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MODAL TARSKI ALGEBRAS

A bstract. In this paper we shall study the representation
theory for Tarski algebras with a modal operator. In particular,
we shall give a representation for finite Tarski algebras and finite
Tarski algebras with a modal operator by means of the so-called
Tarski sets and Tarski relational sets, respectively. We will also

consider some varieties of Tarski modal algebras.

1. Introduction

The variety of Tarski algebras was introduced by J. C. Abbott in [2] (see
also [3], [8], [7] and [11]). These algebras are an algebraic counterpart of
the {V, —}-fragment of the propositional classical calculus. The variety of
monadic Tarski algebras was introduced by A. Monteiro and L. Iturrioz
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[10] as the algebraic models of the {V,—,O}-fragment of the S5 modal
classical calculus. But, as far as we know, there are no findings on the
algebrization of others {V, —, 0}-fragments of the classical modal logics. In
this paper, we shall begin the research of these fragments of the algebraic
viewpoint. We shall introduce Tarski algebras with a modal operator as a
generalization of the concept of Boolean algebra with a modal operator.

In Section 3 we will introduce the notion of Tarski set as a pair (X, K)
where X is a non-empty set and K is a non-empty subset of P (X). We
will prove that every finite Tarski algebra A can be represented as a Tarski
algebra of sets Dx (X) C P (X) for some finite set Tarski set (X,K).
In Section 4 we introduce the modal Tarski algebras. We will prove a
representation theorem for modal Tarski algebras by means of the so-called
Tarski relational sets, and we shall prove that certain formulas correspond
to additional properties defined in the associated Tarski relational sets. We
will also prove that the varieties considered have the finite model property.
Although most of the paper results are written in algebraic form, they have
their logical significance.

2. Tarski algebras

Definition 2.1. An algebra (A, —,1) of type (2,0) is a Tarski algebra
if it satisfies the following identities:

Tl. 1 — a=a,

T2. a - a=~1,

T3. a—(b—c)=(a—b) —(a—0c),

T4. (a = b) »a= (b— a) — a, for all a,b,c € A.

We note that the conditions T1 to T3 are an axiomatization of the
variety of Hilbert algebras (see [8], [8], [4]). We denote by 7 the variety
of Tarski algebras and by B the variety of Boolean algebras. All Boolean
algebra (A,V,A,—,0,1) is a Tarski algebra where the implication — is
defined by a — b = —a V b.

In a Tarski algebra A we can define an order relation < by setting a < b
if and only if a — b = 1. It is well known that (A4, <) is an ordered set and



MODAL TARSKI ALGEBRAS 115

that A is a join-semilattice where the supremum of two elements a,b € A
is defined by a Vb= (a — b) — b (see [3]).

Let A be a Tarski algebra and let pi,po,...,pn, € A. We shall use the
following notation introduced in [4]:

Pn ifn=1
(plap%“'?pnfl;pn) =
p1 — (P2sesPn—1;Pn)  ifn>1

If « is any permutation of the set {1,..,n}, then by the properties of
the implication — we have

L. (p17p27 ---ypn§pn+1) = (pa(l)vpa(Q)v "'7pa(n);pn+1) )
2. (p1,p2, - Pn;p — @) = (P1,P2, -, Pn;P) = (P1.D2, -, Pn3 Q) 5

3. If (p1,p2,...;Pn;q) = 1 then

(p17p27 ceey (CI17Q27 7Qk7pn) 5 (q17q27 ceey qk7q))
= (p17p27 ceey (Q17 q2, .- kapn) y 41,42, -5 Gk q) =1.

A non-empty subset D in a Tarski algebra A is a called filter if 1 € D,
and for any a,b € A, if a,a — b € D, then b € D. The set of all filters of A
is denoted by F'i (A). It is known that F'i (A) is a distributive lattice (see
[7] or [8]). If X C A, then the filter generated by X, in symbols (X) , is the
set

(X)={ae A:3{xo,21,...., 2y} C X such that (xg,z1,2n;a) =1}.

In particular, the filter generated by {z},is () ={a € A:x — a =1} =
{a € A:z < a}. A proper filter D C A is mazimal if and only if for any
H € Fi(A) such that D C H, we have D = H or H = A. The set of all
maximal filters is denoted by Sp (A). The following results are known (see
2), [3] or [5)).

Theorem 2.2. Let A be a Tarski algebra. Then the following conditions
are equivalent:

1. PcSp(A).
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2. P is prime, i.e., for alla,b€ A ifavbe P, thena € P orbe P.

3. For every D1, Dy € Fi(A), if P = D1NDsy, then P = Dy or P = D.

Let A be a Tarski algebra. A subset I of A is called an ideal of A if
(1) for every a,b € A, if b € I and a < b, then a € I, and for all a,b € I,
aVbe l. The following result can be found in [6] for Hilbert algebras.

Theorem 2.3. Let A be a Tarski algebra. Let D € Fi(A) and let I be
an ideal of A such that D NI = (. Then there exists P € Sp (A) such that
DCPand PNI=040.

Theorem 2.4. Let A be a Tarski algebra. Then

1. For alla,b € A, if a £ b there exists P € Sp(A) such that a € P and
bé¢ P.

2. IfPeSp(A), thena —b¢ P if and only if a € P and b ¢ P.

Let X be a non-empty set. It is known that (P (X),=, X) is a Tarski

algebra, where U = V = (X — U) U V. All subalgebras of P (X) will be
called Tarski algebras of sets.

Theorem 2.5. Let A be a Tarski algebra. Then the map oca : A —
P (Sp(A)) defined by oa(a) = {P € Sp(A) : a € P} is an injective

homomorphism of Tarski algebras.

Proof. It is clear that the map o4 : A — P (Sp(A)) is injective. The
identity 04 (a — b) = 04 (a) = 04 (b) follows by Theorem 2.4. O

3. Representation for finite Tarski algebras

It is known that for every finite Boolean algebra A there exists a finite set
X such that A =2 P (X) (for example, the set X = Sp(A)). The converse
is also valid: if X is a finite non-empty set, then X = Sp (P (X)). But in
general, these good correspondences are not held for finite Tarski algebras.
In fact it is not difficult to find a finite Tarski algebra A such that neither
A= P(X)nor A= P(X)— {0} for any set X. For instance, the figure
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Fig. 1 shows a finite Tarski algebra A = {a,b,¢,d,1} where the operation
1 <
r—y= Z.f r=v )
y if zfy

for x,y € A, and where Sp (A) = {{c,d,1},{b,d, 1} ,{a,b,c,1}}, such that
A neither isomorphic to P (Sp (A)) nor P (Sp (A)) — {0}.

— is defined by:

—_

Fig.1

We shall show that there exists a good representation for finite Tarski
algebras. The key of this representation is to give an adequate characteri-
zation of the image of the mapping 04 : A — P (Sp(4)).

Definition 3.1. Let A be a Tarski algebra. We shall say that a €
A—{1} is a dual atom or an antiatom, if for all x € A such that a < x <1,
then a =x or x = 1.

The set of all dual atoms of a finite Tarski algebra A will be denoted
by Ant (A). We note that in finite Tarski algebra every element different
from 1 is an infimum of a non-empty set of dual atoms. We can also prove
that a filter P is maximal if and only if there exists a € Ant (A) such that
P =A—(a)] = (a]°. Thus, if A is a finite Tarski algebra, Sp (4) = Ant (A)
(see [1]).

Definition 3.2. A Tarski set is a pair (X, K) where X is a non-empty
set and K is a non-empty subset of P (X).

The dual of a Tarski set (X,K) is the subset D (X) of P (X) defined
by:

D(X)={UeP(X):aIW e K& IS C W such that U =W°US }.
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Proposition 3.3. Let (X,K) be a Tarski set. Then (D (X),=,X) is
a Tarski subalgebra of P (X).

Proof. Since K is non-empty, there exists W € K. Thus, X = WU
W e D(X). Let UV € D(X). Let us prove that U = V = U°UV €
D (X). As there exists W € K and S C W such that V = WU S, then
Weu(Wn(UeuV))=WeuUcuV =U°UV. Thus, U°UV € D (X) and
(D(X),=,X) is a Tarski algebra of P (X) O

Let A be a finite Tarski algebra. Let us consider the mapping o4 : A —
P (Sp(A)) and let us consider the family of subsets K4 = {04 (a)“: a € A}.
The pair (Sp(A),K4) is a Tarski set called the dual Tarski set of A or the
associated Tarski set of A.

Theorem 3.4. Let A be a finite Tarski algebra. Then,
o4 (A) =D (Sp(A4)).
Thus, A= D (Sp(A)).

Proof. We first note that for every a € A, 04 (a) € D (Sp (A)), because
oa(a) =04 (a)UD. Let U € D (Sp(A)). We prove that there exists b € A
such that U = 04 (b) . By definition of D (Sp(A)) we get that there exists
a € A and there exists S C 04 (a)® such that U = o4 (a) U S. Since A is
finite, S is a finite subset of Sp (A). Let S = { P4, ..., P,} . Let us recall that
for each P; € S there exists a; € Ant (A) such that P; = (a;]°. It is easy to
see that o4 (a;)° = {(a;]°}. Thus, S =04 (a1)°U...Uoc4 (a,)°. So,

U=o0ca(a)Ucy(a1)°U...Uca(an)" =04 ((a1,a2,...,an;a)) =04 (b).
Therefore, U € 04 (A), and consequently o4 (A) = D (Sp(4)). O

Lemma 3.5. Let (X,K) be a Tarski set. If U € Ant(D (X)), then
there exists x € X such that U = {z}°.

Proof. Let U € Ant (D (X)). As U # X, then there exists ¢ U. So,
U C {z}°. Since there exists W € K and S C W such that U = WU S,
then z € W and x ¢ S. Let W, = W — {x}. So, as SU {z} C W,, then
the set U, = U U{z} =W, U(SU{z}) € D(X). Since U C U, and U is a
dual atom, U, = X. Thus, for every y € X such that y # x, we get y € U,
ie., U= {x}°. O
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It is known that for every finite and non-empty set X, X = Sp (P (X)).
For the case of a finite Tarski set (X, K) we shall need an additional con-
dition on X.

Definition 3.6. We shall say that a Tarski set (X,K) is dense if for
every x € X there exists W € K such that x € W.

Lemma 3.7. Let (X,K) be a dense Tarski set. For all x € X, {z}° €
Ant (D (X)).

Proof. Let z € X. As (X,K) is dense, there exists W € K such that
z € W.Let Sy =W —{z}.So, S, CW and WU S* = {z}“€ D(X). It
is clear that {z}“ € Ant (D (X)). O

The dual frame (Sp (A), K 4) of a finite Tarski algebra A is always dense,
because any maximal filter P is proper and thus there exists a € A such
that P € o4 (a)c e Ka.

Theorem 3.8. Let (X,K) be a finite dense Tarski set. Then the map-
ping ex : X — Sp(D (X)) defined by ex (x) = {U e D(X):x €U} is

injective and onto.

Proof. It is clear that ex (z) € Sp(D (X)). If z,y € X and x # y,
then y € {z}° € Ant (D (X)). Thus, ex is injective.

Let P € Sp(D (X)) . Since D (X) is finite, there exists U € Ant (D (X)
such that P = (U]°. As (X, K) is dense, there exists € X such that U =
{z}°. Now, it is easy to check that ex () = P. Thus, X = Sp (D (X)).

g

By Theorem 3.4 and Theorem 3.8 we can identify a finite Tarski alge-
bra A with the Tarski algebra D (Sp(A)). This means we need no longer
consider abstract finite Tarski algebras, but only those of the form D (X)
for a finite Tarski set (X, ).

4. Modal Tarski algebras

Let A and B be two Boolean algebras. Let us recall that amap J: A — B
is called a hemimorphism if 01 = 1 and O(aAb) = Oa A Ob, for all
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a,b € A. A modal algebra is a pair (A,[J) where A is a Boolean algebra and
O0: A— Ais a hemimorphism. We note that a modal algebra can also be
defined as a Boolean algebra with a unary operation [ satisfying (11 = 1
and O(a — b) < Oa — 0Ob, for all a,b € A. giving place to the following
definition.

Definition 4.1. A modal Tarski algebra is an algebra (A,0) where A
is a Tarski algebra and [ is a unary operator defined in A such that it
verifies the following conditions:

MT1 O1 = 1,

MT2 O(a — b) < Oa — 0Ob, for all a,b € A.

The class of modal Tarski algebra is a variety denote by M7 .

Now we shall study the representation by means of sets of modal Tarski
algebras. Let A be a modal Tarski algebra. Let us define a binary relation
Ra C Sp(A)* by:

(P.Q) € Ra =07 (P)CQ,

where 0! (P) ={a € A:0a € P}.

Lemma 4.2. Let A€ MT. Let P € Sp(A) and a € A. Then, Oa ¢ P
if and only if there exists Q € Sp(A) such that (P,Q) € Ra and a ¢ Q.

Proof. Let us suppose that (a ¢ P. It is clear that (0~! (P) is a filter.
Since a ¢ O~! (P), then there exists Q € Sp(A) such that O (P) C Q
and a ¢ Q. The other direction is immediate. O

A relational frame or frame is a pair (X, R) where X is a set and let
R C X2. Given a frame (X, R) let us define a modal operator (g in the
Tarski algebra (P (X),=, X) by

Opr(U)={xeX:R(x) CU}.

Then (P (X),0r,=-, X) is a modal Tarski algebra. Any modal subalgebra
of a modal Tarski algebra of the form (P (X),0gr,=,X) will be called a
modal Tarski algebra of sets.

A Tarski relational set is a structure (X, R,K) where (X, R) is a
relational frame, (X, /) is a Tarski set, and Og (U) € D (X) for each
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U € D(X). So it is easy to see that the structure (D (X),0g,=,X) is a
modal Tarski algebra of sets.

Let A be a modal Tarski algebra. The structure (Sp (A), Ra) is called
the frame associated to A and (Sp(A),Ra,Ka) is called the relational
Tarski frame associated to A.

Theorem 4.3. Any modal Tarski algebra A is isomorphic to a modal
Tarski algebra of sets.

Proof. Let us consider the Tarski algebra o4 (A) = {oa(a) :a € A}.
Let us consider the modal operator O, defined in P (Sp (A)) by Ogr, (U) =
{PeSp(A): Ra(P) CU}.ByLemma4.2 we have Og, 04 (a) = 04 ((Oa) .
So, 04 is an injective homomorphism of modal Tarski algebras. Thus, A is
isomorphic to the modal Tarski algebra of sets o4 (A). O

For finite Tarski modal algebras we have the following result.

Theorem 4.4. Any finite modal Tarski algebra is isomorphic to some
modal algebra of sets for some finite Tarski relational set.

Proof. Let A be a finite modal Tarski algebra. By Theorem 3.4 we
have that A = D (Sp(A)) and by Lemma 4.2 we get that o4 is a modal
isomorphism between A and D (Sp(A)). 0

An isomorphism between two Tarski relational sets (X1, Ry, /K1) and
(X2, Ra, Ko) is a bijective mapping f : X7 — X5 such that

(z,y) € Ry if and only if (f (2), f (y)) € R2,

for every z,y € Xi.

Theorem 4.5. Let (X, R,K) be a finite Tarski dense relational set.
Then ex : X — Sp (D (X)) is an isomorphism.

Proof. Let z,y € X. If (z,y) € R, then it is clear that (e x (z),ex (y)) €
Rp(x)- Let us suppose that (ex (v),ex (y)) € Rpx)- If (z,y) ¢ R, then
R (z) C{y}“ =U,. By Lemma 3.7, U, € Ant (D (X)) . Then, z € Og (Uy),
and thus Uy € ex (y), i.e., y € Uy, which is a contradiction. Thus, (z,y) €
R. O

By the above results we can identify a finite modal Tarski algebra A,
with the modal Tarski algebra D (Sp(A)).
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Let A € MT. Let a € A. For each n > 0 we define inductively the
formula (" as 0% = a and 0" 'q = O0%a. We also define the symbol
(an (a);y) = (a,0a,...,0%;y).

The variety of modal Tarski algebras generated by a finite set of identi-
ties I will be denoted by M7 +{I'}. Now we shall consider some particular
varieties of modal Tarski algebras. Let us consider the following identities:

T r —ax~1

4 Or - D%z~ 1

4, Ore — Ol ~ 1

4yn (o (z);0"a) ~ 1,

5 (Ox — Oy) —» O (0x — Oy) =~ 1.

Remarks. 1. We note that in the variety M7 + {5} the identity Oz —
022 ~ 1 is held, because 1 ~ (01 — Ox) — O(01 — Oz) ~ Oz — O0z.
2. In the variety M7 + {4,,,} the identity (o, (2);y) =~ (@pik (x);y) is
valid for all £ > 0. Indeed:
(g1 (2)5y) = (2,0z,..,0%, 0" ;y)

= (z,0z,..,0"%; 0" ) — (2,0, ...,0%;y)

= (an(2);0""2) - (z,0z,...,0";y)

= 1— (z,0z,..,0";y)

= (an(2)3y).
Thus, (an (2);y) = (ant1 (2);y) = (ant2 (2)3Y) o = (Qngk (2)39) .-
3. It is easy to see that the variety M7 + {T,5} is equivalent to the vari-
ety of monadic Tarski algebras M7 +{T,0 (z vV Oy) ~ Oz vV Oy} (see [1]).

In order to extend Lemma 4.2 we will need some notations. Let X be
a set and let R C X2. Define in X the binary relation R", for n > 0, and
the binary relation R*, as follows:

(z,y) € R° & =y
(r,y) € R*"! < 3z € X ((z,2) € R" and (2,9) € R)

R = UR”.

n>0
It is clear that R* is reflexive and transitive.

Lemma 4.6. Let A€ MT. Let P,QQ € Sp(A). Then
(P,Q)eR) o {acA:O € P} CQ.
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Proof. The proof is by induction on n. The case n = 1 is the definition
of the binary relation R4. Suppose that the result holds for n. If (P, Q) €
RZ‘“, then it is easy to see that {a € A:Og e P} C @. Let us suppose
that {a cA: O lgeP } C @ and let us consider the following subset of
Ds(A):

F={DeDs(A):0"(P)CDand DNO"(A—Q)=0}.

We note that 0~1 (P) € F, because if 0~ (P)NO" (A — Q) # (), then there
exists a € 07! (P) and ¢ ¢ Q such that a = O0"¢. So, Oa = O0"*lq € P,
Thus, ¢ € @, which is a contradiction. By Zorn’s lemma, there exists a
filter D maximal in F. We prove that D € Sp(A). Let D1, Dy € Ds(A)
such that D = Dy N Dy and let us suppose that D C Dy and D C Ds.
Thus, Dy, Dy ¢ F. Then D; N O™ (A — Q) # 0 and Dy N O™ (A — Q) # 0,
i.e., there exist a € D1, b € Dy, ¢1,q2 ¢ @ such that a = O"¢ and
b = O"%q. Since, ¢ = 1 V q2 ¢ @, O"¢; < O"¢ and O"¢y < O"¢q, then
O"q € D1N Dy = D. Hence, DNO" (A — Q) # 0, which is a contradiction.
Thus, D € Sp(A), (P,D) € R4 and DNO"(A— Q) = 0. By inductive
hypothesis, we have (D, Q) € R". Therefore, (P,Q) € R’ O

Now we prove that the identities T, 4,,, 4., and 5 correspond to addi-
tional first-order properties defined in the associated frame (see [9] for the
logic interpretation of the identity 4,,).

Theorem 4.7. Let A € MT. Then:

1. Ae MT +{T} & Ry is reflezive.
2. A€ MT +{4,} & R is n-transitive, i.c., R C R%.

3. A€ MT + {4y} & YP,Q € Sp(A) : if (P,Q) € R\ then there
exists 0 < j <n such that (P,Q) € RY.

J. A€ MT + {5} & VP,Q,D € Sp(A) : if (P,Q) € R4 and (Q,D) €
Ry then (P,D) € Ra and for every Z € Sp(A) such that (P,Z) €
R, implies that (Q,Z) € Ra.

5. Ae MT +{T,5} & Ry is an equivalence relation.
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Proof. We prove only 3. and 4.

3. = Let us suppose that there exists P,Q € Sp (A) such that (P,Q) €
RZH and (P,Q) ¢ R for all 0 < j < n Then there exists ag € P — Q
and for each 1 < i < n there exists a; € A such that O'a; € P and a; ¢ Q
So,a=ayVarV..Va, ¢ Q and as O'a; < O%a , then Oa € P for all
0 < i < n. Since, (an+1a, D"*la) =1 € P, then 0"t!a € P, and taking
into account that (P, Q) € RZH, we have a € @), which is a contradiction.

< Let us suppose that there exists a € A such that (an+1a, D"Ha) £ 1.
Then there exists P € Sp(A) such that 0% € P for all 0 < i < n and
O"tla ¢ P. From Lemma 4.6 there exists Q € Sp (A) such that (P, Q) R’}
and a ¢ Q. By assumption, there exists 0 < j < n such that (P,Q) € R,
and thus a € ), which is a contradiction.

4. = Let P,Q,D € Sp(A) :such that (P,Q) € R4 and (Q,D) € Ra.
Since

Oa=1—0c=01 -0 <O(0O1 — Oa) = O0a,

then R4 is transitive. So, (P,D) € Ra. Let us suppose that there exits
Z € Sp(A) such that (P,Z) € Ry and (Q,Z) ¢ R4. Then there exists
a € A such that Oa € Q and a ¢ Z, and consequently Ca ¢ P. Let us
consider the filters F' = (PU{Oa}). Since P is maximal, I = A. On
the other hand, as D is proper there exists d ¢ D. Then Od € F, i.e.,
Oa — Od € P. Thus, O (Oa — Od) € P, and as (P,Q) € R4 and Ua € Q,
Ud € Q.d. Tt follows, d € D, which is a contradiction.

< Suppose that there exist a, b € A such that Oa — 0Ob £ O(0Oa — 0b).
Then there exists P and ) € Sp (A) such that Oa — 0Ob e P, (P,Q) € R4
and Oa — b ¢ Q. Hence, Q is maximal, Ca € @ and b ¢ Q. Thus, there
exists D € Sp(A) such that (Q,D) € Ry and b ¢ D. As (P,D) € Ra,
0b ¢ P, and since Ua — Ob € P, we have Ua ¢ P. Therefore, (P,Z) € R4
and a ¢ Z for some Z € Sp(A). But as (Q,Z) € R4 and Ua € Q, a € Z,
which is a contradiction. Therefore, a — 0b < O (Oa — 0Ob) . O

We shall say that a variety of modal Tarski algebras V have the finite
model property if for each identity

e Eq(V)={o=a:AE ¢~ a, for any A € V}

there exists a finite algebra A € V such that A ¥ ¢ ~ 4. It is clear that a
variety ) has the finite model property if and only if V is generated by the
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class of the finite algebras of the variety V. Now we shall prove that the
variety M7 and the subvarieties considered above are generated by finite
algebras. The proof of this result was suggested by the referee.

Theorem 4.8. Let V be one of the varieties defined in Theorem 4.7,
and let Vyr be the variety of modal algebras defined by the same identities.
Then V consists of subreducts of members of Vas, and V has the finite model

property.

Proof. As each algebra A of V is isomorphic to a modal subalgebra of
the modal algebra of sets (P (Sp(A)),N,0r,=,0, X), then V consists of
subreducts of members of V.

Let ¢ and v be terms in the language of modal Tarski algebras. Let
us suppose that V JE ¢ = 1 . Then, there exists A € V and there exists
a valuation @ = (ay,...,an) with a; € A such that ¢ (@) # ¢ (@) in A.
Now, as A is a subreduct of some B € V), then ¢ (@) # ¢ (@) in B. Since
each variety V), has the finite model property, there exists a finite modal
algebra C' € V) and a valuation ¢ = (cq,...,¢,) with ¢; € C such that
v (€) # ¥ () in C. But the {—, 1}-reduct of C' belongs to V, yielding a
finite countermodel. Therefore, V has the finite model property. a
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