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GRABOWSKI LATTICES ARE GENERATED BY
GRAPHS

Abstract We show that Grabowski lattices of substitutions
(see [1], [2]) are isomorphic to lattices generated by certain graphs,

[3]. Since the latter are Heyting algebras, this will imply that so are
the Grabowski lattices.

1. Preliminaries

The notions of a signature, an algebra of the signature 7, the algebra
of terms, Trm(7), of a signature 7 as well as the notions of a congruence,
a quotient algebra and of a free algebra with the set A as the set of free
generators, can be found for instance in [4].

Let E C Trm(7) x Tem(7). We define ~g as the least congruence
in Tvm(7) containing E.
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The notion of a lattice, an ideal in a lattice, etc., can be found for
instance in [5].

Let K be a lattice with a lower bound | and let V be an ideal in K.
The congruence ~y generated by V is the least congruence in Ttrm(7) iden-
tifying terms equal in K and which contains all the pairs (x) (d, L), § € V.

Instead of writing €/ ~y and [a]xg, we shall write ’C/V and [a]v,

~v
respectively.

2. Hypergraphs and lattices generated by them

All the notions cited below can be found in [3].

A hypergraph is a structure (V, £), where V is any set and & is a family
of nonempty subsets of V. The elements of V are called vertices and the
elements of £ - edges of H.

Let H = (V, &) be a hypergraph. Then by &°(H) we denote the free
distributive lattice with bounds 1 and T freely generated by the set V.
Moreover, let V be the ideal generated by all elements of the form []e
with e € & and let &(H) = f°(H)/g. Tt is shown in [3] that if M is
locally finite, i.e. meets of infinite number of edges are empty, then K(H)
is a Heyting algebra. We say that K(H) is generated by H.

In the sequel the following lemma will be usefull:

Lemma 2.1. Let ‘H be a hypergraph and let A be a lattice with
bounds L and T. Let, moreover, v : V — A be such that [[v]e] = L for
every e € £. Then there exists the unique homomorphism h* : R(H) — A
extending k o v, where k : 8°(H) — R(H) is defined as k(a) = [a]v,
a € R(H).

Proof. Since R°(H) is free in the class of distributive bounded lattices
and the set V is the set of its free generators, there exists the unique
homomorphism §° : R° — A extending v. Let us consider the relation:

E={{a,0): b°(a) =15°(8)}.
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One easily shows that E is a congruence of the algebra of lattice terms
which contains all pairs of terms equal in K° and all pairs of the form
(ITe, L), e € £. Since ~y is the least congruence satisfying these condi-
tions, £ must contain ~y. Hence [a]y = [B]v implies h°(«) = h°(53) for
all terms «, 3. This proves that h : K(H) — A given by the condition
h([a]v) = h°(«) is well defined.

Uniqueness of § is obvious. [

3. Grabowski lattices

Let A, B be any sets, and let PFin(A, B) be the set of all finite families
of finite partial functions from A to B.

Moreover, let i : PFin(A, B) — PFin(A, B) be given by

wC) ={feC : Vyec(g f— f=9)}.
Moreover let
CxD={fUg|feC geD, f~g},
CMND=u(C«*D), CUD=u(CuD),

where f ~ g means that f U g is also a function (we say then that f and g
are compatible).

Let U = u[PFin(A, B)]. Grabowski shows in [1] that the structure
&t = (U, N, ) is a distributive lattice. In [2] it is shown that it is a Heyting
algebra. The elements () and {@} are the lower and the upper bounds of
&r, respectively.

4. The main result
In this section we will prove that Grabowski’s lattices are isomorphic
to lattices of certain hypergraphs.

Let A and B be sets, and let & = &t(A, B). Let, moreover, H =
(V,E), where V = A x B and let £ = {{(a,b1), (a,b2)} : by # ba}. We will
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prove that & = R(H) is isomorphic to &. Because for finite B the lattice
R = R(H) is locally finite, this implies that Grabowski lattices are Heyting
algebras. In fact they are Heyting algebras if and only if the set B is finite.

It seems also interesting to figure out graphs generating Grabowski
lattices. Let A and B be finite. Then the graph generating the lat-
tice &r(A, B) consists of Card(A) copies the full graph with Card(B) el-
ements. The following picture depicts that in the case of Card(A4) = 4 and

B

Let 8° = &°(H) and let ®° : PFin(A, B) — £° be defined as ®°(C) =
Y A{IIf: fe€cC}, C e PFin(A,B). Moreover, let ® = ko ®°, where « is
the same as in Lemma 2.1. We will show that:

Theorem 4.1. ®[& is an isomorphism of the lattices ® and K.
We will prove this in three steps:
(1) ®[® is a homomorphism, i.e.

B(CUD) =(C) + (D), ®(CND)=o(C) D),
$(@)=T, and ®{0O}) =1, C,Dec6.

(2) @ takes all elements of 8 as its values.

(3) If ®(C) = ®(D), then C = D.

This, of course, will complete the proof of the theorem.
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Lemma 4.2. ®°(C) = ®°(u(C))), C € PFin(A, B).

Proof. Let C € PFin(A, B). We have:

=3 {Ils: recf
=S {>{Ilr:9crrech:geno}
ZZ{Hg:geu(C)},
because [[f < [[gif g C /.
(1) We have:
$°(CLD) = 3°(u(CUD)) = $°(CUD) =
:Z{Hf:fGCUD}
=S A{IIs: rect+>AIls: ren}

= 3°(C) + 3°(D).

We have:
3°(C11D) = #°(4(C # D)) = B°(C + D)
=®°({fUg: feC,geD, frg})
_Z{Hng fec,geD,fwg}
~v Y {[IUfvg): fecgeD, f~g}
+> {IIsug): 179, recgep)
_Z{Hng fec,gep}
:Z{Hf~Hg: feC,geD}
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=3 AIlss rect 3 {llo: sep}=a0()-ao(m),

The equivalence ~y above follows from that [[(fUg) = L for f U g not

being a function.
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We have:

o°(0) =Y {[[f: feo}=30=1

and
o°(oh =Y A{I1s: retor}=>{[Io}-T.

(2) Since R* is a distributive bounded lattice, every a € RK° is either
equal to L, either to T or is of the form Y {[[f: f € C} for some C €
PFin(A, B). This means that a = ®(C)° = ®°(u(C)). Since u(C) € &, this
proves that ® is onto R.

(3) Let C,D € & and let ®(C) = ®(D). Le., let:

AL seey] = [Tl oemy]

We will prove that C C D. Let us fix fo € C and let us suppose that
g\ fo # O, for each g € D. Then, let

b
o ={g i

By Lemma 2.1, there exists a unique homomorphism b from K to the two-
element lattice Ly = {L, T} extending x o v. Then, however,

o ([{TTs: Fech] ) =0 (I1h) =T

but

y(2AITe: oeny]e) <o (ATl o ep] f) =

which yields | = T. Contradiction. Hence, for every fy € C there exists
g € D with g C fy. By the symmetry, we also prove that for every go € D
there must exist f € C satisfying f C go. Now, let f; € C. By the
above, there exists g € D with g C f1. Also, by the same argument, there
must exist fo € C with fo C g. This means that fo C g C fi. Since
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f1,fa € C € &, this imples that f; = g = fo. Hence f; € D, for every
f1 €C,ie. CCD. Analogously, we prove that D C C. |

References

[1] Grabowski A., Lattice of Substitutions, Form. Math., v.6, no.3, 1997, pp.359-361.

[2] Grabowski A., Lattice of Substitutions is a Heyting Algebra, J. of Form. Math., v.10,
1998, http://mizar.uwb.edu.pl/JFM/Vol10/heyting2.html

[3] Kolany A., Hypergraphs and the Intuitionistic Propositional Calculus, Reports on
Mathematical Logic, (27)1993, pp. 55 - 66,

[4] Meinke K., Tuckey J.V., Universal Algebra, in Handbook of Logic in Computer
Science, Clarendon Press - Oxford, 1992, edited by Abramsky S., Gabbay D.M.,
Maibaum T.S.E.,

[5] Rasiowa H., Sikorski R., Mathematics of the Metamathematics, Monografie Matem-
atyczne v. 41, PWN, Warszawa, 1963.

Institute of Mathematics, University of Silesia
Bankowa 14, 40-007 Katowice
Poland

kolany@ux2.math.us.edu.pl



