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ON THE PROBLEM OF R. E. TAX

A bstract We prove that the purely equivalential fragment of
intuitionitic logic is not axiomatizable by a finite number of axiom
schemata and the modus ponens rule for equivalence as the only rule

of inference.

The first finite axiomatization of the purely equivalential fragment of
intuitionistic logic is due to R. E. Tax [9]. The calculus of Tax was based
on a single — rather complicated — axiom schema and two structural rules
of inference, one of which was the rule of modus ponens. The question
whether it is possible to axiomatize this fragment by a finite number of
axiom schemata and the rule of modus ponens alone has been posed by
Tax himself in the above cited paper. At the first glance, the question did
not look very difficult and a promising reformulation of it was soon found by
the second author in the course of his early work on so called equivalential
algebras. To get the result, however, he had to overcome a crucial obstacle
which proved too hard for him. Thus, the question remained unanswered
until the breakthrough has been achieved by the first author who managed
to remove the obstacle and settled Tax’s problem.
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We consider the purely equivalential fragment of intuitionistic logic de-
noted by INT.,. Let a,b,c... be variables and let Greek letters o, 3, ...
stands for formulas of our propositional language. To enhance readabil-
ity we adopt the convention of associating to the left and we denote the
equivalence connective < by juxtaposition. For instance, the formula:

(((a = b) =b) = (coe) —d

can be written simply as: abb(cc)d. Let us note the following paraphrase
of the result of Tax [11]:

Theorem 1. The following axiom schemata and rules of inference ax-
iomatize the structural consequence relation of intuitionistic logic restricted
to the purely equivalential language

(A0) «

(A1) (aB)(Ba),

(A2) (aBy)((@7)(B7)).
(A3) (aB)(ayy)(ayy)(ep).

o m): 2
afp
The symbol  will now be reserved for the consequence relation de-
termined by (AO0),...,(A3), (MP) and (T). Thus, by the above theorem,
a € INT., iff F o« and it is easy to check that INT., contains all formulas
of the following list:

(MP) :

(Ad) (aByy)((ar)(Br7));
(AB) (aa)(BB),

(A6) (aBBB)(af),

(A7) BBaa,

(A8) (afp)(Baa)(ap),
(A9) (aBByy)(ayyBP).
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The algebraic counterpart of INT., is the class of so called equivalential
algebras see [8]. It can be characterized as the class of «-subreducts of
Brouwerian semilattices with < defined as (a — b) A (b — a). Equivalential
algebras constitute a variety determined by the following identities (see [8]):

(i) aab="b,
(ii) abce = (ac)(bc),

(iii) ab(acc)(acc) = ab.

We would like to use this opportunity to stress the importance of equiv-
alential algebras, which was brought to light during the recent study of so
called Fregean varieties (see [5]). An important ingredient of Fregeanity is
the following notion of congruence-orderability:

A variety K with a distinguished constant 1 is said to be congruence-
orderable if for every a,b € A € K, Og(1,a) = Oy(1,b) implies a = b.

The above condition was introduced by Biichi and Owens in [1] where
algebras obeying it were called fission-free. It forces the natural mapping
a — Og(1,a) of the underlying set of the algebra 2 into its own congru-
ence lattice to be 1-1 and thereby, it provides a natural ordering of the
underlying set of 2 by obvious stipulation: a < b iff ©g(1,a) C Og(1,d).

The following result of Idziak, Stomczyriska and Wroriski [5] shows the
importance of the equivalential structure in the context of universal algebra

Theorem 2. FEvery congruence-orderable variety with permutable con-
gruences has a binary term e(x,y) that turns its members into equivalential
algebras.

Equivalential algebras are locally finite, congruence permutable but
not congruence distributive (see [6]). The important congruence extension
property which is known to hold for Brouwerian semilattices fails to hold
for equivalential algebras. An elegant representation theory of finite equiv-
alential algebras has been developed by Stomczyriska [9, 10] who proved —
among other things — that every quasivariety of equivalential algebras is a
variety.
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Surprisingly, the pleasant image of equivalential algebras may change
radically if their discourse language is endowed with an additional constant
(see [3, 4]). For example, if A = ({1,...,6},«) is the «-reduct of the
Brouwerian semilattice of the following diagram:

then the quasivariety generated by 2 is just the variety of a 3-element chain,
which has only two subvarieties and is finitely axiomatizable. However, the
structure A, = ({1,...,6}, <>, c) where the new constant c¢ is interpreted
as 2 generates a quasivariety which is not finitely axiomatizable because it
is the intersection of an infinite descending sequence of subquasivarieties
of the quasivariety generated by a 3-element chain the middle element of
which is denoted by the constant ¢ (see [3, 4]).

The structure 2 can also be used to show that it is impossible to ax-
iomatize the consequence relation F by a set of axiom schemata and the
rule (MP) alone. Indeed, let k4 be the inference relation of the matrix
A= (2{1,2}). Then + « implies -4 « and a, a3 F 4 3, but still a ¥ 4 a3
because (2 < 5) < 5 =3¢ {1,2}.

We cannot remove the rule (T) from the considered axiomatization of
F. But we can replace it with other rules.

Theorem 3. If a set X of formulas in {<} is closed under (MP) and
contains all instances of (A0)-(A3), then X is closed under the rule (T) iff
X is closed under one of the following rules

af .
(@) (57) (EXT): ) (39)

Proof. Note that by use of (TR) (together with (MP) and (Al)) one
immediately gets the usual transitivity of equivalence:

af, By = ary.

(TR) - af, 0
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Next, we can derive (A7) using the rule (MP) and the axioms (A0)-(A2).
Indeed, we get (Ba)(Ba) by (A0). Then

(Ba)(Ba)(Bfaa)

by (A2) and (Al). Hence SfBaa by (MP)

(TR). Assume af3. Using (T), one gets a3y and hence (ay)(87v) b,
(A2) and the rule (MP).

(EXT). Assume o and 7. Using (TR) one gets (ay)(57) and (v3)(00).
Then, by (A1) and transitivity of <, one gets (ay)(39).

(T). As (TR) is an immediate consequence of (EXT) it suffices to derive
(T) using (TR) only. Let us assume a. By (Al), (A7) and (MP), one gets

BBa. Then a(BB) by (Al) and (MP). Hence aB(855) by (TR). Since 8855
by (A7), we get a3 by transitivity of . |

In the above proof it has been noted that the transitivity of equivalence

af, By

ay
immediately follows from (TR). Let as add that (TR*) is strictly weaker
than (TR). In fact, (TR*) can be even derived using (MP) and some intu-
itionistically valid schemata.

in its usual form

(TR*) :

Although the consequence relation - cannot be axiomatized by (MP)
as the only rule we do have a simple axiomatization of this kind for the set
INT_.. Namely, let us consider all schemata of the form:

(&m) A8 .. . G

where m = 0,1,... and A falls under (A0)-(A4). Let F*° and " be the
consequence relations determined by the rule (MP) and all instances of
(&) or all instances of (&,,) with m < n, respectively.

Theorem 4. For every formula «
Fa iff F* iff F* a for somen

Proof. Since F" is an increasing sequence of finitistic consequence
relations, we get F° «/ iff F™ « for some n. It is also clear that F>° « yields
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F a. Thus, there remains to prove that {a : F°° o} is closed under the rule
(T).

Suppose that F*° «a. Let aj,a9,...,q, be a formal derivation of the
formula « from the axioms (&,,) by use of the rule (MP). We prove by
induction on ¢ < 7 that F*° «; 33 for every 3.

The above holds if a; falls under (&,,) for some m. Suppose it holds for
a; and oz (occurring in the derivation of «). By induction hypothesis,
we get F° ;88 and F*° o;a;66. Then, using (MP) and (A4), we get
F°° ;33 which completes our argument. [ ]

Using a well-know result, called Tarski’s test on finite axiomatizability,
we can reduce the problem of R. E. Tax to the following:

Question: Is there a number n such that for every a
Fa iff F" a.

Below, we settle this question in negative. But to do so we need certain
auxiliary concepts and results.

The concept of a subformula is standard. If the variable a occurs in a
formula ¥ exactly once, we write ¥[a|. Suppose that a does not occur in
a formula ®. One easily shows that a formula ¢ is a subformula of & iff
® = Y[¢] for some ¥[a]. Clearly, different formulas ¥[a], with & = ¥[¢],
coincide with different occurrences of the formula ¢ in ®. For any ¢ and
any V(a], let S4(V) be a finite set of formulas defined as follows

(i) Ssla)={s};
(i) Sp(UE)=S4(2W¥) = S4(¥) U {Z}.

One can say that S,(¥) is a minimal set containing ¢ and subformulas of
U[a] which do not contain the variable a such that the formula ¥[¢] can be
built up from its elements. Clearly,

Lemma 5. For every formula ¢ and every ¥[a]:

p € Sy(¥) and Sy(¥)F ¥[g)
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Suppose that X ~ Y means that the two sets of formulas are equivalent
in intuitionistic logic, i. e. they have the same consequences with respect
to the relation . Let Rank(¢, ¥[a]) be the minimal number k such that

Se(¥) = {a1,...,ar} for some ai,...,a;

Informally, the rank says how deep the considered occurrence of the formula
¢ takes place in U[¢]. If Rank(¢, ¥[a]) = k and ® = ¥[¢], then ¢ is said to

have a k-occurrence in ®.

It is known that any variable has an even number (zero is allowed)
of occurrences in any {« }-tautology. The following lemma extends this
property to complex k-subformulas of some intuitionistically valid formulas.

Lemma 6. If " ® and k > n + 5, then the number of k-occurrences
of any formula ¢ in ® is even.

Proof. Our argument is inductive with respect to the length of a formal
derivation of ®. We may assume that the variable a does not occur in this
derivation. First, suppose that ® is a formula of the form

(A0) ac 0101 0 Om for some m < n.

Ifqb =oaQ - (51', then \I/[CL] is either a5i5i+1 s 5m6m or a(SZ'Jrl(SZ'Jrl s 5m6m
for some 7 and hence

S (V) S{&,0is.. ., 0m}

It means that Rank(¢, V) <n+1 < k. We conclude that any k-occurrence
of the formula ¢ in ® takes place either in « or in some ;.

Suppose that o = ¥[¢| for some ¥[a]. Since o appears in ¢ twice, we
get two corresponding occurrences of ¢ in ®. Moreover,

Sy(Wady -+ ) = Sp(@WUy -+ Gm) = {0, 81, ... .0} U Sy()

Hence the rank of the corresponding two occurrences of ¢ in ® is the same.
Suppose that §; = ¥[¢] for some ¥[a]. Since ¢; appears in ¢ twice, we
get two corresponding occurrences of ¢ in ®. Moreover,

S¢(O¢O¢- W) = S¢(\I/) U{aa: - 0;-10i—1,0;,...,0m}

S¢(O&O&' RN YA\ ) = S¢(\I/) @] {aa- . -61-,15@-,6”1, ce ,5m}
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As Sy(V) F 6; by Lemma 5, the two sets are equivalent (with respect to ~)

which means that the rank of the corresponding two occurrences of ¢ in ¢

is the same. Thus, the number of all k-occurrences of ¢ in (A0) is even.
Let us assume that ® is of the form

(A1) af(Ba)d101 - 6mdm for some m <mn
Similarly as above we can easily get rid of the cases where ¢ is:

af Ba af(fa)--- ;-

In each of them the set Sy(---) contains at most m + 2 elements and hence
the rank of the corresponding occurrence of ¢ does not exceed k.Hence all
k-occurrences of ¢ in (A1) must take place in «, or (3, or ¢; for some i.

Suppose that o = U[¢] for some ¥[a]|. Since « appears in ® twice, we
get two corresponding occurrences of ¢ in . Moreover,

Se(¥B(Ba)---6;-+) = 94(V)U{B, Ba,d1,...,0m}

Se(aB(BY)---bi---) = Ss(V) U{B,af,01,...,0m}

Denote the above sets by 171 and T, respectively. Clearly, T7 ~ T5 and
hence the rank of the corresponding two occurrences of ¢ in ® is the same.

Suppose that § = U[¢| for some ¥[a|. Since [ appears in ® twice, we
get two corresponding occurrences of ¢ in . Moreover,

S¢(a\11(ﬁa) cee e ) = S¢(\I/) @] {Oé, Ba, 1 ... ,(5m}

Se(af(Par)---8;---) = Sg(¥) U{a,af,01...6m}

Similarly as above we get T ~ T, (where T} and T denote the above sets)
and hence the rank of the two occurrences of ¢ in ® is the same.

Suppose that §; = U[¢] for some ¥[a]. Since d; appears in ¢ twice, we
get two corresponding occurrences of ¢ in ®. Moreover,

T =S¢(Oé\11(51) :S¢(\I/)U{a---éi_léi_l,éi,...,ém}

15 :S(b(()ééz\lf) :S¢(\I/)U{a---éi,léi,éiﬂ,...,ém}

But Sg(¥) = §; by Lemma 5. Hence Ty =~ T5. It means that the rank of
the corresponding two occurrences of ¢ in ® is the same. We conclude that
the number of all k-occurrences of ¢ in (A1) is even.
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Let us assume that ® is of the form
(A2) afyy((ay)(87))0101 -+ OmOm for some m < n

If ¢ is one of the following formulas:

aB aBy afyy ay By ay(By) aByy((ay)(By) i

then Sy(---) contains at most m + 3 elements and hence the rank of the
corresponding occurrence of ¢ does not exceed k. Thus, all k-occurrences
of ¢ in (A2) must take place in a, or 3, or +, or ¢; for some i.

Suppose that a = U[¢] for some ¥[a]. Since a appears in @ twice, we
get two corresponding occurrences of ¢ in ®. Moreover,

Se(YByy((@y)(B7)) -+ i+ ) = Sp(¥) U{B, v, av(B7),61,- - - O }

Sp(aByy((¥Y)(B7)) -+ 6i--) = Se(¥) U{v, By, aByy, 615 .-, O }

Clearly, T7 =~ T, and hence the rank of the two occurrences of ¢ is the
same.

Suppose that 8 = U[¢| for some ¥[a]. Since § appears in ¢ twice, we
get two corresponding occurrences of ¢ in ®. Moreover,

Se(a@¥yy((ay)(B7)) -+ 6i -+ ) = S(¥) U{a,v,07(87), 61, .., 0m}

So(aByy((@n)(¥y))---di---) = S(W) U{y, @y, @By, 01, -, Om }

Clearly, 77 =~ T5 and hence the rank of the two occurrences of ¢ is the
same.

Suppose that v = ¥[¢] for some ¥[a]. Since v appears in ® four times,
we get four corresponding occurrences of ¢ in ®. Moreover,

Sp(aBUy((ay)(B7)) - i) = Sp(¥) U{aB, v, ay(87),01, ..., 6m}

Sp(aByY((ay)(B7)) -+ bi--+) = Sp(¥) U {aBy, ay(B7), 01, .-, 6m}
Sp(afyy((@®)(B7)) -+ 6i- -+ ) = Sp(¥) U{a, By, afy7,61,. .., 0m}
Se(aByy((ay)(BY) -+ 6 -+ ) = Ss(¥) U{B, ay,aBv7,61,. .., 0}

Let us denote the above sets by T1,T5, T3, Ty respectively. As S4(¥) - v by
Lemma 5, we get 17 ~ T» and T3 ~ Tj. Hence all considered occurrences
of ¢ in (A2) can be divided into pairs having the same rank.
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Suppose that §; = ¥[¢] for some ¥[a]. Since d; appears in ¢ twice, we
get two corresponding occurrences of ¢ in . Moreover,

T =S¢(Oé\I/(SZ) :S¢(\I/)U{a---éi_léi_l,éi,...,ém}

15 =S¢(Oé5l\11) :S¢(\I/)U{a---éi_léi,6i+1,...,5m}

But Sg(¥) F 6; by Lemma 5 and hence T7 =~ T5. It means that the rank
of the corresponding two occurrences of ¢ in ® is the same. We conclude
that the number of all k-occurrences of ¢ in (A2) is even.

Let us assume that ® is of the form

(A3) afB(ayy)(ayy)(aB)d101 - - - Omdm, for some m < n.
If ¢ is one of the following formulas:

af ay ayy aflayy) aBlayy)(ayy)(aB)--- 6

then Sy(---) contains at most m + 5 elements and hence the rank of the
occurrence of ¢ does not exceed k. All k-occurrences of ¢ in (A3) (if any)
must take place in «, or 3, or ~, or §; for some i.

Suppose that o = ¥[¢] for some ¥[a]. Since v appears in ® four times,
we get four corresponding occurrences of ¢ in ®. Moreover,

Sp(UB(ayy)(ayy)(aB) ) = Sp(¥) U{B, aryy, af, 61, .. O }

Sp(aB(Tyy)(ayy)(apf) -+ ) = Sp(V) U {y,aB, ay7,61,. .., 0m}
Sp(aB(ayy)(¥yy)(apf) -+ ) = Sp(¥) U{y, aB(ayy), aB, 61, ..., 0m}

Sp(aBlayy)(ayy)(¥B) ) = Sp(¥) U{aB(ayy)ayy, 8,61, .. om}

Let Ty — Ty denote the above sets. Clearly, 7o ~ T3. Since Sy(¥) F «
by Lemma 5 and « - a7y, we also get 17 =~ Ty. Thus, the considered
occurrences of ¢ in (A3) can be divided into pairs having the same rank.

Suppose that § = U[¢| for some ¥[a]. Since [ appears in ® twice, we
get two corresponding occurrences of ¢ in ®. Moreover,

Sp(a¥(ayy)(ayy)(aB) ) = Sp(¥) U{a,ayy,aB,61,...,0m}
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Se(aB(ayy)(ayy)(@¥) -+ ) = Su(¥) U {a, aB(ayy)(ayy), 61, - - Om}

Clearly, T7 =~ T, and hence the rank of the two occurrences of ¢ is the
same.

Suppose that v = ¥[¢] for some ¥[a]. Since v appears in ® four times,
we get four corresponding occurrences of ¢ in ®. Moreover,

Se(ab(a¥y)(ayy)(ab)---) = Se(¥) U{a,y,ab, a7, 01, ., 0m}

Sp(aB(ay¥)(ayy)(aB) -+ ) = Sg(¥) U{ay, af, ayy,01,. .., 0m}
Sp(aB(ayy)(@®y)(aB) ) = Ss(¥) U{a, v, aB, af(ayy),61,. .., 0m}
Sp(aplayy)(ay¥)(apf) -+ ) = Sp(¥) U{aB, ay, aB(ayy),61,. .., 0m}

But S4(¥) F v by Lemma 5 and hence the above sets are equivalent. It
means that the rank of all considered occurrences of ¢ in (A2) is the same.

Suppose that §; = ¥[¢] for some ¥[a]. Since §; appears in ¢ twice, we
get two corresponding occurrences of ¢ in ®. Moreover,

T :S(b(a\IJ(SZ) :S¢(\I’)U{()é-"(sl',léi,l,(;i,...,(Sm}

T5 =S¢(Oé5l\11) :S¢(\I/)U{a---éi_léi,éiﬂ,...,ém}

As S4(¥) F 6; by Lemma 5 we get T7 ~ T5 and hence the rank of the
corresponding two occurrences of ¢ in ® is the same. We conclude that the
number of all k-occurrences of ¢ in (A3) is even.

Let us assume that @ is of the form

(A4) afByy(ayy(Byy))0101 -+ dmdm for some m < n.

If ¢ is one of the following formulas:

a , afy , aByy , ay , By , ayy , Byv ,

ayy(Byy) ,  aByy(ayy(Byy)) - b

then Sy(---) contains at most m + 4 elements and hence the rank of the
corresponding occurrence of ¢ does not exceed k. All k-occurrences of ¢ in
(A4) must take place in «, or (3, or v, or ¢; for some 1.
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Suppose that a = U[¢] for some ¥[a]. Since « appears in ¢ twice, we
get two corresponding occurrences of ¢ in ®. Moreover,

Sp(UByy(ayy(Byy)) ) = Sp(V) U{B, v, avy(ByY), 61, -, 6m}

Sp(aByy(Tyy(Byy)) -+ ) = Sp(¥) U {7, By, aByy, 015 - -+, 0m}

Clearly, the both sets are equivalent in intuitionistic logic and hence the
rank of the two occurrences of ¢ in ® is the same.

Suppose that 3 = ¥[¢] for some ¥[a]. Since [ appears in ¢ twice, we
get two corresponding occurrences of ¢ in ®. Moreover,

= Sp(@¥yy(ayy(Byy)) -+ ) = Sp(¥) U{e, v, av¥(B77), 61, - - -, O }

= Sp(aByy(ayy(¥yy)) -+ ) = Sg(¥) U {7, ayy, afByy, 01, - -, 6m}

Clearly, the above sets are equivalent in intuitionistic logic and hence the
rank of the corresponding two occurrences of ¢ in ® is the same.

Suppose that v = U[¢] for some ¥[a]. Since v appears in ¢ six times,
we get six corresponding occurrences of ¢ in ®. Moreover,

Sp(aBUy(ayy(By7)) -+ ) = Se(¥) U{apB, v, ayy(BYY), 015+ -+, Om }

Se(afy¥(ayy(By7)) -+ ) = Se(¥) U{aBy, ayy(B77), 01, 0m}
So(aByy(@®y(877)) -+ ) = Sp(¥) U{a, 7, Byy, By, 015 - - Om }
Ss(aByy(ay¥(Byy)) -+ ) = Sp(¥) U{ay, By, aByy, 01, Om}
So(aByy(ayy(B¥Y)) -+ ) = Sp(¥) U{B, v, avy, By, 01, - - 0m}

Sp(afyy(ayy(ByP)) -+ ) = Se(¥) U {Bv, avy,aByv, 61, -, 0m }

Denote the above sets by T} — T, respectively. Since Sg(¥) -+ by Lemma
5, we get T1 ~ T and T3 ~ Ty ~ T5 ~ Tg. It means that the considered
occurrences of ¢ can be divided into pairs having the same rank.

Suppose that §; = ¥[¢] for some ¥[a]. Since d; appears in ¢ twice, we
get two corresponding occurrences of ¢ in . Moreover,

T1=S¢(Oé---\11(5i---) S¢ )U{Oé 0;—10;_ 1,(51,...,(5m}

T2:S¢(Oé51\11)25¢( )U{a O 161’51+1a---55m}
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As Sy(¥) F 6; by Lemma 5, we get 77 ~ T and hence the rank of the
corresponding two occurrences of ¢ in ® is the same.

We conclude that the number of k-occurrences (for k > n + 5) of any
formula ¢ in any axiom of " is even. There remains to consider the case:

(MP) ™ @1 and F" ®;®5, and the number of all k-occurrences of the
formula ¢ in @1 is even, and the number of all £ occurrences of ¢ in 1P,
is even.

Since k > 5, we exclude the possibility that ¢ is one of the ®;’s or ¢ is
®,P,y. Next, each occurrence of ¢ in ®; corresponds to an occurrence of ¢
in ®;P,. For instance, if &1 = U[¢p] for some ¥[a|, then &1Py = U[p]|Ps.
Since - ®;, the rank of any occurrence of ¢ in ®; is the same as the rank
of the corresponding occurrence of ¢ in ®1P,, e. g.

Sp(UP2) = 5p(V) U {2} = S4(V).

The number of all k-occurrences of the formula ¢ in ®, is even as the
difference of two even numbers is even. |

Let ®, = agagaiaq - --agap for any k > 0. Clearly, there is only one
occurrence of agag in @, and we can easily calculate its rank:

Lemma 7. Rank(apag,aaia;---agag) =k for any k > 0.

Proof. We have Sy, q,(aa1a; - - agar) =~ {a1,...,ar}. Thus, it suffices
to show that {aj,...,ar} =~ {aq,...,ay} does not hold for any a1, ..., an,
with m < k. Indeed, if it were so then we would have:

iy, 0mbFea;,  for i=1,...k

where . is the consequence relation determined by the classical logic. We
can assume, of course, that no other variable than aq,...,a; occurs in
the formulas ajq,...,a,. Next, it would follow that the free k-generated
Boolean group has an m-element generating set of equivalence classes of
formulas a1, ..., a,. This, however, is impossible because we know from
Joénsson and Tarski 7] (see also [2] THEOREM 0.4.54 on p. 141) that a free
k-generated algebra of any variety with a non-trivial finite member cannot
be generated by fewer than k elements. |
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On the basis of Lemma 6 and Lemma 7 we conclude " &, does not
have place if K > n + 5. Since @, are intuitionistically valid, we get

Theorem 8. [t is not possible to ariomatize INT._, by a finite set of
azxiom schemes and the rule (MP) alone.

Our proof of Lemma 6 simply extends to cover the case where (TR*) is
one of the rules of F".

The authors would like to express their gratitude to the anonymous
referees for their valuable suggestions.
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