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Abstract. A variety generated by a class K of BCK-algebras
consists of BCK-algebras if and only if it satisfies a certain kind of
identity, first discovered by Komori. A similar phenomenon is shown
to hold more generally in a certain class of quasivarieties of logic that
includes not only the class of BCK-algebras but also such classes as
the quasivariety of biresiduation algebras and quasivarieties of algebras
with an equivalence operation. We describe a set of identities (which
we call Komori identities), and show that the variety generated by a
class K of algebras in one of the quasivarieties considered is contained in
the quasivariety if and only if it satisfies a Komori identity. We use the
result to establish (i) that the subvarieties of any of the quasivarieties
studied are congruence 3-permutable and (ii) that the varietal join of
two subvarieties of any of the quasivarieties studied is contained in the
quasivariety.
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1. Introduction

The “equivalent algebraic semantics” of an algebraizable deductive sys-
tem (in the sense of [2]) can always be assumed to be a quasivariety. If
the quasivariety is a variety, the deductive system is said to be strongly
algebraizable. Most familiar algebraizable deductive systems, such as the
classical propositional calculus, the intuitionistic propositional calculus,
the standard modal logics and many-valued logics, are strongly algebraiz-
able: their equivalent algebraic semantics are the varieties of Boolean al-
gebras, Heyting algebras, various varieties of modal algebras and varieties
of Lukasiewicz algebras respectively. We refer to the equivalent algebraic
semantics of algebraizable deductive systems as “(quasi)varieties of logic”.
The most familiar example of a quasivariety of logic that fails to be a vari-
ety is the class of BCK-algebras. It is the equivalent algebraic semantics of
the implicational system of BCK-logic, first formulated by Meredith (see
[14]); this logic is therefore algebraizable but not strongly algebraizable.
Since the class does not form a variety the question arises whether the va-
rieties of BCK-algebras can be characterized. In [8] a precise and relatively
simple syntactic description is given of a set of identities that serve this
purpose: a class of BCK-algebras is a variety of BCK-algebras if and only
if it satisfies one of the identities in the set; the discovery of the set of iden-
tities, and a crucial lemma pertaining to them are attributed to Komori.
In [3] a proof is given of a slightly stronger result. Using the methods of
this last paper, [12] obtained syntactic characterizations of the subvarieties
of a large quasivariety of logic consisting of algebras with an “equivalence
connective”.

In the present paper these results are generalized to a much larger
class of quasivarieties of logic. In order to guarantee that a quasivariety
of algebras is the equivalent algebraic semantics of some (algebraizable)
deductive system it suffices to assume that the quasivariety is relatively
point-regular, or, equivalently, that there is a finite set of binary terms
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Ai(z,y), i € I and a (definable) constant 0, such that the following are
satisfied:

(1) Vo (Ai(z,z) =~ 0),

and

(2) Vx,y(/\Ai(x,y) 0= z~rvy).
el

Although these conditions are not necessary to ensure a quasivariety
is a quasivariety of logic, they are satisfied in most familiar cases. In all
examples mentioned above except BCK-algebras, the formulas Ag(z,y) =
x — vy, Ai(z,y) = y — =, and the constant 1 serve the purpose; while
in the example of BCK-algebras one uses the formulas Ag(z,y) = x = y,
Aq(z,y) = y = x, and the constant 0. We will consider quasivarieties
of algebras the fundamental operations of which consist of a finite collec-
tion of binary operations 4A;, ¢ € I and a nullary operation 0, that satisfy
the identitiy (1) and quasi-identity (2) displayed above; such quasivarieties
have then enough structure to ensure they are quasivarieties of logic. Fur-
thermore we assume the free algebra on one generator in the quasivariety
possesses only two elements. Note that this assumption is satisfied in the
class of BCK-algebras and also in the class of equivalential algebras studied
in [12]. Another interesting class in which these assumptions are satisfied is
the quasivariety of biresiduation algebras, i.e., the residuation subreducts
of the quasivariety of all left and right residuated integral partially ordered
monoids (see section 6.1.1).

Let Q be a quasivariety as described in the previous paragraph, and
V the variety defined by the identities Vax(A;(x,z) ~ 0) and the identities
of the form A;(z,0) ~ 0, Ai(z,0) = x, Aj(0,z) ~ 0, and A;(0,2) = =
that hold in Q. The quasivariety Q is defined, relative to V, by the quasi-
identity (2). In Section 2 we show that Q is a splitting quasivariety in V
with respect to a certain three-element algebra. This allows us to prove that
a subvariety of V is O-regular (and hence congruence modular) if and only
if it is contained in Q (Corollary 3.5). The next section contains the main
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result of the paper, viz. a syntactic characterization of the subvarieties
of Q. We introduce a set of identities with the following property: given
a class K of algebras in Q, the variety generated by K is contained in Q
if and only if K satisfies one of the identities in the set. We call these
identities Komori identities for Q relative to V. In Section 4 we use the
result to establish two facts concerning subvarieties of Q. It is easy to
find examples that show that a subvariety of Q need not be congruence-
permutable. It turns out, however, that any subvariety of Q is congruence
3-permutable (Theorem 5.2). This generalizes a similar result on varieties
of BCK-algebras obtained in [8]. The second application concerns the
question whether the varietal join of two subvarieties of QQ is contained
in Q. Theorem 5.3 answers the question affirmatively, generalizing the
analogous result for varieties of BCK-algebras obtained in [3]. In the last
section we show what form the results of the paper take in the quasivariety
of biresiduation algebras, and we show how the results specialize to familiar
ones in the quasivariety of BCK-algebras and the algebras studied in [12].

2. Preliminaries

We denote algebras by boldface capitals A, B, C,... and their respec-
tive underlying sets by A, B,C,.... We indicate the set of non-negative
integers by w.

Let K be a class of algebras of a fixed similarity type and A € K. We
will make standard use of the operators |, S, H, and P, denoting respectively
the operations of forming isomorphic copies, subalgebras, homomorphic
images, and direct products of the algebras in K. V(K) and Q(K) will
denote the variety and quasivariety generated by the class K.

Let K be a quasivariety and let A € K. A congruence relation 6 of
A is a K-congruence (or a relative congruence, if the class K is clear from
the context) if A/# € K. The principal relative congruence of A generated
by a set X C A? is the smallest relative congruence of A containing X
and will be denoted by 62 (X). If X = {(a,b)} we will abbreviate 62 (X)
by 9]1‘2(&, b). The set of all K-congruences of an algebra A € K, ordered
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by inclusion, forms an algebraic lattice denoted by Congk(A). We say

that A is relatively congruence modular (resp. distributive) if the lattice

Cong(A) is modular (resp. distributive). A is (relatively) congruence n-
n

e e
permutable if for any (relative) congruences 6y,60; on A, fpob;06y--- =
n

0106000601 ---. A (relatively) congruence 2-permutable algebra is called
(relatively) congruence permutable. The class K is congruence n-permutable
if all algebras in K are. Similarly, we say that K is congruence permutable
if all algebras in K are.

We say that A is relatively 0-reqular if 0 € A and for all relative
congruences 6,6’ of A, § = 6 iff 04 /0 = 04 /¢’. The quasivariety K is said
to be relatively 0-regular if all algebras in K are. Any O-regular variety is
congruence modular (see [6]). This property, however, does not hold for
quasivarieties. For an example, see [4].

A tolerance on A is a reflexive, symmetric binary relation 7 on A which
is also compatible with the fundamental operations of A, i.e. it is also a
subuniverse of A x A. A congruence is thus a tolerance relation that is
transitive. We use 72(X) to denote the tolerance of A generated by the
set X C A?, that is, the smallest tolerance of A containing X. The set
of all tolerances on an algebra A forms an algebraic lattice, which will be
denoted by Tol(A). For 7, C Ax A, we denote the relational product 7on
by 70, and we define 7" recursively by: 70 := Ax = {(a,a) : a € A}, and
7t = 71 (n € w). Notice that for any tolerance relation 7 of an algebra
A, the congruence generated by 7 is nothing but the transitive closure of
7. If it exists, the least positive n € w such that 7" is a congruence for
every 7 € Tol(A), is called the tolerance number of A, and is denoted by

tn(A). If tn(A) < n, then A is congruence (n + 1)-permutable [15].

3. Basic properties

Let £ be the language {A; : i € I}U{0}, where [ is finite, A; is a binary
operation symbol for each ¢ € I, and 0 is a constant symbol. We will center
our attention on varieties over the language £ for which the free algebra
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on one generator has exactly two elements, and on their subquasivarieties
defined by the quasi-identity

(3) NAi(z,y) 2 0=z ~y.
el

Given any such variety W, we see that for each ¢ € I, the variety W must
satisfy exactly one of the following identities:

Ai(z,0) =~ .

Similarly, W must satisfy exactly one of the following identities for each
1€ I

Ai(0,z) =0

Ai(0,x) =~ .

These conditions allow us to distinguish, for each such variety W, the
following two subsets J and K of I:

J={iel: Wk Aiz,0) =z}, K={iel: Wk A0,z)~ z}.

Notice that if J = K = () then the quasivariety Q consists of the trivial
algebra ({0}, (A;)ier,0). For if A is any algebra in Q and a € A, then
A2(a,0) =0 (i € I) implies a = 0, by (3). Similarly, A2(0,a) =0 (i € I)
implies 0 = a. Since we are only interested in the case in which the
subquasivariety Q of W is nontrivial, we will from now on assume that
J and K are fixed subsets of the set I with JU K # Q.

Let V; g be the variety over the language £ defined by the following

conditions:
Aij(z,x) =0 foralliel,
Aij(z,0)~x ifielJ,

(4) A;(xz,0) ~ 0 otherwise,
A0, 2)~zx ifieK,
A;(0,2) =~ 0 otherwise.



KOMORI IDENTITIES IN ALGEBRAIC LOGIC 85

In particular, the free algebra on one generator in the variety Vi has
only two elements, that is:

() By, (@) = 2, Le. Fy, () ={0,z}.

Since J and K are fixed, we will from now on omit the subscripts and
denote V; i by V.

Let Q be the subquasivariety of V defined, relative to V, by the quasi-
identity:

(6) NAiz,y) 0=z ~y.
el

Quasi-identity (6) guarantees that the quasivariety Q is a relatively
0-regular quasivariety:

Proposition 3.1. Let A be an algebra in Q.

(i) For any 6 € Cong(A) and a,b € A, (a,b) € 0 iff A®(a,b) € 0/0 for all
el

(ii) For any two relative congruences 6 and 6’ of A, 0/6 = 0/6" implies
0 = ¢, ie., the quasivariety Q is relatively O-regular. Hence, any
subvariety W of Q is 0-regular.

Proof. If A € Q, 6 € Cong(A), and a,b € A, then we have:

(a,0) € 0 = (Vi € DAAa,b) £ A% (a,a) = 0 = (Vi € [)AA(a,b) € 0/6.

i
Conversely,

(Vi€ AR (a,b) €0/0 = (Vi e NAMa,b) 20 Yoy,

so for all a,b € A we have (a,b) € 6 iff A®(a,b) € 0/ for all i € I.

Thus for any two relative congruences  and 6’ of A, if 0/6 = 0/6’ then
0 = ¢, so the quasivariety Q is relatively 0-regular and any subvariety of
Q is a O-regular variety.
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Two algebras in V will play an important role in the remainder of this
paper. The first one is the algebra Ba given by

B2 = <{0’ a, b}a <A?2>i€b 0>a

with, for ¢ € I,

AP?(z,0) =z ific J,
AP?(0,z) =z ific K,
AP?(z,y) = 0 otherwise.

The second one is the subalgebra of By with universe {0, a}, denoted
by Bi. Notice that By is also the homomorphic image of By under the
homomorphism ¢ : Bs — By given by £(0) = 0, £(a) = (b) = a.

Observe that the algebra B belongs to Q. In fact, every non-trivial
algebra A in V has a subalgebra isomorphic to By. For if a € A, a # 0,
then the set {0,a} is closed under the operations A® for all i € I and
therefore a subuniverse of A. Hence Sg?(a) = B;. We will see in the
proof of the following lemma that the algebra B; has a reduct that is
term equivalent to either the biconditional or the implicative reduct of the
two-element Boolean algebra.

As a consequence of the observation above, we obtain:

Lemma 3.2. The variety V(B1) is the smallest nontrivial variety con-
tained in V. In addition, V(B1) C Q.

Proof. Our previous argument shows that V(Bj) is the smallest
nontrivial variety contained in V. We will now show that any algebra
A € V(B;) satisfies quasi-identity (6). Since JUK # O, we can find iy € I
such that A2 (z,0) ~ 2 or A2(0,z) ~ z. To simplify the notation, we will
denote Ag%(a:, y) by xy. We have three possible cases:

(i) 0~ 0z ~ z, that is, By has a reduct isomorphic to the two-element
Boolean group;

(ii) z0 ~ x and 0z = 0, i.e., By has a reduct isomorphic to the two-element
BCK-algebra;
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(iii) z0 ~ 0 and Oz ~ x, that is, By has a reduct term equivalent to the
two-element BCK-algebra.

Recall that the two-element BCK-algebra is term equivalent to the
(—, 1)-reduct of the two-element Boolean algebra.

In case (i), By (and therefore also V(Bj)) satisfies z(zy) ~ y, from
which quasi-identity (6) follows. For if A?l(a, b) =0 for all ¢ € I, then in
particular ab = 0 and hence a = a0 = a(ab) = b.

In case (ii), V(B) satisfies z(zy) ~ y(yz), which also implies quasi-
identity (6).

Similarly, in case (iii) V(B1) satisfies (yx)z ~ (xy)y, from which (6)
follows.

Observe that the algebra Bs does not satisfy the quasi-identity

NAi(z,y) 0= z~y,

i€l
and hence By does not belong to Q. Moreover, we have the following
lemma:

Lemma 3.3. For any algebra A € V, A € Q if and only if A does
not contain a subalgebra isomorphic to Bs.

Proof. Clearly, as Ba ¢ Q, if Ba € S(A), then A ¢ Q. Conversely,
if A € V\Q, then A does not satisfy quasi-identity (6). That is, there
are elements a,b € A such that a # b and A®(a,b) = 0 for all s € I. The
subalgebra Sg* (a,b) is then isomorphic to Bs.

As a consequence of Lemma 3.3, it follows that the algebra Bs is
the splitting algebra in V associated with Q. More explicitly, the pair
(Q(B2), Q) splits the lattice LI(V) of all quasivarieties contained in V in the
following way: for every quasivariety K C V, either K C Q or Q(B2) C K
(and not both).

Notice that the algebra Bg is not O-regular. Indeed, for the non-trivial
principal congruence 682 (a,b) we have: 0/082(a,b) = {0}. We will show
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below that any variety W C V which contains the algebra Bg fails to have
many of the properties that one might hope for in a class of algebras. In
particular, such a variety is not 0-regular, nor congruence modular, nor
n-permutable for any n > 2. Since By is a splitting algebra, it follows that
any variety not contained in Q fails to be O-regular, congruence modular
and congruence n-permutable for any n > 2.

Proposition 3.4.
(i) The variety V(Bz2) does not satisfy any non-trivial congruence identity.

(ii) V(Bz2) is not congruence n-permutable for any integer n > 2.

Proof. For each n € w, let B, = ({0,a1,...,a,}; (A?“>i61,0>, with
Bn| = n + 1, AP(a;,0) = q; for i € J, AP*(0,a;) = a; for i € K
(1<j<n), A?“(az,y) = 0 otherwise. In particular, in By we have a1 = a
and in Bz we have a1 = a, ag = b. It is easy to see that Bj € S(Bx)
whenever j < k.

The subalgebra of (B2)" with universe {(0,...,0)} U {(c1,...,¢n)
¢; # 0 for i =1,2,...,n} isisomorphic to Ban. Since B; € S(Bk) whenever
Jj <k, it follows that B, € IS(Ban) C ISP(B3) for all n € w.

Note that H(By) = {Bm : m < n}. In fact, the congruences of B,
(other than the universal congruence) are in one to one correspondence
with the partitions of the set {aj,as,...,a,}. More precisely, any equiv-
alence relation ~ on the set B, for which 0/ ~= {0} is a congruence of
B.. Moreover, this correspondence preserves the lattice operations and
the relational product operation (since the meet, join, and relational prod-
uct of congruence relations coincide with the respective operations on the
underlying equivalence relations). It is well known (see [16]) that for any
non-trivial lattice identity there is a lattice of partitions on some finite set
in which the identity does not hold. Therefore no nontrivial lattice identity
is satisfied by all the congruence lattices Con(By),1 <n < w.

Corollary 3.5. Let W be a variety, W C V. Then
(i) W is O-regular if and only if W C Q.
(ii)) W is congruence modular if and only if W C Q.
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Proof. We have already observed that Q is a relatively O-regular
quasivariety. Any variety W C Q will then be 0-regular and therefore also
congruence modular [6]. Let W C V be a variety, W ¢ Q. Then, by
Lemma 3.3 B2 € W and V(B2) € W. As V(Bg) is neither 0-regular nor
congruence modular, neither is W.

a b

0
Figure 1. An algebra A € Q with V(A) € Q.

The argument used in the proof of Lemma 3.2 is a simple instance
of the main result of the following section, where we will characterize, by
means of identities, those classes of algebras K C Q which generate vari-
eties contained in Q. Given an algebra A € QQ, V(A) need not be contained
in Q, even if A is finite. Consider the algebra A = ({0,a,b,c}; (A%).cr,0),
depicted in Figure 1, where A®(a,b) = AA(b,a) = c for all i € I,
AL (a,0) = Al(a,c) = a for all i € J, AA(b,0) = AL(b,c) = b for all
i€J, AR0,a) = Al(c,a) = a for all i € K, AX(0,b) = A®(c,b) = b for
all i € K, AA(x,y) = 0 otherwise. The algebra A satisfies identities (4),
(5), and quasi-identity (6). However, A/64(0,c¢) = By ¢ Q. Observe
that Figure 1 does not intend to suggest any partial order relation on the
algebra A.

4. A characterization of the subvarieties of Q

Each subquasivariety of Q can be thought of as the equivalent quasi-
variety semantics for some deductive system over the language £ = {A; :
i€ I} U{T}. In particular, those corresponding to strongly algebraizable
deductive systems will be subvarieties of Q. Our goal in the remainder of
this section will be to characterize those identities that, added to those of
V, define subvarieties of Q, i.e. imply quasi-identity (6).
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We will begin by proving two results which give some insight in the
behavior of the term algebra T(x,y) in the variety V.

Lemma 4.1. Let v € T(z,y) such that =y u(x,z) ~ 0. Then
uB2(a,b) = 0.

Proof. Let ¢ be the homomorphism ¢ : B — By given by ¢(a) =
e(b) = a. It is easy to see that £ is an onto homomorphism satisfying
e~ 1({0}) = {0}. We then have: e(uP2(a,b)) = uBi(a,a) = 0, which
implies uB2(a, b) = 0.

Lemma 4.2. Let t € T(z,y) such that =y t(z,z) ~ x. Then there
exist n € w and terms s(xg,x1,...,%,) € T(xo,21,...,2), ui(z,y) €
T(xz,y) 1<i<mn,andz € {z,y}, such that

Evui(r,z)~0 1<i<n,

Ev s(x,0,0,...,0) = z, and

Ev t(z,y) = s(z,ui(x,y),ua(z,y), ..., upn(z,9)).

Proof. By induction on the complexity of ¢.

e Clearly t #0, as =y t(z,z) =~ x

e Suppose t € {z,y}. Then we can choose n = 0, s(zg) = zo, and
z =t(z,y).

e Now assume ¢ is complex, say t = A, (t1,t2).

Since =y Ay (t1(z, x),t1(z, z)) ~ 0 and by assumption =y t(z,z) ~ x
and hence £y t(z, z) = 0, we conclude fey t(z, x) = to(z, ). We need to
consider the following two cases, since |Fy(x)| = 2:

(a) v ti(z,z) = 0 and |y to(x, z) =~ .
(b) Ev ti(z,x) =z and vy ta(z,x) =~ 0.

In case (a), since =y to(x,x) ~ z, by inductive hypothesis we can find
terms uy, ug,...,u, € T(x,y), so(xo,21,...,2,), 2 € {x,y}, such that
Ev ui(z,z) 20 (1 <i<n), Fv s2(x,0,0,...,0) = z, and =y ta(x,y) ~
so(z,ur1(z,y), ..y un(x,y)).

We can define a new term s by

S(T0, X1y -y Ty Tng1) = Dy (Tnt1, S2(T0, - -+, Tn))s
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the terms v;(z,y) for 1 < i < n by vi(z,y) = ui(z,y), and v,1(z,y) =

tl(xay)‘
Then
):VS(Z7 U1 (.Z', y)7 .. ,vn(x, y)7 Un+1(x7 y))
~ Aio(tl(fﬁ,y), 82(2,U1($,y), v aun('xay)))
~ Ay (ti(z,y), ta(z,y)) = t(z,y),
as desired.

The argument for case (b) is completely analogous.

We can now characterize the classes K C Q that satisfy V(K) C Q.

Theorem 4.3. Let K be a class of algebras, K C' V. Then V(K) C Q
if and only if K satisfies an identity of the form

(7) 31(x>u1(x>y)> s >un(x>y)) ~ 32(yavl($ay)a s ,'Um(f,y))

for some n,m € w, s1 € T(xg,...,x,), s2 € T(xg,...,2m), ui(z,y),
vj(z,y) € T(x,y) for 1 <i<n, 1< j<m, such that

(8) ):V 81(33,0,0,...,0)%33,
(9) Ev s2(z,0,0,...,0) = z, and

(10) ):V ’LLZ(,%,JT)%O%’UJ(,%,JT), I1<i<n, 1<j<m.

Proof. <) Let A € V(K) and let a,b € A such that A (a,b) =
AA(b,a) = 0 for all i € I. We prove by contradiction that a = b. Assume
not. Then note that Sg*({a, b}) = Bs. Since A satisfies an identity of the
form

31(377U1(377y)7 .. 7Un(377y)) ~ 32(y77)1(f13,y)7 cee 7vm(‘ray))
for some terms as above, it follows that

st(a,ut(a,b),. .., up (a,b)) = s5 (b, v (a,b), ..., v (a,b)).
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Then, by Lemma 4.1,
azs‘ﬁ(a,O,...,O) :s‘QA(b,O,...,O) =b,

and hence a = b, a contradiction.

=) Let F = Fy(x)(z,y) be the free algebra on two generators in the
variety generated by K. Let T(z,y) be the term algebra generated by x
and y. Consider the homomorphism 7 : T(z,y) — F given by n(z) =
x, n(y) =y. Let p: T(x,y) — Bg be the homomorphism given by pu(z) =
a, u(y) = b, and let € be the homomorphism given in Lemma 4.1. Recall
that e(a) = ¢(b) = a. Since By € V(K), there exists a homomorphism
7 : F — By such that 7(x) = 7(y) = a.

We have then the commuting diagram given in Figure 2.

r——— X
Yym———y

1
B, T Ay
g
a
B1 a

Figure 2. A commuting diagram in V.

Since By ¢ Q, then By ¢ H(F) and thus there is no homomorphism
from F onto By. Hence Kern € Keru; say we have then terms ¢ (z,y),
ta(z,y) € T(x,y), such that u(t;) # p(te), while n(t;) = n(tz). That is,
tF(z,y) = t5 (2,9), and hence, in particular, t]131(a, a) = t?l(a,a), but
22 (0,5) # 52 (a,0).

Since 171 (a,a) = t5'(a, a), it is impossible for one of t72(a, b), t22(a, b)
to be 0 and the other one a or b. Thus, we must have {t7*?(a, b), t52(a,b)} =

{a,b}. Without loss of generality, we can assume that t]132 (a,b) = a and
t22(a,b) = b.
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Applying ¢, we obtain t]131 (a,a) = t]231 (a,a) = a. Since a # 0, it follows
that v t1(z,x) ~ x = ty(z,z). By Lemma 4.2, we can write
(11) ti(z,y) = s1(z,ur(x,y), ..., un(z,y)),
(12) tg(f,y) ’%32(wavl('xay)a"'avm(xay))a

for some terms s1(zo,...,%n), 52(20, ..., Tm), wi(z,y), vj(z,y), 1 <i<n,
1 <j < m, with Ey s1(2,0,...,0) = z, Evy s2(x,0,...,0) = z, v
ui(z,x) R vj(z,x) = 0,1 <i<n,1<j<m,and z,w € {z,y}. Then it
follows from Lemma 4.1 that for 1 <i<n,1<j<m, u?z (a,b) =0 and
’U;-?’z (a,b) =0 . That is, p(ui(z,y)) = 0 = pu(vj(z,y)). Applying now u to
the equation (11), we obtain:
a=172(a,b) = p(tr(z,y)) = 572 (u(2), plur (2,9)), . plun (2, 9))
= p(2),

and similarly, from equation (12),

b=13%(a,b) = p(ta(z,y)) = 552 (u(w), p(vi(2,y)), - . - (v, (2, 9)))
= p(w).

It then follows that z = x and w = y. Finally, since t¥'(z,y) = t§(x,7), we
obtain from equations (11) and (12):

t:F 31($,U1($,y), s ,un(x,y)) = SQ(y,’Ul(IB,y), cee avm(xay))a
and hence
t:V(K) Sl(xaul(xay)a s aun('xay)) ~ S2(y,U1($,y), s 7Um($>y))‘

Corollary 4.4. Let V' be a subvariety of V, Q' = Q NV’ the corre-
sponding relative subvariety of Q, and K a class of algebras, K C V'. Then
V(K) C Q' if and only if K satisfies an identity of the form

(13) stz ur(z,y), .. un(z,y)) = so(y, vi(x,y), ..., vm(z,y))

for some n,m € w, s1 € T(xg,...,Tn), S2 € T(xo,...,Tm), ui(z,y),
vj(z,y) € T(x,y) for 1 <i<n, 1< j<m, such that
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(14) Ey s1(x,0,0,...,0) = z,
(15) Ey s2(x,0,0,...,0) =~ z, and

(16) Ey ui(z,2) 2 0~ vj(z,2), 1<i<n,1<j<m.

Proof. The result is immediate if the algebra Bs does not belong
to V/, as in this case V' C Q. For then Q' = V' and V(K) C V' = Q'.
Also, since V(K) C Q' C Q, the class K must satisfy an equation of the
form (13) for some terms s1,s2,u;,v5, 1 < i < n, 1 < j < m, for which
conditions (8), (9), and (10) hold. We can therefore restrict ourselves to
the case By € V' (i.e.,, V. ¢ Q). Observe that then V' is a non-trivial
variety.

=) If V(K) C @', then also V(K) C Q and, by Theorem 4.3, the class
K satisfies an identity of the form (13) for some terms sy, s2, u;, v, 1 <i <
n, 1 < j < m, for which conditions (8), (9), and (10) hold. In particular,
these terms also satisfy conditions (14), (15) and (16).

<) Assume now that K satisfies an identity of the form (13) for some
terms s1, 89, u5,v5, 1 <i < n,1 < j < m, satisfying (14), (15), and (16).
Since V' is non-trivial and |Fy(z)| = 2, we have Fy(z) 2 Fy/(z). There-
fore, the terms sy, s2,u;,v;, 1 <4 <n,1 < j < m, satisfy conditions (8),
(9), and (10). Hence, by Theorem 4.3, V(K) C Q and, since V(K) C V', it
follows that V(K) C Q.

We will refer to identities of the type (13) satisfying (14)—(16), as
Komori identities for Q' relative to V' (or Komori identities for @', for
short, if the variety V' is clear from the context). We will call a set of
Komori identities for Q" a complete set of Komori identities for Q' if the
conclusion of Corollary 4.4 holds with respect to the set. Thus, a set of
Komori identities is complete for Q' if every variety K C Q' satisfies at
least one of the identities in the set.
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5. Applications

The characterization obtained in Theorem 4.3 allows us to settle some
natural algebraic questions about subvarieties of Q. We begin by studying
the permutability of congruences in such varieties.

We have seen that the variety V is not congruence permutable. More
generally, any variety W not contained in Q will not be congruence n-
permutable for any n, as V(Bg) C V and we have already observed that
any variety containing V(Bg2) is not congruence n-permutable for any n
(Proposition 3.4). In fact, even if the variety W is contained in Q it need not
be congruence permutable, as we will later see in examples 6.1.2 and 6.2.1.
However, we will show below that any variety contained in Q is at least
congruence 3-permutable.

We will make use of the following lemma, proved in the more general

setting of semicongruences in [1].

Lemma 5.1. Let W be any variety whose type contains a constant 0
and a binary operation A satisfying A(z,x) ~ 0 and one of the identities
A0, z) =z, A(z,0) = z. If A € W, then:

(i) for any tolerance r on A, n € w,n>1,0/7=0/7".
(ii) for any X C A, 0/64(X) = 0/74(X).

Proof. (i) We will show that if 7 is a tolerance of A then 0/7% = 0/7,
that is, tolerance relations are transitive at 0. Since A € W, A satisfies
A(x,0) ~ x or A(0,z) ~ x. In the first case, if a,b € A, a ~ b < 0, then
a = A%(a,0) = A (a, A% (b, b)) ~ AA(b, A% (D,0)) = AA(b,b) = 0. In the
second case, if a,b € A, a ~ b~ 0, then a = A%(0,a) = AL(AA(b,b),a) ~
AA(AL(0,b),b) = AA(b,b) = 0. Hence a € 0/72 implies a € 0/7. Thus for
any n > 1, 0/7 =0/7".

(ii) Since #4(X) is the transitive closure of 74(X), we have:

ze0/08(X) iff  (z,0)e€f(X) iff
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(z,0) € (tA(X))" for some n iff  ze€0/(rA(X))" =0/7A(X).

Theorem 5.2. Let K C Q be a class of algebras such that V(K) C Q.
Then the variety V(K) is congruence 3-permutable.

Proof. We will make use in this proof of the following result by Raftery
and Sturm [15]: If an algebra A satisfies tn(A) < n, then A is congruence
(n + 1)-permutable.

Our goal is to show that, for any algebra A € V(K) and for any
tolerance relation 7 on A, 72 = 73. So let A € V(K), T a tolerance on A,
and a,b € A. Assume that (a,b) € 73. We will show that (a,b) € 72.

Let Ala,b] = {Af(a,b) : i € I} and (Ala,b],0) ={(2,0) : z €
Ala,b]}. By Lemma 5.1, if (a,b) € 73, then Ala,b] € 0/73 = 0/7, so
(Ala,b],0)C 7 and the tolerance relation generated by (Ala,b],0) sat-
isfies 74 ((Ala,b],0))C7. By Lemma 5.1, we have 0/02((Ala,b],0)) =
0/72((Ala,b],0))C0/7.

Since A € V(K) C Q, the algebra A is not only relatively 0-regular, but
0-regular. Tt follows from Proposition 3.1 that 84 (a,b) = 64((Ala, b],0)).
Hence 0/6*(a,b) C 0/7.

Since V(K) C @, there exist n,m € w, and terms si(xq,...,zy),
52(0s - -y Tm), ui(x,y), vi(z,y), 1 <i<n,1<j<m,asin Theorem 4.3,
such that =y s1(z,0,...,0) = z, Fv s2(x,0,...,0) = z, Fv ui(z,z) =
vj(z,2)~=0,1<i<n,1<j<m,and

':V 51(377161(3779)7 .. 7un(x7y)) ~ 52(.%”1(3779)7 .. ,’Um(flf,y)).
We then have:
0=u?(a,a) = )uf(a, b) 1<i<mn, and similarly,
0= vﬁ(a,a) = )Uf(a, b) 1<j<m,

so u*(a,b) € 0/6*(a,b) C 0/, vﬁ(a, b) € 0/6%(a,b) C0/7, for all i,j.
Finally, we obtain

CL:S?(CL,OP..’O) T S?(aau?(aab)w--7u£(a7b))
= sf(b,vf‘(a,b),...,vﬁ(a,b))
7 s5(b,0,...,0) =b,
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that is, a 72 b, so (a,b) € 72. We have thus shown that 73 C 72. This
implies that, for any tolerance 7 on A, 72 is a congruence. That is, the
tolerance number of A satisfies tn(A) < 2, from which we can conclude
that A is congruence 3-permutable.

Given any variety W, the class of all subvarieties of W, ordered by
inclusion, can be viewed as a lattice in which the lattice operations are
defined by WAW = WNW, WVvW =V(WUW). If K is a quasivariety,
however, this is in general not true, since for W,W' C K we have no
guarantee that V(W U W’) will be contained in K. In the following result
we use the characterization obtained in Theorem 4.3 to show that the
subvarieties of Q do indeed form a lattice, and thus an ideal in the lattice
of subvarieties of V.

Theorem 5.3. If W, W’ are varieties, W, W' C Q, then WV W =
V(W UW) C Q.

Proof. The result is immediate if any of W, W’ is a trivial variety.
We will restrict ourselves to the case in which both varieties are non-
trivial. By Theorem 4.3 there exist terms s1(zg,...,Ty), S2(Z0, ..., Tm),
si(zo, ... xk), sh(zo,...,z1), wilz,y), 1 < i < n, vi(z,y), 1 < i < m,
uy(z,y), 1 <i <k, vi(z,y), 1 <i<lI, such that

VE s1(x,0,...,0) = z,
VE s9(2,0,...,0) = x,
VE s (z,0,...,0) ~ x,
V E s4(z,0,...,0) =~ x,
VE ui(z,z) = vj(z,2) =~ wy(z,z) = vjy(zr,z) = 0,
for1<i<mn, 1<j<m,1<#<k 1<j <I,
WE si(z,u1(z,y), ..., un(z,y)) = so(y,v1(x,y),...,vm(z,y)),

and

W/ ': S/l(x7 u/l(x? y)? R ?ugﬂ(x’ y)) ~ Sé(y7 lv:/[(x’ y)’ R ’,Ul/(x7 y))'
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We abbreviate the left-hand sides and right-hand sides of the identities
above by 1 (z,y), r2(z,y), | (z,y), r5(z,y). More explicitly:

ri(z,y) = si(x,ur (z,9),. .., upn(z,9)),

T2(l‘ay) = 52(3/”01('1"’3/)’ s avm(xay))a
Ti(l‘ay) = Sll(xaull(xay)a s ,U;c(l“,y)),

Té(x’ y) = Sé(y’ ,U:/L(x’ y)’ R ’,Ul/(x7 y))'

We claim that

Fwow m1(r1 (2, y),ma(2,y)) &~ ra(ri(z,y), 5(@, y))-

Since Fw r1(x,y) =~ ro(z,y), in particular we have that
'ZW Tl(rll(xﬂ y)? Té({L‘, y)) ~ TQ(Ti(x7 y)? T'é(.%‘, y))

Also, as =y 71 (2, y) & ro(z,y), to show that |=y r1(ri(z,y),r5(2,y)) =
ro(r) (x,y),rh(z,y)) it suffices to show that

):W' rl(ri(x,y),ri(a;,y)) ~ TQ(Ti(xvy%Ti(xvy))'

Since both W, W’ are non-trivial subvarieties of V and |Fy(z)| = 2,
it follows that Fy(x) = Fy(z) & Fy(z). As Ew ri(x,y) = ra(x,y), we
have Fy(z) = r1(z,z) = ro(z, z) and hence Fyy (z) = r(z, z) = ro(z, z).
Thus Fyw r1(x,2) ~ ro(x,x), and therefore =y 1 (ri(z,y), 7 (z,y)) =~
rg(ri(x,y),ri(a:,y)).

It only remains to show that r1(r](z, y), 75 (x, y)) =~ ra(ri(z,y), (2, y))
is an identity of the form (7). Expanding the terms 7 (x,y), ro(z,y),
ri(z,y), r5(z,y), and omitting the variables x,y to improve readability, we
can rewrite r1(r}(z,y),m5(x,y)) ~ ro(r)(z,y),r5(x,y)) in the form:

Sl(sll(xﬂulla s ,’LL%),’LLl(T/l,Té), I ,un(ri,ré)) R

(17)
52(5/2(3471)3’ s ’Ul/)avl(’rlla’ré)a o ,Um(T‘i,Té)).
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We can define new terms ¢ and ¢ on k+n+1 and [ +m+ 1 variables,
respectively by:
!/

(X0, 1y oy Thy Y1y e oy Yn) = S1(ST(T0y v+ s Tk)s YLy - Yn),

t2($0,$1, s Ty Y1y .- 7yl) = 82(3/2(x0>- .. 7$l)ay0a v aym)

It can be easily verified that equation (17) can then be written as

tr(z,uy, g, ur (7,1, un (], Th)) ~
to(y, V1,0, 01 (P, 7h),s e U (7], 75).
In addition,
'ZV 7qi('%.7 x) ~ 8/1(337 ull(aj7 x)7 AR 7u;€(aj7 x)) ~
T~ 8,2("13,1)3((13,113),...,U;((IZ,(I?)) ~ Té(flﬁ,[]ﬁ),

):V ui(ri(a:,x),Té(x,x)) R ul(x,x) ~ O> and
'ZV vj(ri(x,x),ré(a:,x)) ~ Uj({L',{L') ~ 0.

Hence, again by Theorem 4.3, WV W = V(WU W') C Q.

6. Examples

We examine now some classes of algebras which are examples of subva-
rieties of a quasivariety Q of the type defined above. Many of these classes
are equivalent quasivariety semantics for well-known deductive systems,
such as fragments of classical propositional logic, intuitionistic proposi-
tional logic, and Lukasiewicz many-valued logics. The first two examples
are classes of algebras over a language with two binary operations and a
constant, while in the remaining examples the language consists of a single
binary operation (which for simplicity we will denote by *) and a constant.
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6.1. The non-commutative case.

6.1.1. Biresiduation algebras. The class BR of biresiduation algebras
is the quasivariety over the language £ = {A1, Ay, 1}, where Aq(x,y) will
be denoted by z\y and Ay(z,y) by x,/y, defined by the following identities
and quasi-identity:

(A1) nrrl, zrrxl

(A2) nNl=x1, lrzx1

(A3)  (@yN((Na)N(y) =~ 1, ((yrz)/(22)/ (g z) =1
(A4) N~z z/lrzx

(A5) (2\y)/ 2z ~ 2\ (y/2)

(A6) e\((y/z)\y) = 1

(A7) (y/(a\y))/z~1

(A8) nNy~1 A yxl=—= =y

Let <4 be given by x <7 y if 2\ y = 1 and let <5 be given by x <5 y if
ys/x = 1. Axioms (Al)—(A4) guarantee that <; and <, are reflexive and
transitive relations with x <; 1 and x <5 1 for all z. Axioms (A6) and
(A7) ensure that <;=<y, while axiom (A8) shows that these two relations
are in fact partial orders. Axiom (Ab) is needed to guarantee that the
algebras are subreducts of residuated partially ordered monoids.

Notice that in this class we have J = {/} and K = {\}. Identities
(A1), (A2), (A4), and quasi-identity (A8) show that the variety V" defined
by identities (A1)—(A7) and the quasivariety BR are examples of a variety
V' and a quasivariety Q' of the kind described in Corollary 4.4.

Van Alten [17] has verified that a class K C BR generates a variety
contained in BR if and only if K satisfies an identity of the form

18)  ([Tw @ v)ne) [T vy =~ (T] ox(@))\v)/ ] vile,v),
i=1 j=1 k=1 I=1

where BR F u;(z,7) = uj(z,2) = v(z,2) = y(z,z) = 0, 1 < i < ny,

1<j<ng, 1<k<mg, 1<1<my. Here we have used the abbreviations
(s -tz = s\(t\zx) and y /(s -t) := (y,t)/s. Clearly all identities of
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form (18) are Komori identities for BR relative to V". Van Alten’s result
guarantees that these identities form a complete set of Komori identities
for BR.

A similar result was obtained for it left residuation algebras in [18].

6.1.2. BCK-algebras. The class BCK of BCK-algebras was introduced
by Iséki [10]. It constitutes the equivalent algebraic semantics for the de-
ductive system BCK of Meredith (see [14],[2]). An interesting aspect of
this deductive system is that is not strongly algebraizable, that is, the
class BCK is a quasivariety, but not a variety ([7], [19]).

It is not difficult to see that the class BCK is term equivalent to the
relative subvariety of BR defined by the identity z\y =~ yx. Therefore
one of the binary operations can be eliminated; we denote the remaining
one by —. Quasi-identity (A8) then becomes

r—yrlhNy—arrl=z~ry.

The roles of the variety V" and the quasivariety BR in the previous
example are now played by the subvariety of V" defined, relative to V", by
the extra identity =,y ~ y\« and the quasivariety BCK of BCK-algebras
respectively. Once again, Corollary 4.4 guarantees the existence of Komori
identities for any variety of BCK-algebras.

In the usual treatment of BCK-algebras, dual to the one given here,
BCK-algebras are presented as algebras of type (2,0) satisfying the follow-

ing axioms:
(z=y)=(@=2)=(2-y) =0
-0~z
0-x2~=0

ry~0ANy~zr0=2a~y.

In this formulation, it can be shown that the set of all identities of the
form

X ;ul('xay) - .. _un(xay) ~ y;Ul(fE,y) - ... ;Um('xay)a
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where BCK F u;(z,z) = vj(z,z) = 0,1 <i<n,1<j<m,isacomplete
set of Komori identities for BCK.

The fact that a class K C BCK generates a variety contained in BCK
if and only if K satisfies an identity of the type above was first mentioned
in [8] and attributed to Komori. See [3] for a generalization and proof of
this result.

The class BCK is relatively O-regular and relatively congruence dis-
tributive. Note that even the smallest non-trivial subvariety of BCK, the
one generated by the two-element algebra, is not congruence permutable.
As a consequence of Theorem 5.2, first proved for BCK-algebras in [8], any
variety contained in BCK is congruence 3-permutable. In addition, any
such variety is congruence distributive (see [13]).

6.2. The commutative case. We will consider now classes of alge-
bras over the language £ = {%,0}, where the binary operation % is com-
mutative.

Let V¢ be the variety defined by the following identities:

(19) rxx~0,
(20) rx0~x,
(21) THhY R YK,

The quasivariety Q¢ will be defined, relative to V¢, by the quasi-identity
(22) rrxy~0=2z~y

The variety V¢ and the quasivariety Q¢ are examples of classes of al-
gebras of the kind we have been studying in this paper. In particular, in
V¢ we have J = K = {x}.

The class Q€ is the equivalent quasivariety semantics for the deductive
system S given by the following axioms and rules:

1. Fp<—p,
2. F(peq) < (qg=p),
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3. Fkpe(peT),
4. peogqht(per) (g ) (or, equivalently, p < q, ¢ =1k p ),
5. p, peqbq. (Detachment)

It is easy to see that the system S also satisfies the so-called G-rule:
p,q Fp < q As aresult (see [2]), S is algebraizable, with equivalence
formula p < ¢ and defining equation p ~ T.

To simplify the notation, we will often drop the symbol x and write zy

for z xy. Moreover, to avoid the use of unnecessary parentheses, we will
associate to the left. Thus zyz and x * y * z will both denote (z x y) * z.

In this “commutative” case, an immediate application of Corollary 4.4
shows that the identities of the form

(23) TxuL(T,y) * ...k up(x,y) Ry *xvi(z,y) *... %k vz, y),

where V¢ F u;(z,2) = vj(z,z) = 0,1 <i < n, 1< j < m, constitute a
complete set of Komori identities for Q¢ relative to V¢ (see [12]).

We will now look at examples of varieties contained in Q¢ and the
Komori identities that these varieties satisfy.

6.2.1. Lukasiewicz Algebras. The purely equivalential fragments of
multivalued Lukasiewicz’s logics are algebraizable and their equivalent qua-
sivariety semantics are generated by equivalential subreducts of Lukasie-
wicz algebras. More explicitly, let

Ly = ({i: 0<i<n};%0),

L} = (w;*,0),

w

where the operation x is defined by = xy := |z — y|. Then the equivalent
quasivariety semantics of the equivalential fragment of the infinite-valued
logic is the quasivariety L = Q({L} : n < w}), while Q(Ly) provides an
equivalent semantics for the equivalential fragment of the n-valued logic.
It is clear that all algebras Ly, n < w, satisfy identities (19), (20), (21),
and quasi-identity (22), so the class L is a subclass of the quasivariety Q°.
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Moreover, simple computations yield, in L},

T, if x <y,
zyy =< 2y —x, ify<ax <2y,
x — 2y, if 2y < x;

where < denotes the usual order relation on w. It follows that for any x, vy,
we have zyy < z, so all algebras in L satisfy

TYYTT = TYY.

Observe that this identity can also be written as (zxyyx)z ~ (xy)y or,
using commutativity, z(zyyx) ~ y(zy), a Komori identity for Q°. Hence
any class of equivalential reducts of Lukasiewicz algebras generates a variety
which is contained in Q°.

Notice that V(Ly) = Q(Ln) is a congruence 3-permutable variety (by
Corollary 5.2), but is not congruence permutable if n > 4 (see [12]).

The smallest subvariety of L. is the variety generated by the algebra
Lo = B1, which coincides with the variety BG of Boolean Groups. This
class, which can be axiomatized relative to V¢ by the identity

xx(yxz) = (zxy)* 2,

is the equivalent algebraic semantics for the equivalential fragment of clas-
sical propositional logic. The class BG satisfies a simpler Komori identity,
namely

TYY = x.

6.2.2. Fquivalential Algebras. Let ZPC™ be the («)-fragment of the
intuitionistic propositional calculus, the intuitionistic equivalential calcu-
lus. ITPC™ is strongly algebraizable with defining equation p ~ p < p,
and equivalence formula A(p,q) := p <> ¢. Its equivalent quasivariety se-
mantics is the variety EA of equivalential algebras, introduced in [11] by
Kabzinski and Wronski. Equivalential algebras were originally defined as
algebras with a single binary operation x. However, since EA also satisfies
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T % & Yy, this variety is term equivalent to a subvariety of Q¢ with 0
defined as 04 =z« z.

It can be shown (see [11]) that EA satisfies the following identity:

TYYrr =~ rYy,

which can be rewritten as x(zyyzr) =~ y(zy), a Komori identity for Q°. This
identity then witnesses the fact that EA C Q°.

EA is congruence permutable, with Mal’cev term

p(@,y,2) = (zy2)(yzz)(z2y)

(see [9]).
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