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AXIOMATIZATION OF THE LOGIC

DETERMINED BY SOME n-ELEMENT

RELATIONAL SYSTEMS WITH IDENTITY

A b s t r a c t. Let Nn = 〈Nn, =, 1, . . . , n〉 be the relational system

of n - element set Nn = {1, 2, . . . , n}, with identity and with fixed

elements: 1, 2, ..., n. We show that logic L
(

Nn

)

determined by the

system Nn is axiomatizable.

1. Let Ln be the first - order language for Nn containing the follow-

ing symbols: =, 1, 2, . . . , n interpreted in Nn as the identity and natural

numbers: 1, 2, ..., n.

By Fn we denote the set of all formulas of Ln which will be represented

by Latin letters. Moreover, Fn is the smallest set such that: t1 = t2 ∈ Fn

(atomic formulas) and if A,B ∈ Fn, then: ¬A, A ∧ B, A ∨ B, A → B,

A ≡ B,
∧

xk
A,

∨

xk
A ∈ Fn.

We shall use the symbols: ∧, ∨, ¬, ⇒, ⇔, ∀xk
, ∃xk

, as the well-known

propositinal connectives and the quantifiers from the metalanguage.
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The symbol Nn |= A will be the abbreviation of the expression: the

formula A is true in Nn.

2. The set of all logical schemes SL is the smallest set such that:

a. P n
k (xi1 , ..., xin

) ∈ SL, k, n = 1, 2, . . .

b. if α, β ∈ SL then ¬α, α → β, α∧ β, α∨ β α ≡ β,
∧

xk
α,

∨

xk
α ∈ SL.

where P n
k is n-ary predicate letter.

The set of all atomic schemes P n
k (xi1 , . . . , xin

) for k, n = 1, 2, . . . will

be denoted by At.

We define now the set VNn
of functions as follows:

v ∈ VNn
⇔

a. v : At → Fn

b. vf (v (α) = vf (α))

c. v(α(xk/xn)) ≈ [v (α)]k+n (xk/xn)

for every α ∈ At ⊆ SL.

Every function v ∈ VNn
can be extendend to a homomorphism hv :

SL → Fn.

Definition 1. (cf. [3]) A scheme α ∈ SL is a tautology of the re-

lational system Nn = 〈Nn,=, 1, . . . , n〉 if and only if for every v ∈ VNn
:

Nn |= hv(α).

The set of all tautologies of Nn is denoted by L
(

Nn

)

and is called the

logic of the system Nn.

Then by Definition 1 we have:

Corollary 1. For every α, β ∈ SL

(i) L2 ⊆ L
(

Nn

)

,

(ii) α ∈ L
(

Nn

)

∧α → β ∈ L
(

Nn

)

⇒ β ∈ L
(

Nn

)

,

(iii) α ∈ L
(

Nn

)

⇒
∧

xk
α ∈ L

(

Nn

)

,

(iv) α ∈ L
(

Nn

)

⇒ ∀e∈E∗
he(α) ∈ L

(

Nn

)

,
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where L2 denotes the set of all logical schemes, which are theorems of the

classical first-order predicate logic and E∗ is the set of functions of substi-

tution for atomic schemes (for details see [2], p.216).

Every function e ∈ E∗ can be extended to an endomorphism he : SL →

SL.

We define now the scheme Θn as follows:

a. Θ1 =
∧

xt

[

P 2
2 (x1, xt) ≡ P 2

2 (x2, xt)
]

b.

Θn+1 = Θn ∨
∧

xt

[

P 2
2 (x1, xt) ≡ P 2

2 (xn+2, xt)
]

∨
∧

xt

[

P 2
2 (x2, xt) ≡ P 2

2 (xn+2, xt)
]

...

∨
∧

xt

[

P 2
2 (xn+1, xt) ≡ P 2

2 (xn+2, xt)
]

.

Then:

Lemma 1. For every natural number n ∈ N

Θn ∈ L
(

Nn

)

.

Thus by Definition 1 we have:

Lemma 2. If M is a relational system of n-element domain with rela-

tion of identity then L
(

Nn

)

⊆ L (M), where L (M) is the logic determined

by relational system M .

Proof. It follows from the fact that M is the reduct of the system Nn

and the logic of the reducted system includes the logic of the system Nn.

�
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Lemma 3. (cf. [3]). For every k,m ∈ N

k ≤ m ⇒ L(Nm) ⊆ L(Nk).

Theorem 1. L
(

Nn

)

= Ln, where Ln = Cn{r0,r∀,r∗}
(L2 ∪ {θn}),

Cn{r0,r∀,r∗}
, is the consequence operation determined by the rule of de-

tachement (r0), the rule of generalization (r∀) and the rule of substitution

(r∗).

Proof. The inclusion Ln ⊆ L(Nn) follows immediately from Lemma 1.

L
(

Nn

)

⊆ Ln.

Suppose that there exists a scheme α0 such that:

(6) α0 ∈ L (Nn)

(7) α0 /∈ Cn{r0,r∀,r∗}
(L2 ∪ {θn}),

and furthemore

(8) vf (α0) = Ø

Let T ⊆ SL be the set defined as follows

(9) T = Cn{r0,r∀}
(Ln ∪ {¬α0}).

Then from (7), (8) and according to Tarski’s theorem we infer:

(10) T 6= SL.

Let Pr(α0) be the set of all predicate letters occurring in α0

(11) Pr(α0) = {P n1

k1
, P n2

k2
, ..., P nt

kt
}.

The set SL(α0) is the smallest set such that

a. P n1

k1
(x1, . . . , xn1

), . . . , P nt

kt
(x1, . . . , xnt

) ∈ SL(α0)
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b. if α, β ∈ SL(α0) then ¬α, α → β, α ∧ β, α ∨ β, α ≡ β,
∧

xk
α,

∨

xk
α ∈ SL(α0).

Let now ↔ be a binary relation over SL(α0) such that

(12) γ ↔ δ ⇔ γ → δ, δ → γ ∈ T

for every δ, γ ∈ SL(α0).

Hence, the relational system
〈

SL(α0)
/

↔
,≤

〉

- where SL(α0)
/

↔
is

the set of all equivalence classes ‖γ‖ (γ ∈ SL (α0)) and ≤ is the relation

given by ‖γ‖ ≤ ‖δ‖ ⇔ γ → δ ∈ T and the system is a Boolean algebra.

It follows from (8) and (10) that the class ‖¬α0‖ is a non-zero element

in
〈

SL(α0)
/

↔
,≤

〉

.

Thus according to Rasiowa–Sikorski Lemma (cf. [4]) there exists an

ultrafiter H in
〈

SL(α0)
/

↔
,≤

〉

which contains ‖¬α0‖;

(13) ‖¬α0‖ ∈ H

and preserves all the meets

(14)

∥

∥

∥

∥

∥

∧

xk

α

∥

∥

∥

∥

∥

∈ H ⇔ ∀n∈N ‖α(xk/xn)‖ ∈ H

Let |=| be a binary relation over N defined as follows

(15) k|=|n ⇔ ‖I (xk, xn)‖ ∈ H,

I (xk, xn) is defined as follows (cf. [1])

I (xk, xn) = [I (x, y)]k+n (x/xk)(y/xn)

k, n = 1, 2, . . ., where I (x, y) =
∏

k∈{1,2,...,t} Ik(x, y) and

Ik (x, y) =
∏

i∈{1,2,...,nk}
Ik
i (x, y).

Let Iik (x, y) be the abbreviation of the scheme

∧

xk1

. . .
∧

xkn

[P nk

k (x1, . . . , xnk
)(xi/x) ≡ P nk

k (x1, . . . , xnk
)(xi/y)]
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for k = 1, 2, . . . , t and i = 1, 2, . . . , nk.

It is easily seen that the relation |=| is an equivalence relation over N .

We define the relational system as follows: N ∗ = 〈N∗,=, pn1

1
, . . . , pnt

t 〉

where N∗ = {k∗ : k ∈ N} (N∗-is the set of all |=| equivalence classes

k∗ = {m ∈ N : m|=|k} for k ∈ N) and

(16) pni

i (k∗
1 , . . . , k∗

ni
) ⇔

∥

∥P ni

i (xk1
, . . . , xkni

)
∥

∥ ∈ H

i = 1, 2, ..., t.

Let now L∗
N be the language for N ∗. By F ∗

N we denote the set of all

formulas of L∗
N . Hence F ∗

N is the smallest set such that:

xi = xj , p
n1

1 (xi1 , ..., xin1
), . . . , pnt

t (xi1 , ..., xint
) ∈ F ∗

N

and closed with respect to: ¬, →, ∧, ∨, ↔ and
∧

xi
,
∨

xi
.

The symbols pn1

1 , . . . , pnt

t are predicate constants interpreted in N ∗ as

the relations: pn1

1
, . . . , pnt

t .

Let v0 : At → FN∗ be a function such that

(17) v0(P
ni

i (x1, ..., xni
)) = pni

i (x1, . . . , xni
)

for i = 1, 2, ..., t.

Hence for every γ ∈ SL(α0) we have

(18) N∗ |= hv0 (γ) [Σ∗] ⇔ ‖γ‖ ∈ H

where Σ∗ is the sequence from N onto N ∗ such that Σ∗(k) = k∗ for every

k ∈ N .

According to (18) the formula hv0 (γ) is satisfied by the sequence Σ∗

in the structure N ∗ iff ‖γ‖ ∈ H; this can be proved by the induction on

the number of connectives and quantifiers in γ.

First of all

N∗ |= v0(P
ni

ki
(x1, ..., xni

))[Σ∗] ⇔
∥

∥P nn

ki
(x1, ..., xni

)
∥

∥ ∈ H.
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Indeed

N∗ |= v0(P
ni

ki
(x1, ..., xni

)) [Σ∗] ⇔ pni

ki
(x1[Σ

∗], ..., xni
[Σ∗])

⇔ pni

ki
(Σ∗(1), ...,Σ∗(ni))

⇔ pni

ki
(1∗, . . . , n∗)

⇔
∥

∥pni

ki
(x1, . . . , xni

)
∥

∥ ∈ H.

Let us assume that β, δ are the formulas satisfying the condition. We show

that N∗ |= (β ∧ δ)[Σ∗] ⇔ ‖β ∧ δ‖ ∈ H.

Indeed from the fact that H is a filter we have

N∗ |= (β ∧ δ) [Σ∗] ⇔ N∗ |= β[Σ∗] ∧ N∗ |= δ[Σ∗]

⇔ ‖β‖ ∈ H ∧ ‖δ‖ ∈ H ⇔ ‖β ∧ δ‖ ∈ H.

Let us assume that δ satisfies the inductive assumption and γ =
∧

xk
δ.

Then
N∗ |= (

∧

xk

δ)[Σ∗] ⇔ ∀a∈N/=N∗ |= δ[Σ∗k
a ]

⇔ ∀m∈NN∗ |= δ[Σ∗k
m∗ ]

⇔ ∀m∈NN∗ |= δ(xk/xm)[Σ∗]

⇔ ∀m∈N ‖δ(xk/xm)‖ ∈ H

⇔

∥

∥

∥

∥

∥

∧

xk

δ

∥

∥

∥

∥

∥

∈ H,

where Σ∗k
a (i) =

{

Σ∗(i) k 6= i
a∗ k = i

Hence, from (18) and (13) we infer:

(19) N∗ |= hv0(¬α0)[Σ
∗].

Then N∗ 6|= hv0(α0)[Σ
∗]. Therefore

(20) α0 /∈ L (N∗) .
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Thus by the fact that Θn ∈ Ln we have also:

(21) card (N∗) ≤ n

(22) Θn (xn+1/xt) ∈ Ln for every t ∈ N.

Thus for the function s1 : At → SL such that

s1(P
m
k (xi1 , ..., xim

)) =

{

I(xi1 , xi2)if k = 2 ∧ m = 2
P m

k (xi1 , ..., xim
)if k 6= 2 ∨ m 6= 2

we have

(23) hs1(Θn(xn+1/xt)) ∈ Ln ⊆ T

(24)
∧

y

[I(x1, y) ≡ I(x2, y)] ∨ . . . ∨
∧

y

[I(xn, y) ≡ I(xt, y)] ∈ T

(25) I (x1, x2) ∨ . . . ∨ I (xn, xt) ∈ T,

(26) ‖I (x1, x2) ∨ . . . ∨ I (xn, xt)‖ ∈ H.

From the fact that H is an ultrafilter and from ( 15 ) we get

(27) 1|=|2 ∨ 2|=|3 ∨ . . . ∨ n|=|t

for every t ∈ N .

Thus card (N∗) ≤ n.

From (21) and Lemmas 2, 3 we have

(28) L
(

Nn

)

⊆ L (N∗) .

Hence, from (22) we infer:

(29) α0 /∈ L
(

Nn

)

.
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This contradicts the hypothesis (6). Thus Theorem 1 is proved. �
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