REPORTS ON MATHEMATICAL LOGIC
32 (1998), 11-19

Beata BUGAJSKA - JASZCZOLT

AXTIOMATIZATION OF THE LOGIC
DETERMINED BY SOME n-ELEMENT
RELATIONAL SYSTEMS WITH IDENTITY

Abstract. Let Nn = (Np,=,1,...,n) be the relational system
of n - element set N,, = {1,2,...,n}, with identity and with fixed
elements: 1,2,...,n. We show that logic L (&) determined by the
system N, is axiomatizable.

1. Let L, be the first - order language for NN,, containing the follow-
ing symbols: =,1,2,...,n interpreted in N,, as the identity and natural
numbers: 1,2,...,n.

By F,, we denote the set of all formulas of L,, which will be represented
by Latin letters. Moreover, F}, is the smallest set such that: t; = t, € F},
(atomic formulas) and if A,B € F,, then: =A, ANB, AV B, A — B,
A=B, A\, AV, A€,

We shall use the symbols: A, V, o, =, &, V;,, 35, as the well-known

propositinal connectives and the quantifiers from the metalanguage.
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The symbol N,, = A will be the abbreviation of the expression: the

formula A is true in N,,.

2. The set of all logical schemes SL is the smallest set such that:

a. Pl (iy,...,x;,) € SL, k,n=1,2,...

b. if a, 8 € SL then ~a, a — 8, a A3, aV  a = 0, /\Ika, \/Ikae SL.
where P} is n-ary predicate letter.

The set of all atomic schemes PJ*(z;,,...,x;,) for k,n =1,2,... will
be denoted by At.

We define now the set Vi, of functions as follows:
veVn, &
a. v: At — I,
b. vf (v (a) = vf (a))
c. v /wn)) & [0 (@)]y 1 (@0/20)
for every oo € At C SL.

Every function v € Vi, can be extendend to a homomorphism A" :
SL — F,.

Definition 1. (cf. [3]) A scheme a € SL is a tautology of the re-
lational system N,, = (N,,=,1,...,n) if and only if for every v € Vy,:
N, | h7(a).

The set of all tautologies of N,, is denoted by L (&) and is called the
logic of the system IV,,.
Then by Definition 1 we have:

Corollary 1. For every a,3 € SL
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where Lo denotes the set of all logical schemes, which are theorems of the
classical first-order predicate logic and E., is the set of functions of substi-

tution for atomic schemes (for details see [2], p.216).

Every function e € E, can be extended to an endomorphism h¢ : SL —
SL.
We define now the scheme 0,, as follows:
a. O = /\It [Pg(xl,xt) = Pg(xg,xt)]

b.
Oni1 =00V N\ [P5(21,20) = P3(wn12,21)]

Vv /\ [P22($2,$t) = P22($n+2’xt)]

Tt

Vv /\ [Pzz(xn+1,:ct) = P22(:cn+2,:ct)] .

Tt

Then:

Lemma 1. For every natural number n € N

O, € L (N,) .

Thus by Definition 1 we have:

Lemma 2. If M is a relational system of n-element domain with rela-
tion of identity then L (N,) C L (M), where L (M) is the logic determined
by relational system M.

Proof. It follows from the fact that M is the reduct of the system NNV,
and the logic of the reducted system includes the logic of the system N,,.
|
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Lemma 3. (cf. [3]). For every k,m € N
k<m= L(Ny) C L(N,).

Theorem 1. L (N,) = L™, where L" = Crrgimg ey (L2 U{001),

n is the consequence operation determined by the rule of de-
{ro,rv,mx}’

tachement (rq), the rule of generalization (ry) and the rule of substitution

(7)-

Proof. The inclusion L™ C L(N,,) follows immediately from Lemma 1.
L(N.) C I

Suppose that there exists a scheme «q such that:

(6) ag € L(N,)

(7) ag & Cp (L2 U{0,}),

{ro,mv,r*}

and furthemore

(8) vf (@) =0

Let T C SL be the set defined as follows

9) T = Chyppyoryy (L U{ma0}).

Then from (7), (8) and according to Tarski’s theorem we infer:
(10) T # SL.

Let Pr(ag) be the set of all predicate letters occurring in «p
(11) Pr(ag) = {P;}, Pp7, ..., Pt}

The set SL(ayp) is the smallest set such that
a. PN (w1, ), PRt (T, ms,) € SL(ao)
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b. if a,3 € SL(ap) then -, @« — B, aANf, aV [, a = (3,
V., @ € SL(ao).

Tk a,

Let now < be a binary relation over SL(«g) such that
(12) yeodesy—60—-yeT

for every 6,7 € SL(ay).
Hence, the relational system <SL(a0)/ ,§> - where SL(ao)/ is

«—

the set of all equivalence classes ||v|| (v € SL(ap)) and < is the relation
given by [|v|| < ||d]| & v — 0 € T and the system is a Boolean algebra.

It follows from (8) and (10) that the class |-yl is a non-zero element
in <SL(a0)/ ,§>.

Thus acc:rding to Rasiowa—Sikorski Lemma (cf. [4]) there exists an
ultrafiter H in <SL(0¢U)/H, §> which contains ||—ap|[;

(13) [-aoll € H

and preserves all the meets

N

Tk

(14) € HS Vyen ||a(zg/zn)|| € H

Let H be a binary relation over N defined as follows
(15) kEn < |1 (g, z,)|| € H,
I (zg,x,) is defined as follows (cf. [1])
Iy, xn) = (L@ 9)]p (@/2)(y/20)

k,n=1,2,..., where I (z,y) = er{1,2 ..... o I*(z,y) and
* (z,y) = Hz‘e{Lz ..... g} If(xvy)'
Let Ik (z,y) be the abbreviation of the scheme

/\ /\ [Pl (z1, ... @, ) (xi/2) = P (21, .o 20, ) (24/Y)]

Tkq LTkp
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fork=1,2,...,tandi=1,2,...,n;.
It is easily seen that the relation H is an equivalence relation over N.

We define the relational system as follows: N* = (N*, =,pi",...,p}"")
where N* = {k* : k € N} (N*-is the set of all H equivalence classes
k* ={m e N : mHk} for k € N) and

(16) pit(ky, . k) & HP{”(wkl, ey Tk, )

i=1,2, ..t
Let now Ly be the language for N*. By FY we denote the set of all

formulas of ﬁ . Hence Fy; is the smallest set such that:

_ —11 =Mt *
T =T, Py (Tiys ooy Ty )y e e o s Dy (Tiyy ey Ty, ) € iy

and closed with respect to: =, —, A, V, <> and A, V..

The symbols pj?,...,p;" are predicate constants interpreted in N* as
the relations: pi*,...,p/".

Let vg : At — Fn+ be a function such that
(17) UO(Pan(.’IJI,,.TnZ)) :Z_);“(xhwxnl)

fori=1,2,...,t.

Hence for every v € SL(ag) we have
(18) N @) E]eheH

where ¥* is the sequence from N onto N* such that ¥*(k) = k* for every
ke N.

According to (18) the formula h" (v) is satisfied by the sequence ¥*
in the structure N* iff ||y|| € H; this can be proved by the induction on

the number of connectives and quantifiers in ~.

First of all

N* = wo(Pri (21, 20,))[BY] & || PL (21, 00 20,

i

| € H.
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Indeed

N* | vo(Pr (@1, s @,)) [E7] & ppt (21 [E7], -y 2, [E7])
S Pl (SH(1), 0, B (1))
o pii(1*,...,n")

& Hp’,zi"(:cl,...,xm) ’ € H.

Let us assume that 3,6 are the formulas satisfying the condition. We show
that N* = (BA6)[2*] < |BAS| € H.
Indeed from the fact that H is a filter we have

N = (BA0) 2] & NT = SR ANT |= 0[X7]

< (18l e HA o]l € H < [|[BAG] € H.

Let us assume that ¢ satisfies the inductive assumption and v = A, 6.
Then
N = (A O] & Vaen/=N* = 0[5
Tr

& VmenN* = 0[5k
S VomenN* | 0(zg/2m)[27]
& Vmen [[0(zr/zm)| € H

< (|9 € H.
T
*k —
where X% (i) = { o ki
Hence, from (18) and (13) we infer:
(19) N* = B (=a0)[57).

Then N* [~ h'0(a)[X*]. Therefore

(20) ap ¢ L(NT).
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Thus by the fact that O, € L™ we have also:

(21) card(N*) <n

(22) O, (Tpy1/xe) € L™ for every t € N.

Thus for the function sy : At — SL such that

m (. ) _ Iz, x,)if k=2 Am =2
Sl(Pk (x“’.“’xzm))_{Plzn(xilv---yxim)ifk‘%2\/m7é2

we have

(23) R (O (zpt1/ze)) € LT C T

(24)  Aly) = H@ay)] V...V Nl (wn,y) = [@e,y)] € T

Y Y
(25) 1(151,1?2) V... \/I(I’n,.’Et) S T,
(26) ||I(331,.’E2) V... VI(SEn,IEt)|| € H.

From the fact that H is an ultrafilter and from ( 15 ) we get
(27) 1H2 v 2H3 V ... V nHt

for every t € N.
Thus card (N*) < n.

From (21) and Lemmas 2, 3 we have
(28) L(Ny) € L(NY).
Hence, from (22) we infer:

(29) ao & L (N,).
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This contradicts the hypothesis (6). Thus Theorem 1 is proved. |
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