;; ~w Cy,y1; while if {p;(S)}1<i<m is a Type 2 family of subalgebras
of {(Ct,+1,V}) }i<i<m, then there is o # r, such that a/r and for each j,
1§]§k§, Q/@z] ~w Ca+1. ]

Remark 3.1 Given a partition IT of the set {1,2,...,m}, the fami-
lies {©2/0O;}1<i<m and {S;}1<i<m of subalgebras of {(Ct,4+1,Y])}1<i<m are

equivalent in the sense that they determine the same subalgebra of P;. 1.y, ;-

In what follows we will describe a way to find all the subalgebras of

a given algebra P, ), _,,.- With the current notation for P, ), .., it

is explicit the total number of axes of the algebra, m, and that each axis
can be a chain with at most n + 1 elements that it contains to C,y; as
W-subalgebra. We need to change the notation so as to make explicit the

number of axes of certain length. Then, instead of P,. 4y, ., we will write

<i<

Notation: P

(i) icicn = <P(mi)19§n,w>, being now the product
n n

denoted by Py, ..., = [1 Ciyy, where m; >0, m = >~ m; is
== i=1 i=1

the total number of axes, and m; # 0 implies r divides ¢, for each 1 < i < n.

P(ti)

1<i<m
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If S is a Type 1 subalgebra of P, (), <i<n then we will use the above

notation; if S is a Type 2 subalgebra of P, () we will write S =

1<i<n
Pojp = (CF,1,v¥), where 1 < k <m, a divides r and o # 7.

Determination of the subalgebras of P, (1), ..

A g-partition of I = {1,2,...,m} is a partition of I with ¢ subsets. It
is known that there are S(m,q) g-partitions of I, therefore the number of

m
partitions of I is m(m) = Y S(m,q), where
q=1

S(m,q) = %Z(—w‘( ’ ><q -

Jj=0

For each integer ¢, 1 < g < m, the algebra B(P,,),,., ) =~ 2™ has S(m, q)

subalgebras isomorphic to 29. Since the subalgebras of P, ( can be

m;)1<i<n
Type 1 or Type 2, we consider the following cases.

(i) Determination of the Type 1 subalgebras of P

T (Mi)1<i<n

For each i, 1 < i < n such that m; # 0, let y; be the number of Type
1 subalgebras of (C;11,V"); i.e., y; is the cardinal of the set {j : r/j vy j/i}.
Consider all the families of subalgebras {S;}i1<;j<m integrated by m; Type
1 subalgebras of (C;y1,V"), for each m; # 0. This is equivalent to select m;
unordered objects from a set of cardinal y; with allowed repetitions, that
m; +y; — 1

can be made in
yi — 1

) different ways. Therefore the number of
obtainable families is
r_ 11 < m; +y; — 1 ) .
(agignmzo) A YT

If for each family and each partition we consider the corresponding sub-
algebra, according to Remark 3.1 we could be counting several times the
same subalgebra.

Example 3.1. Consider the algebra

2 2
Pa,(0,1,0,2,0,1) = (Coq1 x Cfyy x Cop1, V7).
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In this case m = 4, my = mg = ms = 0, mo = mg = 1 and my = 2;
also yo = 1, y4 = 2 and yg = 2. The only subalgebra of <C’2+1,V2> is Coy1;
subalgebras of <C’4+1,V2> are Coy1 and Cy41; and subalgebras of <C’6+1, V2>
are Co41 and Cgy1. The number of different families of subalgebras that
can be formed is

1+1-1 2+2-1 1+2-1
1-1 2—-1 2-1

They are:
Fi: Cop1, Coq1, Copa, Coqa.
For Coyr, Cop1, Cupr, Coya.
F3: Coy1, Cugr, Capr, Coqa.
Fy: Coyr, Co41, Copr, Coyae
Fs: Coy1, Coq1, Cayr, Ceqa.
Fg: Coy1, Cap1, Cugr, Coyae
Any family that we take with the partition IT; = {{1,2,3,4}} give rise
to the same subalgebra of Py (0,1,0,2,0,1), because anyway, the intersection of

the four algebras is 02+1. Thus [Fl,Hl] == [FQ,Hl] == [Fg,Hl] == [F4,H1] ==
[Ff)anl] = [F65H1] = {(070705 0)5 (%a 42_15 %) %)a (]-7 1; ]-7 1)}

We avoid this problem in the following way. Each family contains at
most m different subalgebras. For each j, 1 < 7 < F, let \j, be the
number of times that the algebra C} 41 repeats in the family F;. It is clear
that 0 < Aj, < m forevery j, 1 < j < Fandall hy1 <h <mn, and

n
hZ Aj, = m. The number of subalgebras that the family F} provides
=1

N,

is 11 m(Aj,), where w(X;,) = > Si(\j,,q) and, for each i, ¢ is
{#:1<i<n, A, #0} q=1

the number of axes of the subalgebra isomorphic to C;;1. Therefore, the

number of Type 1 subalgebras of P, (,,) is

1<i<n

P P
N=)" 11 ()= 11 >SN a)

J=1 {i:1<i<n,\;,#0} J=1 {&:1<i<n,A;,#0} \¢=1
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For each j, 1 < j < F,let I' = {i:1<i< n,Aj; # 0} and for each
i€V let @ ={q:1<q<\;}; thus applying the distributive property

in expression above we obtain

)\]-i
11 Y osiea | = I | X st

{:1<i<n, A, #0} \g=1 iell \ geq?
= Z H Si()‘jwh(i)) )
heH \iel’

where H = ] Qg . Each term of this sum indicates the number of subal-
ield
gebras obtained from the family F}; isomorphic to < I Cih ff,w>, where
ield
> h(i) is the total number of axes of the subalgebra. Remark that iso-
ield
morphic algebras can be obtained from different families.

Example 3.2. We will find all the Type 1 subalgebras of
P2,(0,1,0.2,0,1) = (C2+41 X Cii1 % Co1,V2).

From Example 3.1 we know that there are 6 families of Type 1 subalgebras.
The values of A;,, for 1 <4, j <6, are the following:

>
=
>
<
[ V]
>
<
@
>
<
at
>
<.
=)

O O O O O O
=N W N W
O O O O O O
N = O N = O ty
O O O O O O
== =0 O O

Therefore, the number of subalgebras that each family provides is:
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Fii Sp(4,1) +52(4,2) +52(4,3) + S2(4,4),
1

Py (S2(3,1) + S5(3,2) + $5(3,3)) - Sa(1, 1),
Fi:o (82(2,1) 4+ 52(2,2)) - (54(2,1) + 54(2,2)),
Fir (S2(3,1) + 52(3,2) + S5(3,3)) - 56(1, 1),
Fy: (S2(2,1) + S5(2,2)) - S4(1,1) - Sg(1

Fo: S3(1,1) - (S4(2,1) + S4(2,2)) - SG( )

Applying the distributive property and grouping isomorphic algebras
coming from different families, it follows that

Pa.0.1,020,1) = (Cas1 x Ciyy X Coy1,V?)

has:

1 subalgebra isomorphic to <C2+1,v2>;

7 subalgebras isomorphic to <C22 15 V2>;

2 subalgebras isomorphic to <Cg+1 X C4+1,V2>;

1 subalgebra isomorphic to <Cg+1 X CG+1,V2>;

6 subalgebras isomorphic to <C§’ 15 V2>;

4 subalgebras isomorphic to <C22 11 X Caya, V2>;

1 subalgebra isomorphic to <Cg+1 x C? +1,V2>;

3 subalgebras isomorphic to <022 1 X CG+1,V2>;

2 subalgebras isomorphic to <Cg+1 X Cyp1 X Cg+1,V2>;

1 subalgebra isomorphic to {C4 15 >;

1 subalgebra isomorphic to (C3 11 X C4+1,V2>;

1 subalgebra isomorphic to (C3,; x C%,,V?);
1 subalgebra isomorphic to <C 1 X Cg+1,v2>;

1 subalgebra isomorphic to (C3 11 X Cyp % Cg+1,V2>,
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1 subalgebra isomorphic to <Cg+1 X CZ 11 X C6+1,V2>.

(ii) Determination of the Type 2 subalgebras of P

(M) 1<i<n

Let Z(r) = {a/r : a # r}. Then, from Corollary 3.2, for each o € Z(r)
there are S(m, ¢) subalgebras isomorphic to Py 4 = <Cg+1, VO‘>. Hence, the

number of Type 2 subalgebras of P, is

S(Mmi)i<i<n

Ny =3 S(m,z)|Z(r)| = |Z(r)| m(m).

Example 3.3. There are 7(4) = 15 Type 2 subalgebras of

2 2
P2.(0,1,02,0,1) = (Cag1 X Ciyq X Coy1, V%)

because Z(2) = {1}; specifically there are S(4,q) subalgebras isomorphic
to P1g = <Cf+1,vl> for each ¢, 1 < g < 4.

4. Finitely generated algebras

Lemma 4.1. The algebras P, (1,,., are locally finite.

Proof. Let G C P, 4,},., a finite set such that P, 41, = [Gluw,,,- It
is easy to see that P, (3, ., = [G UK (Pn{ti}iez)] Wis" Since K (Prv{ti}iel)
is isomorphic to C)y1, the set G U K (Pn{ti}iel) is finite; thus Py (4,3, is
finite because the W), 1-algebras are locally finite [18]. O

Corollary 4.1. Every simple finitely generated UW,,11-algebra is finite.

Theorem 4.1. Fvery finitely generated UW,, 1-algebra is finite.

Proof. Let A be a UW,,;1-algebra and G be a finite set of generators
of A; suppose that the cardinal of GG is k. From Theorem 2.2 we have that

A is isomorphic to a subalgebraof  [[ = A/M, where A/M is simple for
MeMy(A)
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each M € My (A). Since A/M is generated by ¢ar(G), from Corollary 4.1
it results that A/M is finite for each M € M;(A). On the other hand, from
Corollary 3.2 we have that (a) there are integers 1 < r < n and m; > 0,
where for all 1 <7 <n it is m; = 0 if » does not divide 4, such that

A/M = Pr,(mi)lgig <HC@TTDVT>

=1

r (b) there are integers 1 < r < n and 1 < m such that A/M ~ P, ,, =
(CT4 4, V) for some integer z divisor of r, z # r. In the case (a), if for every
i # it is m; = 0 then P, (), ..., = (C)[Y1,V") is an algebra that can be
considered together with those of the case (b).

We will prove that M(A) is a finite union of finite sets. Specifically,

n z+1
MU(A): U U Ek,r( Ji<i<n U U U Ekrzm )
r=1 (mi)1<i<n€S(k,r) z/r m=1

where
Eyrom =AM € My(A) : A/M ~ (CT%,V*)},
Ekm(mihgign = {M € MU(A) : A/M ~ PT,(mi)

and (m;)i1<i<n € S(k,r) if and only if it is a solution of system:

1§i§n}’

x; = 0 if r does not divide 1,
x; # 0 for some i # 7,
0< @ Swppa(i+1) =@+ — 3w (j+1).
3/t j#i
Let M € My(A). Suppose that we are in the case (a) and A/M ~
Prmi)icicn 7 (C71,Y7), e, there is an integer 4, 1 < i < n, i # r such
that 4 is multiple of » and m; # 0. Moreover there exists a set of cardinal
at most k which generates P, ()
Since K(Pr,(mihgign
element, let g be a generator of K (P, ()

\<i<, nto the class of UW,-algebras.

~ (C\41 can be generated as W, 1-algebra by an only
+ +

< Sn). Then

Pra(mi)lgign = [G/]UWn+1 = [G/ U K(PT,(mi)lgiSn)]Wn+1 = [G/ U {g}]Wn+17

and from (P3) it must be m; < wgy1(i + 1) for every 1 < i < n; hence
(mi)lgign S S(k,?’).
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In the case (b) we have that A/M is isomorphic to C77; for some z
divisor of r. From (P5) it results that

T =G ow,., = [GUK(CH)w,., = [G'UK(CH)py =GPy

Therefore m < (z + 1)*¥ and M € Ekrzm-

The sets By (m,),<icn, @0d Eg 2 m are finite (routine). Therefore A is
finite.(It easy to see that the sets Ej ., # 0 but the sets B v mi)icion
could be the empty set). O
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