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Tadeusz PRUCNAL

ON THE LOGIC DETERMINED BY SOME FINITE
RELATIONAL SYSTEMS

Abstract. Let N, = ({1,2,...,n},=,1,2,...,n) be the re-
lational system of cardinality n with identity and with designated
elements 1,2,...,n. In the paper we consider the predicate logic
L(N,,) determined by the relational system N, (cf. [1]).

Let L, be the first-order language for N,,. Thus, £, contains the
symbols =,1,2,...,n interpreted in N,, as the identity and the natural
numbers 1,2,...,n. By F, we denote the set of all formulas of £,,. Hence,
F}, is the smallest set such that:

a. t; = tj e I,
b. if A, B € F,, then: A4, A — B, ANB,AVB,A=B, VA, NAcF,.
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The symbol N,, = A will be the abbreviation of the expression: the
formula A is true in N,,. By Vf(A) we denote the set of all free variables

occurring in A.

We shall use the symbols: =, <, Vx, dx as the well-known proposi-
tional connectives and quantifiers from metalanguage.

Let us now define some further notions. We say that the formulas
A, B € F, are similar, in symbols A ~ B if they differ at most on bound
variables and all occurrences of distinct variables in A remain so in B and
vice versa. By [A],, we denote an operation which increases the indices of
bound variables: [A Bl = xk!)m« [B(xk/ZTk+m-+r)], where 7 is the greatest
index among all the indices of all the individual variables occurring in B. By
Z /Ty, we denote the substitution for individual variables. The operation

[A],, preserves logical connectives and atomic formulas.

The set of all logical schemes SL is the smallest set such that:

a. P"(zi,,...,2,) € SL, for k,m=1,2,...,

b. if a, 6 € SL then: ~a, o — 3, a A S, aV (3, a = 3, éa, Xae SL,
where P;™" is n-ary predicate letter.

The set of all atomic schemes P*(z;,,...,z;,, ), with k,m = 1,2,...
will be denoted by At.

We define now the set V,, of functions as follows:

veV, < a v:At— F,
b. Vf(v(e)) = Vf()
c. v(a(zr/zn)) = [0(Q)]k4n(Tr/20)
for every a € At C SL.

Every function v € VN can be extended to a homomorphism A :
SL — F,, with respect to the algebraic structure imposed in a natural
way on SL and F,, by the operations =, —, A, V, =, X, AR

Definition 1. (cf.[1]). A scheme o € SL is a tautology of the rela-
tional system N,, if and only if for every v € V,, : N,, = h¥(a).
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The set of all predicate tautologies of N,, is denoted by L(N,,) and
called the predicate logic of the system N,,.

Let now K™ be the function from SL into SL defined as follows:
Definition 2.

K"(a) = a, if a € At,

K" (-a) = =K"(a),

o P

c. K"(aofB)=K"(a)o K"(3), where o € {A,V,—,=},

d. K”(Qa) = K" ([odes1(@e/z1)) Ao A K ([0 (22 /20)),

e. K”(Xa) = K"([odes1(@e/20) VooV K ([ (22/20)),
forn=1,2

The aim of the present paper is to prove the theorem announced below:

For every natural number n > 1 and any closed logical scheme o we
have: oo € L(N,,) <= K"(«a) € La, where Ly is the set of all theorems of
the classical first-order logic.

Let Q¢(x1,...,x¢y1) denote the following scheme:

NP3 (x1,y) = P3 (a2, 9)] v NP3 @1,y) = Pi(as,y)] v ...
v NP3
VAP (22, y) = P3(as, )] V...V NP3 (2,y) = P3(z141,y)

V/Z,\[Pg(ﬂﬁt,?/) = P} (z141,9))-
Then we have:

Lemma 1. For every a € SL:

“Qn-1(z1,...,x,) — (([a]t+1(:vt/:v1) A oo A A (xe/z,) = ﬁa) €
L(N,,), wheren =2,3,...

Its easy proof, based on Definition 1, is left to the reader.
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Lemma 2. For every a € SL:
“Qn-1(z1,...,2,) — (= K"(a)) € L(N,,), forn=2,3,...n

Proof. We prove this by induction on the number of logical constants
occurring in a. For o € At, the lemma holds trivially.

Let a = Qﬂ. By the inductive assumption, we get:

(1) ~Qn-1(z1,.- - 20) = ([Bleri(ze/xi) = K™([Bleqilai/x:))) € LN,),
fori=1,2,...

Hence,
(2) ~Qu-r(@1,---,20) = ([Bler (@ /a0) A ABlesn(@i/z) = KM(N)) €
L(N,), fori=1,2,...
Then, by Lemma 1, we have:
(3) ~Qu-r(x1,...,2,) — (N3 = K"(N\p)) € L(N,).
If « = 1 0y, with o € {—,A,V,=}, or @ = =3, then the lemma
obviously holds. Thus, Lemma 2 is proved. |

Let now N, = {1,2,...,r} and At = {=a : a € At}. Thus, N, is the
universe of N,,. We then have,

Lemma 3. For all functions f : At — AtU At and ¢; : N, — N,
such that Vo € At : f(o) € {o,~a} and Vi,j € N, : i # j = g; # g;, the
following holds:

“Qu_1(z1,...,2,) — Z F(PF(xg1ys- v mg, ) & L(N,),

1EN,

Tn

where ) oy i =aip V...V a,.

Proof. Let,
(1) f: At — At U At and Va € At : f(a) € {a, nal,
(2) 9i: Ny — Ny and Vi,j € N, 1 i # j = g; # 9;.
We define a set I C N,. as follows:
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(3) I= {7“ € NT : f(Ptk(:Cgi(l)a v 7$gz(k))) = _'Ptk(xgi(l)a v 71:91(16))}
Assume I # ) and let v : At — F), be a function from V,, such that:

(4) ’U(Ptk(ml, PN ,$k)) = Zie[(xl = gz(l) N XToy = 91(2) N... Nz = gz(k)),
and

(5) v(P5(x1,22)) = (21 = w2).
Hence,

(6) v(PF(ziy, .. 2i) = Y (@i, =0:(1) Ao Ay, = gi(k)), and

(7) v(P3(xi,y)) = (zi = y).
Thus,

(8) N, ):h”(Qn_l(xl,...,a:n)E(:Ul::cg\/:clzscg\/...\/xl::Cn\/
Vo =x3V...VIy=x,V

VIp_1 = xn))
It follows from (8), (6) and (3) that for the sequence ¥ : N — N,
such that,

9) =G) = {
we have:
(10) N, = RV (=Qn_1(21,...,2,))[X], and
(11) Ny W= b (f(PF(2g,1),- -+ %g,k)))) [X], for every j € N,.
Therefore, N, K= h"(vn).
If I # @, then for v € V,, such that U(Ptk(xl,...,xk)) =(r1 #x1 N\

AN # ay) and v(P3(z,y)) = (z; = y) we also have N,, & h”(7,).
Thus, Lemma 3 is proved. ]

1ifi1<n
lifi>n

Theorem. For every natural number n > 1 and any closed logical

scheme o:
a€ L(N,) < K"(a) € Ls.

Proof. Assume that n > 1, and
(1) Vf(e) =0,
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P2 ¢ Pr(a), where Pr(a) is the set of all predicate letters occurring
in a.

Firstly, we will show that:

K"(a) € Ly = o € L(N,,).

Let us suppose that:

) K™(a) € Ly, and

a ¢ L(N,).
Then, there exists a function vy € V,, such that
N, = h' ().

We now define a function vy € V,, as follows:

k .
PF(ay,... _Jwo(Pf(y,. o ap)) itk #20r t #2
vo (PF (21, .., 21)) {x1=xgifk:2andt:2

From Lemma 2 and (1.1) it follows that:

“Qn-1(x1,...,2,) = a € L(N,).

Thus,

N, E h"(=Qn-1(z1,...,2,)) — A" (a).

Hence, by (2) and (1.4) we obtain:

N, Eh"(=Qn-1(z1,...,2pn)) — h" (a).

Therefore, by (1) and (1.4), we get:

N, E V..V o).

But then, N,, = h"* («), which contradicts (1.3). Thus, the implication

(%) is proved.

()

(2.1)
(2.2)

Now we are going to prove that:

a€ L(N,)= K"(a) € Ls.

Assume that:

a € L(N,), and

K™(a) & Lo.

Then, there are 1, ..., 7" ... 4} ... 4% € At UAL such that:
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(2.3) K@) = (i V... VMY AL A (y
i < s, we have:
(24) v} V... \/fyfi & Lo.
It follows from (2.1), (2.3) and from Lemma 2 that:
(2.5) “Qn_1(x1,...,2n) =YLV ...VFi € L(N,).
However, by Lemma 3 and (2.4) we get:
(2.6) =Qu-1(z1,. -, @n) = ¥ V... VAT & L(N,),
which contradicts (2.5). Thus, the implication (*x) is proved. [

Lv...vaks) € Ly and, for some

S

It is easily verified that if n = 1, then o = 4}04 € L(N,), K" («a) =

a € L(_].\In), and ZieNrf(Ptk(xgi(l)"“ 7$gi(k))) Q L(Nn), for f At —
At U At and ¢; : N, — N, such that Va € At : f(a) € {a,-a} and
Vi,j € Ny 11 # j = g; # g;- Thus, our Theorem holds also for n = 1.

It is easily seen that K®(a) = K5t (a)(xss1/xs) € Lo. Hence, by the
above theorem, we get:

Corollary. Ifn <s, then L(N,) C L(N,,).
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