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ON QUASIVARIETY SEMANTICS OF
FRAGMENTS OF INTUITIONISTIC
PROPOSITIONAL LOGIC WITHOUT EXCHANGE
AND CONTRACTION RULES

Abstract. Let H be the Hilbert-style intuitionistic propositional
calculus without exchange and contraction rules (as given by Ono
and Komori). An axiomatization of H with the separation property is
provided. Of the superimplicational fragments of H, it is proved that
just two fail to be finitely axiomatized, and that all are algebraizable.
The paper is a study of these fragments, their equivalent algebraic
(quasivariety) semantics and their axiomatic extensions.

Introduction

In various formal approaches to intuitionistic propositional logic, a hi-
erarchy of logical systems results from the presence of all, some or none of
the structural rules of weakening, exchange and contraction: see, e.g. [26].
Among such ‘substructural’ logics are two Gentzen-style sequent calculi
studied by Ono and Komori in [22], which they called Lpcc and Lpck.
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These are essentially the logics obtained from Gentzen’s calculus L.J (de-
fined in [15]) by removing, respectively, the contraction and exchange rules,
and the contraction rule alone. (See [10], [11], [12] also.)

The present paper concerns the logic Lgcc, its superimplicational frag-
ments and their algebraic model classes. We abbreviate Lycc as L. An
equivalent Hilbert-style deductive system Hpcc (which we call H) was
defined in [22] by a finite set I of (axioms and) inference rules. This ax-
iomatization does not provide a ‘separation theorem’: in particular, for a
subset C' of the connectives D, &, V, A, L containing O and V but not A,
not all theorems of the C—fragment of H may be derived from the rules of

I that use only connectives from C.

Answering a question raised in [22], we provide (in Section 2) an axiom-
atization J of H for which the separation theorem does hold. Thus, for any
C' containing D, the C—fragment of H is axiomatized by the rules of J that
use only connectives from C'. The axiomatization J is unavoidably infinite,
however: we prove in Section 3 that the {D,V}- and {D,V, L}-fragments

of H are not finitely axiomatizable.

Whereas the ‘C—rules’ of I axiomatize a nonalgebraizable logic when
C contains D and V but not A, we observe in Section 3 that for any C
containing D, the C—fragment of H is algebraizable in the sense of [5]. For
its equivalent quasivariety semantics, we prefer a dual (additive) notation
in which a C* C {—=—,®, M, U,1} replaces C C {D,&,V,A, L}. This
quasivariety, now explicitly axiomatized, is denoted Hc+ and consists of
suitable subreducts of left residuated integral ordered monoids with well
behaved bounded lattice operations: the left residuation operation — cor-
responding to (reversed) implication is always in C* and x — z defines the
identity 0 of the monoid operation @, which is also the least element of the

order <.

Sections 4-6 of the paper concern algebraic properties of such a quasi-
variety He«. It is always relatively congruence distributive. A new simple

characterization of the ‘filters’ (with respect to H) of algebras A € He~ is
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given; there is a lattice isomorphism between these and the relative con-
gruences of A. The class He+ is a variety if and only if C* contains (in
addition to —) @ and at least one of M, LU (a result of P.M. Idziak).
When C* contains — ,® and [, this variety is arithmetical.

In Section 5, we characterize relative subvarieties of H ¢« with (i) the
relative congruence (i.e. filter) extension property (FEP) and (ii) equation-
ally definable principal relative congruences (i.e. filters), which amounts to
saying which axiomatic extensions of the C—fragment of H have a (i) local,
and (ii) full deduction theorem. For each n € w, these include the subqua-
sivarieties Hg. of He satisfying « — (x — y) = ny = 0, i.e., the axiomatic
extensions in which ¢ D™ ((¢ D p) D p).

We focus on the classes H¢. in Section 6. They encompass all BCK—
algebras (take C* = { — } and n = 1) and, up to anti-isomorphism, ordi-
nals not exceeding w*, considered as right residuated well ordered additive
monoids (take n = 2). For C'* excluding both @ and 1, the relative subvari-
eties of the H.s are characterized by the FEP together with a certain weak
finiteness condition. In particular, we prove that all locally finite relative
subvarieties of Hc+ with the FEP lie in some H¢.. We characterize the
finitely subdirectly irreducible members of H¢.. If M € C* then HE. has
‘equationally definable principal meets’ (EDPM); we also prove (construc-
tively) that the quasivariety generated by the linearly ordered members
of H. is a relative subvariety of H¢. with EDPM, regardless of whether
C* contains . We indicate how these facts illustrate a general result of
Czelakowski and Dziobiak [9].

2. Hilbert-Style Formulation of L with Separation

A fixed denumerable set {xq,x1,X2,...} of variables is given, over
which lower case Roman letters, possibly with integer subscripts, shall range
as metavariables. We prefer the metavariables p, g, r, ... in logical contexts
(i.e., these denote ‘propositional’ variables) and x,y, z, . .. in algebraic ones.
In either context, lower case Greek letters shall be used to denote formulas
(i.e. terms) arising in the usual way from variables and the connectives (i.e.
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fundamental operation symbols) of a sentential (i.e. algebraic) language;
and upper case Greek letters to denote (possibly empty) sets or sequences
of formulas. Sequents are written as I' — «; recall that in such expres-
sions I is required to be a finite sequence of formulas. We assume a basic
knowledge of Gentzen-style sequent calculi (henceforth, briefly, Gentzen
systems): see, e.g., [27].

In their paper [22], Ono and Komori study the Gentzen system Lpcc,
which we denote throughout this paper by L. The language of L consists
of the binary connectives D, &, V, A and the constant L. Initial sequents
of L are either of the form 1 — « for any formula «, or of the form p — p

for any propositional variable p.

Rules of inference of L are as follows: !

F,A—>7( kening) F'-a AaX—y
———— (weakening
AT, Y =y

Todos (cut)

Na—pg I'—« A BY — -y
————(—=D)
I'-a>p AaDp Y -y

>-)

I' -« I'—pg

Toavg "D Toavs VP

]‘—‘70{7A—>fy ]‘—‘7/87A—>7
T,aVG,A —

vV =)

I3 A — -y
TLanG,A—xy

Ia,A—ny
TLanG,A—xy

(A — 1) (A — 2)

'-a I'—g
I'—-anpg

(=N

I'-a A-—=p
NA—-a&p

F’a7/87A—)’y
Na& 8,A —~

(= &) (& —).

1 The weak conjunction & is called ‘fusion’ (of premisses). If we restore exchange
and contraction to L then & duplicates A.
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Note that L is not equipped with the structural rules

F7a757A_>7

F’a,O{?A_)’Y
F’/B7a7A —)’y

(contraction) (exchange).

MaA—y
The exchange rule is derivable in the extension of L by the contraction rule.
Theorem 2.1. [22] The cut elimination theorem holds for L.

Let {D} CC C {D,&,V, A, L}. A formula « is a C—formula if any log-
ical connective appearing in « belongs to C. A sequent consisting of only
C—formulas is called a C-sequent. Let C—L denote the Gentzen system
dealing with C'-sequents whose initial sequents are p — p for any proposi-
tional variable p and, when | € C, also | — « for any C—formula «, and
whose rules of inference are those of L that use only connectives from C.
Theorem 2.1 has the following corollary: see, e.g., [27, Thm. 6.3].

Corollary 2.2. If a sequent I' — « is derivable in L then it is derivable in
C-L, whenever C contains D and all the connectives occurring in I' U {a}.

We therefore call C—L the C—fragment of L.

By a Hilbert-style deductive system (briefly, a Hilbert system), we
mean a deductive system S as defined, e.g., in [5]. Although defined as a
language together with a (consequence) relation g having certain proper-
ties, such a system is often specified by a set of (axioms and) inference rules.
(We may regard axioms as inference rules with empty sets of premisses.)
Recall that S is, by definition, structural, i.e., whenever I U {¢} is a set of
formulas, f an assignment of formulas to variables (extended compatibly
to all formulas in the standard way) and f[I'] = {f(y) : v € '}, we have

I'Fs ¢ implies f[I']Fg f(e).

Also, by definition, S is finitary, i.e., whenever I' g ¢, we have I'1 kg ¢
for some finite I'y C I".

Ono and Komori also introduced a Hilbert system Hpcc, with the
same connectives as L. We shall use H throughout as an abbreviation of
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Hpcc and we reserve the symbol - for its consequence relation. We adopt
the convention for D that omitted parentheses are associated to the right,
e.g., @ D (3 D abbreviates a D (8 D 7).

The system H = Hgcc is defined by the axioms

(H1) pDg>Dp

(H2) Lop

(H3) (p>¢)>(r>p)Ddr>g

(H4) (pD>r)A(gDr)D (Ve Dr
(H5) p>(»pVa)

(H6) ¢>(»Va)

(H7) (pA@)Dp

(H8) (pAg)Dq

(HI) ((ro>p)A(rD>qg)DdrDd(pAg)
H10) p>g¢D(pAgq)

H11) (pD>gDr)D>(p&q)Dr

H12) pDgD(p&y).

and the following two additional inference rules:
p,pOqtF q (mpl) and ¢, pDgDr F pDOr (m.p.2)

Let I be the above aziomatization of H, i.e., the set consisting of
(H1)-(H12), (m.p.1) and (m.p.2). Let {D} C C C {D,&,V,A, L}. The
C'—fragment of H, denoted C—H, is the Hilbert system whose language
consists of the connectives of C' and whose consequence relation, denoted
Fc, is defined by:

F'Fopifand only if I'F ¢ and T'U {p} is a set of C—formulas.

Here our nomenclature differs from that of [22]. What Ono and Komori
refer to as the ‘C—fragment’ of H will be called here the ‘(C, I)—subsystem’.
This notion, unlike the one just defined, depends not only on H and C' but



FRAGMENTS OF IPC WITHOUT EXCHANGE 9

also on the axiomatization I. In particular, for C' as above, the (C,I)—
subsystem of H, denoted (C,I)-H, is a Hilbert system whose language
consists of the connectives of C; it is axiomatized by the formulas among
(H1)-(H12) that use only connectives from C, and (m.p.1) and (m.p.2). We
denote its consequence relation by ¢ ;. (Our usage of ‘fragment’ is consis-
tent, for example, with [5]. No corresponding notational distinction need
be drawn for L, in view of Corollary 2.2) A superimplicational fragment
shall mean a C—fragment, for some C containing DO.

Let G and S be a Gentzen and a Hilbert system, respectively, with a
common language that includes a specified binary connective D. Suppose
that for all formulas oy, ..., an,y, the sequent oy, ..., a, — 7 is derivable
in G exactly when the formula vy D as D ... D «, D ~ is provable
in S. Then we say that G and S are logically equivalent. We say that the
separation theorem holds for an axiomatization I’ of S provided that for any
provable formula « of S, there exists a derivation of o (with respect to I”)
in which all occurring connectives other than D are among the connectives

occurring in «.

Theorem 2.3. [22, Cor. 2.8.2] L and H are logically equivalent. Also,
for any subset C' of {D,&,V,A, L} which contains D and either does not
contain V or does contain A, the systems C—L and (C,I)-H are logically
equivalent.

In [22, §9, Remark 1], Ono and Komori ask whether there is a Hilbert-
style formulation of L for which the separation theorem holds. We shall
present such a formulation here.

Let J be the set obtained by removing from I the axiom (H4) and
adding
(Xo) (qDs)D(r>s)D(gVr)Ds,
(Xn) (p1D...DpnDgDs)D
P1D...D2ppD7rDs)DP1D...0pn D (qVr)Ds,

for each natural number n. Let H' = Hfsc be the Hilbert system with
the same language as H that is axiomatized by J and let F’ denote its
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consequence relation. For {D} C C C {D,&,V,A, L}, we define the C—
fragment and (C, J)—subsystem of H' just as for H and I. We denote them
by C-H' and (C, J)-H', and their consequence relations by F and k¢ ;,
respectively.

Lemma 2.4. ({D,V,A},I)-H and ({D,V,A},J)-H' coincide. Thus, H
and H' are the same Hilbert system.

Proof. First we show that each (X,,) is provable in ({D,V, A}, I)-H.
We begin with the following observation:

vOw,tDudDv 5y tDudw. (1)

For, by (H3),
Fisyr (WD w) D (wDdw) Dudw,

and
Foyr (WDv)D(udDw)D(EDudv)DtDudw,

so (1) follows by (m.p.1). By (H4),
Fovayr (@2 8)A(rDs))D(gvr) Ds,
and by (H10),
Fiowvarr (@Ds)D(rDs)D((gDs)A(rDs)).

Thus, by (1), (Xo) is a theorem of ({D,V,A},I)-H. Using (H9), (1) and

induction, we obtain

Foowvanr (1D ...DpnDgDs)A(Pp1D...Dpp D7 D5)) D

P1D...0pn D ((gDs)A(rDs)).

Using (H4), (H3) and induction, we have

Fowvapt 01200 D (@D 8)A(rDs)))Dp1D...Dpp D(qVr) Ds
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whence, by (H3) and (m.p.1),

Fovanr (P12 .. DpnD¢D8)A(p1D...Dppy D7 D)) D

p1D...0Opp D (gVr)Ds.

Now, by (H10),
Fiowvap g (P12 .. DpnDgD8)D(p1D...0py, DT D) D

(p1D...D2pnD2qgDs)A(P1D...Dpyr DT D)),

so, using (1), we obtain (X,,) as a theorem of ({D,V,A},I)-H.
Next, we derive (H4) in ({D, V, A}, J)-H'. Substituting (¢ D s) A (r D
s) for pin (X7), we get

s (((@28)A(rDs)2(@Ds)D(((@Ds)A(rDs) D(rDs))
D((g>s)A(rD>s)D(gVr)Ds,

so, using (H7), (H8) and (m.p.1), we may prove (H4).

This establishes the first assertion of the lemma. The second follows
because the axioms by which H and H’ differ use only the connectives D,
V and A. [ |

Henceforth, therefore, we shall drop the ’ from H’, ', etc. Note that
in deriving (H4) in ({D,V, A}, J)-H’, we used only (X;), (H7), (H8) and
(m.p.1). Thus, H is also axiomatized by the finite set J; obtained from
J by replacing the (X,),n € w, by the single formula (X;), while ({D
,V, A}, I)—H is axiomatized by the corresponding subset of J;. As we shall
see, however, H does not have the separation theorem for J;, nor for any
axiomatizating subset of J in which only finitely many of the (X,,)’s are
present.

Evidently, if C contains D and either contains A or does not contain
V, we also have (C,I)-H = (C,J)-H. In this case, by Theorem 3.2, C—-L
and (C, J)—H are logically equivalent. We show that the same is true in
the other cases.
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Lemma 2.5. ({D,V},J)-H and {D,V}-L are logically equivalent. More-
over, if C' is a subset of {D,&,V,A, L} that contains D and V but not A,
then (C,J)—H and C-L are logically equivalent.

Proof. We first show that the sequent
PLD...OPnDQGgDS, P1D...0Pp DT DS, Py y,Pn,qV 1T — 8,

which corresponds to the axiom (X,,), is derivable in {D,V}-L. Consider
the following derivation in {D,V}-L. Each step is an application of the
rule (D —).

q—q S—38

Pn — Pn 42 84q—8 Pp-1—Pn-1 Pn 242 8Pn,q— 8

P1DO...0OPpn2OqDS, Ply---yPn,q — S
Similarly we can derive
PLDO ...D0OPp OT DS, Ply-++yPn,T" — S.
Let T' denote the sequence
PLD...DOPn2qgDS, P1D...0Ppn OTr DS, Ply---,Pn-

By (weakening), we derive I';¢ — s and ', » — s, and then, by (V —), also
I'gVvr—s.

The sequents corresponding to the other axioms of ({D,V}, J)-H are
easily derivable in {D,V}-L. Now suppose that k(53 ;01 D ... Day D
~. It is straightforward to prove, by induction on the length of a derivation

of a;y D ... D a, D 7, that the sequent «y,...,qa, — ~ is derivable in
{D,V}-L.
Conversely, suppose oy, ..., a, — 7 is derivable in {D, V}-L. To show

that oy D ... D ay, D 7 is a theorem of ({D,V},J)—H, we proceed by
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induction on the length of a derivation of aq,...,a, — 7. Suppose that
in some such derivation, aq,...,a, — 7 occurs as the lower sequent of the
rule (V —). Then

alv"'van:517'-'7/87”/1,74-\/777617"'767"7
where m + 7 + 1 =n, and

ﬂla"'wﬁm)gaél)"'vaT_)’y /615"'7/6771)77761)"'757‘_)7
ﬂl)"'vﬂmacvnval)”'?dT_>’Y

By the induction hypothesis,

vV =)

FoovigBiD...DB3,2¢(D61D...06, Dy
and
FovigBLD ... DBm DN D01 D... D D7.

Thus, using the axiom (X,,) of ({D,V},JJ)-H and (m.p.1), we obtain
FovigBiD ... B D(CVn) Do D...D6 D7,

as required. If there exists a derivation in which a,...,a, — v occurs
as the lower sequent of any of the other inference rules (other than the
cut rule), the same result follows easily. The rest of the lemma is proved
similarly. ]

In conjunction with Lemma 2.4, the above lemma gives us the follow-
ing:

Corollary 2.6. For each subset C of {D,&,V,A, L} containing D, the
systems (C,J)-H and C—L are logically equivalent.

Corollary 2.7. The separation theorem holds for the axiomatization J of
H, ie., (C,J)-H = C—H whenever C contains D .

Proof. Let C be a subset of {D, &, V, A, L} containing O and suppose
that a C—formula « is provable in H. By Corollary 2.6, the sequent — «
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is derivable in L. In view of Corollary 2.2, this derivation can be assumed
to belong to C—L. By Corollary 2.6 again, « is provable in (C,J)-H. |

3. Algebraizability and Axiomatization of Fragments of H

In this section we investigate the algebraizability, in the sense of Blok
and Pigozzi [5], of the Hilbert systems of Section 2.

In an algebra A of type L, the interpretation of an operation symbol
a of £ shall be denoted a® (or just , if A is understood). For consistency,
we continue to refer to the terms of £ as ‘formulas’. For classes M of similar
algebras, we make standard use (see, e.g., [8]) of the class operator symbols
I, H, S, P, and Py (for ultraproducts) and we denote the least quasivariety
containing M by Q(M).

For a quasivariety I and an algebra A of the same type, the K-
congruences (or relative congruences, if K is understood) of A are the
congruences # of A for which A/ € K. We use Con A [resp. CongA]
to denote the set of all [resp. all relative] congruences of A. When ordered
by set inclusion, these become algebraic lattices Con A and ConyxA. The
least K-congruence of A containing X C A? is denoted by ©2(X), or by
O (a,b) if X = {{a,b)}.

Recall from [5] that a Hilbert system S over a language L is said to
be algebraizable if there exist m,r € w, a family A = {A; : j < m}
of binary formulas and families {§; : ¢ < r} and {e; : ¢ < r} of unary
formulas of £ such that for any connective « (of rank n, say) and any
formulas ¢1,...,0n, U1, ..., Un, @, ¥, of L, the following conditions hold
for j < m:?

1) FsAj(p )
(i) {Ai(p,9) i <m} s A, p)
(i) {Ai(p,¥) i <m}PU{A;(¥,¢) :i <m} s Aj(p, ()

2 HereI'Fg Y means I' g ¢ for all ¢ € & and I’ HFg X abbreviates ‘both I' g &
and ¥ kg I'’; a similar convention applies to equational consequence relations of classes

of algebras.
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(iv) {Ai(or,) =+ @ < m 3 k = 1,....,n} Fg
Aj(alpr, o), a(i, ., n))
(v) s {A;(6:(C),ee(Q)) ri<m; t<r}

In this case, there is a unique quasivariety IC of algebras of type £ in which,
for any set I' U {p, ¥} of formulas and for [ < r, we have

(x) Thse iff {0(0)=e(():Cel st <r}xdlp)~ealp),
(ex)  pm Y =Ex {0 (Ailp, ) me(Ailp, ) i <m; t <r}.
Given any axiomatization AxUIr of S, where Ax is a set of axioms and Ir a

set of inference rules with nonempty sets of premisses, the aforementioned
quasivariety K is axiomatized by the identities

0e(p) mer(p), t<r; € Ax,
01(Aj(m, 7)) = er(Aj(x, 7)), j<m;t<r

Q

together with the quasi-identities

(Acez Necr 8O ~ () = dile) = ai(9),
L<r, (B, p) €l

(Agam Nvr 0185 (. 9) = e:(By(@,9))) = =y

[5, Theorems 2.17, 4.7]. Following [5], we call I the equivalent quasivariety
semantics of S. The formulas in A and the equations §; ~ &;, t < r, are
called equivalence formulas and defining equations for S and K. They are
unique up to interderivability over S and K, respectively. If, in addition,
P, q s Aj(p,q) for all j < m, we say that S has the Godel Rule. In this case
K satisfies A;(z, z) = Aj(y,y) for all i, j and is relatively point reqular at the
constant formula T = A;(z, ), i.e., for any A € K and any K—congruences
01,02 of A, if T/0; = T/0y then 0, = 6. If S is an algebraizable Hilbert
system whose equivalent quasivariety semantics K is a variety, we say that
S is strongly algebraizable with equivalent variety semantics K.

A quasivariety IC satisfying (x) (but not necessarily (xx)) is called
an algebraic semantics for S. Algebraic semantics for superimplicational



16 C.J. VAN ALTEN AND J.G. RAFTERY

fragments of H are given implicitly in [22, Thm. 8.1]. The next three
lemmas sharpen this result.

Lemma 3.1. [25, Prop. 2| {D}-H and {D, &}-H are algebraizable Hilbert
systems with the Gédel Rule, with defining equation p ~ p D p and equiv-
alence formulas A = {p D q,q D p}.

Lemma 3.2. {D,A}-H is algebraizable with defining equation p ~p D p
and equivalence formulas A = {p D q,q D p}.

Proof. By Lemma 3.1, it is sufficient to show that
PO, ¢Dp, v D8, sDr b5 (PAT)D (aAs), (ghs) D (pAT).
Using (H3), (H7), (H8), (H9), (H10) and (m.p.1) we obtain

POq,rDstisa (PAT)D(gAs).
By symmetry of variables, the result follows. ]

Lemma 3.3. {D,V}-H is algebraizable with defining equation p ~p D p
and equivalence formulas A = {p D q,q D p}.

Proof. Again, by Lemma 3.1, we need only show that
PDq qOp, 7D, sDr Fi5yy (pVr)D(gVs), (gVs)D(pVr).
Using (H3), (H5), (H6), (Xo) and (m.p.1) we obtain

pDq, rDs 5y (PVr)D(qVs),
and the result follows by symmetry of the variables. [

Corollary 3.4. For each set C' of connectives of H that contains O, C—H
(i.e., (C,J)—H) is algebraizable with the G6édel Rule, with defining equation
p =~ p D p and equivalence formulas A = {p D q,q D p}.

When discussing the equivalent quasivariety semantics of the above
Hilbert systems, we replace D,&,V,A, L by the more natural algebraic



~—~ N N N

FRAGMENTS OF IPC WITHOUT EXCHANGE 17

(respective) symbols =, @, M, U,1. Let C C {D,&,V,A, L}. By C* we
mean the subset of { — ,@, M, U, 1} got by replacing each connective in
C by its corresponding algebraic symbol. For each C—formula « we define a
C*—formula o* as follows: first replace L by 1. If « is a variable, let a* be
a. Suppose % and v* have been defined. If v is 8 D 7, let a* be v* — 3%;
if ais B & v, let a® be * @~*; if ais BV 7, let a® be ~* M G%; if « is
B A7, let a* be v* U B*. Our convention for D of omitting parentheses by
association to the right reverses for — .

In this formalism, the equivalent quasivariety semantics of H, denoted
H, is a class of algebras of type (2,2,2,2,0), with fundamental operation
symbols — @, I, U, 1. For a subset C of the connectives containing D,
the equivalent quasivariety semantics of C—H, denoted He-, is the class
of subalgebras of the C*-reducts of members of H [5, Cor. 2.12]. By the
Godel Rule, a constant is defined over He« by 0 =z = .

For convenience, we shall assume throughout that 0 s in the language
of each He«. Also, C* shall always denote a subset of {— ,®, M, U,1}
containing - . (Similarly, C shall always contain D.)

By (%), for all sets I" of C—formulas and all C—formulas «,
I'Fca ifandonlyif {f*~0:8€cl}Ex. a" =0.

An explicit axiomatization of each H¢« follows from the separation
theorem and algebraizability. By [25, Propositions 1,2], H{ . gy is axiom-
atized more economically by:

Ll) z—=—0~ux

L2) 0—2=~0

3)

I4) z—y~O0andy—z~0 = =~y
L5)

=

r=y=(z=y = (@=2)=0

r=(ydz)~rr——z-y.

We noted after Lemma 2.4 that H is axiomatized by (H1)-(H12), ex-
cluding (H4), together with (X1), (m.p.1) and (m.p.2). By algebraizability,
an axiomatization of H is therefore given by (L1)—(L5) and the following:
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r=—1~=0
(xMNy)=—z~0
(xMy)=—y=0

~ o~ o~
=
oo

)
)
)
L9) z—(yNz)—w—=—(r—y—w)—(r=—z-—w)=0
) z—(zUy)=0

) y=(zUy)=0

) (@Uy)=z=(@x=2)U({y—=2)

)

(zUy)—y—=—x~=0
The class Hy . 3 is axiomatized by (L1)-(L4), (L7), (L8) and the
identities
(Vo) o—(ynz)—w — ... —w, —(x—y—w; — ... —wy,)
—(r—z—w— ... —w,)~0

(corresponding to (X,,)) for each natural number n > 1. If we set w; = 0 in
(Y1) (i-e., (L9)), we get the algebraic equivalent, (Yp), of (Xo). In fact, we
can derive (Y,,) from (Y;,41) and (L1) in general. The class H{ . 1 3 is
axiomatized by the axioms of H; ..y together with (L6). In all other
cases, He~ is axiomatized by (L1)—(L4) and those identities among (L5)—
(L13) that use only the connectives in C*. In fact, the proof of Lemma 2.4
shows that when C* contains both M and LU, the identities (Y,,),n > 2,
are redundant in our axiomatization of H o+, whereas if C'* contains both
M and @, the (Y;,)’s (n > 2) may be derived from (L5) and (Y7) in the
following way:

r==(yNz)=—w — ... —w, = (T =y —w — ... = W,)
—(r—z—w — ... —wy)
~ar=—(yNz)=—(w, ®...0w;) = (z=-y— (w, ®...Dw))
—(r—z=—(w,®...0w1)) = 0.

It follows that {D,&,V}-H is axiomatized by (H1), (H3), (H5), (H6),
(H11), (H12), (X1), (m.p.1) and (m.p.2).
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Observe that for each C'*, the members of H¢+ admit a definable partial
order < with least element 0, wherea < bifand only ifa —b=0. If € C*
then the members of H¢- are ordered monoids with respect to < and @®,3
with identity 0, and they are left residuated in the sense that a — b is always
the least element ¢ for which a < ¢ @ b (see [22], [33]). It follows that —
preserves and reverses order in its first and second arguments, respectively,
and that we always have a — b < a. On the other hand, if M [resp. U]
€ C*, then < is a semilattice order whose meet [resp. join| operation is I
[resp. U ]. Of these facts, the former makes essential use of the axiom (Yj).

By Corollary 2.6, H [resp. He+] coincides with the class of full-BCC-
algebras [resp. ‘C*-BCC-algebras’] of [22]. Several embedding theorems
for these algebras appear in [22], exemplifying a general correspondence
between fragments of an algebraizable Hilbert system S and subreduct
classes of the equivalent quasivariety semantics of S [5, Cor. 2.12]. Up
to isomorphism, there is a unique two-element algebra in He+, which we
denote by 2¢+.

We present some examples that distinguish the strengths of the iden-
tities (Y},), n € w, establishing that no finite subsequence of the (Y,)’s
may replace the whole sequence in our axiomatization of Hy .. 3. The
same applies to Hy__ m 13, since all algebras constructed will have top
elements. Then the Compactness Theorem implies the next result, whose
corollary follows immediately by algebraizability.

Theorem 3.5. The quasivarieties Hy .. and Hy_. 1 . are not
finitely axiomatizable.

Corollary 3.6. The {D,V}—and {D,V, L}-fragments of H are not finitely

axiomatizable.

First we define an algebra A = (A4; =, M,0) of type (2,2,0) that
satisfies (L1)-(L4), (L7), (L8) and (Yy) but does not satisfy (Y7). Let
(A; <) be the partially ordered set depicted in Figure 1. Let M be the

3 We imply by this that @ preserves order in both of its arguments.
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meet operation on A determined by < and let — be defined on A by the
table in Figure 1. One checks that A satisfies (L1)-(L4), (L7), (L8) and
(Yp), but A does not satisfy (Y7), since
1=bMNe)—a=-(1=-b—=—a)=—(1=c—a)
=1l=—a—=(c—a)=—(b—=—a)
—d=0-=0
=d#0.

Figure 1.

Next, for any fixed n > 1, we define an algebra A over { =, M ,0} that
satisfies (L1)—(L4), (L7), (L8) and (Y,,) (hence also (Y;,) for each m < n)
but does not satisfy (Y, +1). Consider the structure (B; =, d;<’) where
(B; <’ is the four-element poset depicted in Figure 2 and B = (B; —',d)
the algebra of type (2,0) defined by s —"t =dif s <' t; s='d=s (s,t €
B);a—'b=c=—"b=cand a—"c=0b-"c=>5. Then B is isomorphic to
2{—y X 2{—y € H{~)

Figure 2.

Now we define A = (A4; =, M,0) as follows. Let N be the set of
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positive natural numbers and A the following union of five mutually disjoint
sets:

A={a;:i1 e N}U{b;:ie N}U{c;:i1 € N}U{d; :i € N} U/{e, f,0}.

Let < be the partial order on A depicted in Figure 3 and M the meet
semilattice operation on A induced by <. For all u,v € A, let u—=—0 = u
and if u < v, define u —v = 0. For all 4,5 € N and all s,t € {a,b,c,d},

define
(S -1 t)i(n—‘,—l) if 4 < ]
S; — tj = (S ;/t)(i+1)(n+1) if ¢ > j and s fl t
ifi>jand s <'t,

asn, = [ =eand s; — f = s;41 for s; # asy,

€= Q2n41 = d2n(n+1)7
€=U = agpt1 — u for u # agy41, and
U—— e =1u-dgyt1 for u # e.

One checks that A satisfies (L1)-(L4), (L7), (L8) and (Y,,), but A does
not satisfy (Y1) because

(a1 = (b2 Me2) = nf = azni1) = (a1 = b2 —nf = azny1)
- (G1 —cy—nf = a2n+1)
= (6 - a2n+1) - (62n+1 - G2n+1) - (b2n+1 - a2n+1)

= d2n(n+1) —0=0= d2n(n+1) 7& 0.
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Figure 3.

Corollary 3.6 contrasts with results of [22] showing that the finite set I
(of Section 2) together with an exchange-like rule axiomatizes (with sepa-
ration) a Hilbert system Hpck, logically equivalent to Lpck. In particular,

all superimplicational fragments of Hgck are finitely axiomatized.

Let S and A be a Hilbert system and an algebra over the same language
L andlet FF C A. We call F an S—filter of A provided that whenever I' g ¢,
the following is true: for every assignment @ of elements of A to the variables
of TU{p}, if A(a@) € F for all b € T then pA(a@) € F. It clearly suffices to
check this closure property for the (axioms and) inference rules I' Fg ¢ in
some given axiomatization of S. The set Fi® A of all S-filters of A becomes
an algebraic lattice Fi®A when ordered by set inclusion. Let X C A. The
least S—filter of A containing X shall be denoted by (X)a; if X = {a} for
some a € A, this is called a principal S—filter and is denoted by (a)a .
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We say that ® € ConA is compatible with F© C A provided that b €
F whenever both a € F and (a,b) € ®. Let QaF denote the largest
congruence on A that is compatible with F'. The map Q4 : Fi°A — ConA
thus defined is called the Leibniz operator of A. If S is algebraizable with
equivalent quasivariety semantics /C then () is a lattice isomorphism from
Fi® A onto Cong A [5, Thm. 5.1] and the actions of Q2 and its inverse are
determined by the defining equations and equivalence formulas for .S and
K. By this result and Corollary 3.4, for any A € He-, the maps

Fr QaF ={{a,b) e A2:a=b,b—acF} (FeFi®A);

0 0%/0={ac A:(a,0%) €0} (e CongA)

are mutually inverse isomorphisms between Fi®A and ConygA.

3.1. Nonalgebraizable Subsystems. It is natural to ask whether
the (C, I)-subsystems of H are algebraizable. If C' contains D and either
contains A or does not contain V then (C,I)-H = (C,J)-H is the alge-
braizable fragment C—H of H. We show that (C, I)~H is not algebraizable

in any of the remaining cases.

Proposition 3.7. Let C be a subset of {D,&,V,A, L} containing O and
V but not A. Then (C,I)-H is not algebraizable.

Proof.  Consider ({D,V},I)-H. Let (A;<) be the four-element
poset depicted in Figure 4. For s,t € A, set s—t = 0 if s < t and
s=0=s1—a=b—a=band 1=—b =a. Alsoset 1M1 =1 and
sMt = 0 otherwise. Then {0}, {0,a} and A are ({D,V}, I)-H-filters of
A:= (A; =, M,0), but A is a simple algebra, i.e., |ConA| = 2. The
Leibniz operator Q4 is therefore not injective, so ({D,V}, I)~H is not al-
gebraizable. The same example may be used to show nonalgebraizability
of ({D,Vv, L}, I)-H.
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Figure 4. Figure 5.

Consider ({D,&,V},I)-H. Let (A;<) be the five-element set poset
depicted in Figure 5. For s,t € A, set 0P s =s =sP®0, cPdc = g,
a®c=a, b®c=>band s®t =1 otherwise. Also, set s —t =0if s < ;
s—0=s,1—a=1—-b=a—-b=b—a=c,1=—c=1,a—=—c=a and
b—c =1b. Let M be the meet operation on A determined by <. Then
{0}, {0,¢} and A are ({D, &, V}, I)-H-filters of A:= (A; —,®, M,0) but
again, A is simple. It follows, just as above, that neither ({D,&,V}, I)-H
nor ({D,&,V, L}, I)-H is algebraizable. |

This confirms, e.g., that {D, V}-H is a proper extension of ({D,V}, I)—
H and that ({D,V},I)-H is not logically equivalent to {D,V}-L. For an
algebra A = (A; —, 1M,0) of type (2,2,0) such that (4; —,0) € Hy
and A satisfies (L7), (L8) (which correspond to (H5), (H6)), the operation
MA may bear little relation to the partial order ‘a < b iff a —b = 0’ on
A. The latter is not generally a meet semilattice order. Even when it is,
the meet operation that it induces on A need not be M*A: see the first
construction of the previous proof.

4. Algebraic Properties of the Quasivarieties He-

In [22, §9, Remark 7], Ono and Komori asked which of the classes H ¢+
are varieties. (We continue to assume that — € C*.) In other words,
which superimplicational fragments of H are strongly algebraizable? The



FRAGMENTS OF IPC WITHOUT EXCHANGE 25

next proposition answers this question. The authors thank Professor H.
Ono for pointing out that this proposition is an unpublished result of P.M.
Idziak. We include a proof the sake of completeness and for future reference.

Proposition 4.1. (Idziak) The quasivariety He« is a variety if and only
if C* contains @& and at least one of M, U. That is, C—H is strongly
algebraizable if and only if C contains & and at least one of V,A.

Proof. Define an algebra A = (4; =, M, U, 1,0) of type (2,2,2,0,0)
as follows. Let A ={0,a,b,1} be a four-element set and < the linear order
of Agivenby 0 <a<b< 1l Fors,te A,set s—t=0if s <t;s—=—0=s,
l—a=1,1=—b=aand b—a = b. Let M and U be, respectively,
the meet and join operations on A determined by the order <. Then A
€ H{— M, U oo}-* The union O of {(0,a), (a,0)} and {(s,s) : s € A} is a
congruence on A, but A/© violates (L4). Thus, Hy . 1 1) oo} is N0t a
variety. Considering reducts of the same algebra, we infer that He« is not
a variety whenever { — } C C* C { =, M, U,1}. (The result for {D} was
observed in [20].)

The quasivariety of ‘pocrims’ (also known as ‘BCK-algebras with oper-
ation (8)’) is the class of all members of H; . g3 whose monoid operations
@ are commutative. Higgs exhibited in [17] a pocrim that has a homomor-
phic image in which (L4) fails, whence Hy . g, is not a variety.

Now suppose that C* contains — , @ and . Since H¢- is axiomatized
by identities and the single quasi-identity (L4), it suffices to check that any
homomorphic image B of an algebra in He« satisfies (L4). We have noted
that any member of He« has a reduct that is (elementarily) equivalent to a
left residuated meet-semilattice ordered monoid whose definable semilattice
and residuation operations are the fundamental operations M and —. It
follows that He« (and hence also B) satisfies the identity

rM((z—y) Dy =~ (2)

4 The (=, M, U,0)-reduct of A is isomorphic to the corresponding subreduct on
{0,1,w,w + 1} of the ordinal w? considered as a right residuated well ordered monoid
with ordinal addition as ®.
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Since (B;®,0) is a monoid, we deduce from (2) that
BEz—y~0=zNy=~uz.

Since MPB is commutative, it follows by symmetry of the variables that B
satisfies (L4). (Thus, (2) may replace (L4) in the axiomatization of Hcx.)

A similar consideration of the identity

U ((z—y)@y)=(x—y) Sy

establishes the result when C* contains — , ® and U . ]

The above result contrasts with findings of Idziak [18] (also see [31],
[17]) essentially concerning the Hilbert system Hpck: all superimplica-
tional C—fragments of Hpck are algebraizable; the strongly algebraizable

ones are just those where C' contains at least one of V, A.

Observe that for A € Hex, a nonempty subset F' of A is a C—H-
filter of A if and only if the following are true for all a,b,c € A: a € F
whenever b, a — b € F; and a — ¢ € F whenever b, a —b— c € F. Since
this characterization is independent of C, i.e., the C—Hfilters of A coincide
with the {D}-H-filters of the ( = ,0)-reduct of A, we shall speak simply
of the filters of A.

A quasivariety K is relatively congruence distributive if the lattice
Conyi A is distributive for all algebras A € K.

Proposition 4.2. Fach of the quasivarieties He~ is relatively congruence
distributive. Thus, when C* contains @& and at least one of M, L, the

variety He+ is congruence distributive.

Proof. For C* = { =}, the relative distributivity of Hc¢+ was proved
in [25, Prop. 13]; the remaining cases follow from the isomorphism between

relative congruences and filters, since the latter don’t depend on C*. ]
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Proposition 4.3. IfC* contains { = ,®, 11 } then the variety Hc~ is arith-
metical. If C* contains { — ,®, U } then the variety Hc~ is congruence
4—permutable.

Proof. Let C* contain { —,@®, M }. For the formula

a(r,y,z) = ((z =y) @ 2) N ((z = y) @ 2),

He- satisfies oz, y,y) ~ ¢ ~ a(y,y, ), and is therefore congruence per-
mutable. Since H¢- is also congruence distributive, it is arithmetical. Now
let C* contain { —,®, U }. If we define

61(x7yvz) - (Z _y) Dz,

Bo(,y,2) = ((y = 2) & 2) U ((y =~ ) ),
ﬂ3(x7yvz) = (SU _y) Dz,

then He« satisfies x = 51 (z,y,y), Gi(z,z,y) = Bir1(x,y,y) (i = 1,2), and
Bs(x,z,y) ~ y, the standard criterion for 4-permutability (see [16]). ]

Every subvariety of H ) is congruence 3-permutable [25, Cor. 16].
When @ € C*, every locally finite® variety generated by members of Hc-
is a subvariety of He- [25, Prop. 14] and therefore congruence distributive;
such a variety is also congruence 3—permutable [28, Prop. 4.12].

The following internal characterization of filters in He« will be useful:

Lemma 4.4. Let A € He« and let F' be a nonempty subset of A. The
following conditions are equivalent:

(i) F is a filter of A.

(ii) For all a,b,c,d € A, if a—b,b € F then a € F; and if d € F, then
c=—(c=d)eF.

(i1i) For all a,b,c € A, if a,b € F then ¢ — (¢c—a—=—b) € F.

5 In fact it is sufficient here that every 2-generated algebra in the variety be finite.
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Moreover, for any filter F of A and n > 1, if a1,...,a, € F and c € A
then ¢ —(¢c—a; — ... —a,) € F.

Proof. The equivalence of (i) and (ii) is proved in [25]. Assume (ii)
and let a,b € F. Then ¢~ (c—~a) € Fand c—a—(c—a—=0b) € F.
Now, by (L3),

c—(c=a—=b = (c-a=—(c—a—=b) = (c=(c=—a))=0.

Trivially, 0 € F, so ¢ = (¢ =—a = b) € F. Conversely, assume (iii) and let
a=—bbe F. Thena =a-0=a—=—(a=—b—(a—=—0)) € F. Also, if
de F, thenc=—(c=—d)=c——(¢c—d—=0) € F since 0 € F, so (ii) holds.
The remaining statement of the lemma follows by a simple inductive proof.
|

Let xg,z1,22,... be a fixed denumerable sequence of (distinct) vari-
ables. We define sets of formulas 7T; as follows: Ty = {z¢,0} and for each

n € w,

Toy1 ={x; =~ (x; = =) i<n+1land Y,p € T,}.
Finally, T = (J{T}, : n € w}. Using Lemma 4.4,(iii), we obtain:
Corollary 4.5. For A € He« and a € A,

(aya = {t™(a,a1,...,a,) : T(xo,21,...,2,) €T and ay,...a, € A}.

5. Relative Congruence Extensibility and Deduction Theorems

Recall that a quasivariety K has the relative congruence extension prop-
erty (RCEP) if for every relative congruence € of a subalgebra B of any
A € K, there is a relative congruence 0’ of A with 8’'N(BxB) = 6. (We drop
the qualification ‘relative’ and speak of the CEP if K is a variety.) When K
is the equivalent quasivariety semantics of an algebraizable Hilbert system
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S, the RCEP clearly amounts to the filter extension property (FEP), i.e.,
the requirement that every S—filter of a subalgebra B of any A € K be the
intersection with B of some S—filter of A. It is also equivalent [4] to the
condition that S possess a local deduction detachment theorem (LDDT).
This last condition is that there is a family & = {¥;(p,¢) : i € Y} of finite
sets 3; = X;(p,q) = {¢?(p,q) : 5 < n;} of binary formulas ¢’ of S such that
for any set I' U {«, 5} of formulas of S,

IlNa kg f ifandonly if T Fg ¥;(a,0) for some i€ Y.

In this case, £ is called a local deduction detachment system for S. If in
addition, we may choose |Y | = 1, say &€ = {X}, we call ¥ a deduction
detachment set for S and say that S has a deduction detachment theorem.

When C* is { = } or { —, @}, the quasivariety Hc~ lacks the RCEP.
More strongly, for such C*, given any proper filter F' of any B € Hc-,
where | F'| > 1, there exists A € He« such that B is a subalgebra of A but
F is not the intersection with B of any filter of A.® The proof of this given
in [25, Prop. 6] shows that the ordered set underlying A may be chosen
to consist of that of B together with a three-element chain exceeding all
elements of B. This last fact makes it effortless to extend the argument to
cases where { —} C C* C { —,@, M, U } but this approach fails when 1
is included.

On the other hand, for any C* containing 1, consider the C* \ {1}~
reduct B of an algebra E € Ho«. Regardless of the value of C*, there is, up
to isomorphism, a unique extension of B by a new top element f such that
f—s = f whenever s € B. Enriching this extension by the designated
constant f, we have an algebra B; € He+ whose proper filters coincide
with the filters of B (or of E). Choosing E to have a proper filter F' with
at least two elements, and using the previously mentioned construction, we
obtain a superalgebra A of B such that B, F' and A witness failure of the
RCEP for Heg-\{13- Then By, F' and A, witness failure of the RCEP in
He+. We conclude:

6 One can always choose B and F as described: if D € H o+ is nontrivial, choose
B =D x D and F = D x {0}.
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Proposition 5.1. No superimplicational fragment of H possesses a local
deduction detachment theorem.

In contrast, every superimplicational fragment of Hgcyk has an LDDT.
(This follows easily from [4, Example 2.1].) We now investigate axiomatic
extensions of C—H that have an LDDT (for various C' containing D).

A subquasivariety K’ of a quasivariety K is called a relative subvariety
of K if K" = KNHSP(M) for some subclass M of K (equivalently, if a quasi-
equational basis for K together with some set of identities axiomatizes K’).
If K is the equivalent quasivariety semantics of a Hilbert system S then
its relative subvarieties are exactly the equivalent quasivariety semantics of
the axiomatic extensions of S. Thus, in particular, an axiomatic extension
of C—H that has an LDDT has as its equivalent quasivariety semantics a
relative subvariety of He« with the FEP.

Theorem 5.2. Let K be a relative subvariety of He«. The following are
equivalent. (T is as defined before Corollary 4.5.)

(i) K has the FEP.
(ii) For every 7(¥) = 7(xo
o7 (2,91 (2,9),..., 9],
I (x,y),... 19m(7)(:c
K7~ (§,7(5).
(

. Ty) €T there exists a formula Y7 (x,y) =
(r )( y)), where " (zo,...,Tm)) €T and
y) are C*—formulas, such that

(111) For every 7(¥) = 7(xo,...,x,) € T there exist a positive integer k™
and, for i = 1,...,k7, formulas o] (zo,...,Tpm,)) € T and binary
C*—formulas V7] 4, ... 7’91‘Tmi(7) such that if

vi (@) =@l (@074 (0, y), - 0 ) (3 y){f i=1,...,k7, then
K@) =¥ @,78) = ... ¢||r(§h (8)) =~

Proof. (i) = (ii) Let (&) = 7(x0,...,2,) € T. Let F be the K-
free algebra on the n + 1 free generators y,...,Z,. We use T to denote
7(ZTo,...,Zn). Let A be the subalgebra of F generated by {To,7}. By
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Corollary 4.5, 7 € (To)r, so the FEP implies that 7 € (To)a. By Corol-
lary 4.5 again, there is a formula o7 (zo, ..., Ty, (-)) € T and
1971—(50,?), PN ’ﬁ:n(T)(EO’F) € A with

T = @T(fo,ﬁi—(fo,?), e ,ﬁ:n(T)(fo,?))

Set 7 (z,y) = ¢" (x,9](x,y),... ,79;(7) (x,y)). From properties of free al-

gebras we infer that IC = 7(8§) ~ 7 (§,,7(8)), as required.
(ii) = (iii) It follows from the assumptions in (ii) that

K= =47 (§,7(8) =

(iii) = (i) To show that K has the FEP, it suffices to show, for any subalge-
bra B of any A € K and any a € B, that (a)a N B C (a)p [4, Cor. 3.5]. Let
be (a)a N B. As b € (a)a, there are 7(xg,...,z,) € T and aq,...,a, € A
with b = 72(a,ay,...,a,), by Corollary 4.5. By assumption, there exist
k™ >0 and

%T(mvy) - 90:('7;7 ;1(-7;7?/), cee 719;m1(7)(x7y))
fort=1,...,k", such that
b—=—TA(a,b) — ... =[P (a,b) = 0A.

Now a,b € B, so ﬁ;?(a,b) € B for each i, j, whence 7*(a,b) € {(a)p for
i=1,...,k7. It follows that b € (a)g, as required. ]

Corollary 5.3. Let K be a relative subvariety of He« that has the FEP and
for each 7(Z) = 7(zo,...,x,) € T, let Y7 (z,y) be as in Theorem 5.2 (ii).
Then, for all A € K and a,b € A,

be (a)a if and only if b =7 (a,b) for some T €T
if and only if b =17 *(a,b) =0 for some 1€ T.
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Proof. If b € (a)a then, by Corollary 4.5, there exist 7(zg,...,z,) €
T and ay,...,a, € A with b = 7%(a,a1,...,a,). Then, by Theorem 5.2

(i),
b= TA(a, A1y ey Op) = wTA(a,TA(a, A1y ey Q) = wTA(a,b),

whence b — 97 A (a,b) = 0. Conversely, if b — 17 (a,b) = 0 for some 7 € T
then b € (a)a because, by Corollary 4.5, " “(a,b) € {a)a. |

We give an application of Theorem 5.2 in a very natural setting.
Let x be a nonzero ordinal and < its natural order. If s is closed un-
der ordinal addition, denoted +, or is a successor ordinal x’ + 1 then
k= (r; —,®, M, U,0) € H{_ ¢ M, U}, where @ is + (or, in the case
k=k'+1, &y =min{G+~,k'}, for 8,7 € k), = is left residuation with
respect to @ and <, and M, LI are the meet and join operations of the well
ordered set (k; <), respectively. If 1 ¢ C*, let ko~ denote the C*—reduct of
k. From a direct consideration of algebras, it is difficult (especially when
@ € C*) to see whether the relative subvariety of He« generated by k-
has the FEP when k > w+ 2, but the next proposition settles this question
(when 1 ¢ C*). If k < w* then the variety HSP( k¢« ) is contained in He+,
by [28, Cor. 4.6].

Proposition 5.4. Suppose C* does not contain 1 and let x be an ordinal
greater than or equal to w+2 for which k¢« exists. Then HSP( ko« )NHex
lacks the FEP (i.e., the RCEP). In particular, when k < w*, the variety
HSP( kc+) lacks the CEP.

Proof. We show that there exists 7(Z) = 7(xg, z1,...,2,) € T such
that for all ¢(xg,x1,...,2,) € T and all binary C*—formulas

ﬂl(xvy)w"”ﬂm(xvy)»
Ko [ 7(Z) = @(x0,V1(x0, T(T)), . .., Um(w0, T(X))).

Set 7(xg,z1,22) = x2 = (3 = (z1 = (x1 = z¢))). Then for any a € w,
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™ (Lw+1l,a) =a—=(a=— ((w+1) = ((w+1) =1)))

=a—- (a—w)=a. (3)
Claim: For every ¢(xg,z1,...,Z,) € T, there exists k¥ € w such that for
all aj,ag,...,am € w, *c* (1,a1,a2,...,am,) < k?.

This is proved by induction on the complexity of ¢: If p(z¢) is z or 0,
then ¢*c* (1) < 1. Suppose ©(xg,...,Tm) = x; = (T = p1 = @3), where
I < m and ¢;(zg,21,...,2m) € T (i = 1,2), and p;°" (1,a1,...,am) <
k% € w for all ay,...,a,, €w. Then

o " (1,a1,...,am) =a = (a; = o7 (L,a1,...,am)
- @;C* (1,@1,. .. 7am))
S a; — (a’l ;k‘pl ;k‘PQ)

< k¥ + k%2 (since ap, k¥, k¥ € w),

as required, so the Claim is true.

Let ¢(zg,...,zm) € T and let 91(x,y),...,0n(z,y) be binary C*—
formulas. Set a = k¥ + 1. By (3), 97" (1,7%¢* (1,w + 1,a)) = 9;°" (1, q)
for i = 1,...,m. Also, 1,a € w and w is a subuniverse of K¢- (since
1 ¢ C*), s0 97" (1,a) € w. Thus, by the Claim and (3),

e e (1,979 (1, 77" (L,w + 1,a)),..., 9% (1,77 (1l,w + 1,a)))
= "¢ (1,979 (1,a),...,9%c (1,a))
<Kk <k¥4+1=a=71""(l,w+1,a),

SO Kc+ l# T(f) ~ (p(.’Bo,’l?l(m'g,T(f)), e ,ﬁm(xO,T(f))).
By Theorem 5.2 (ii), He« N HSP( ke« ) does not have the FEP. ]

Let S be a Hilbert system over language £. An S—matriz is a pair
(A, F), where A is an algebra of type £ and F' an S—filter of A. We call
(A, F) reduced if Qpa F' = {(a,a) : a € A}. The class of all [resp. all reduced]
S—matrices is denoted Mat S [resp. Mat*S]. If S is algebraizable with
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equivalent quasivariety semantics IC then the class of all algebra reducts of

reduced S—matrices is precisely K [5, Cor. 5.3], i.e.,
K={A:(A,F) € Mat*S for some Silter F of A}. (4)

Let S be an axiomatic extension of C—H and K the relative subvariety of
He~ that is its equivalent quasivariety semantics. For every algebra A of
K’s type, Q4 is an isomorphism from Fi®A to CongA; if, in addition,
A € K then {02} € Fi®A. It follows from (4) that an S—matrix (A, F) is
reduced if and only if A € K and F = {04}.

For a Hilbert system S over a language £, and a family

&€={%;(x,y):jeJ} (5)

of finite sets ¥, = ¥;(x,y) of binary £-formulas ((z,y), a class M of S
matrices is said (in [4]) to have locally formula definable principal S—filters
(LFDPF) with defining system & if for all (A, F) € M and a,b € A,

be (FU{ap)a iff {¢*(a,b):¢€X;} CF for some j € J.

We drop the qualification ‘locally’ if it is also possible to choose | J| =1,
say £ = {X}; then we say that M has FDPF with defining set 3.

Let K be the equivalent quasivariety semantics of an axiomatic ex-
tension S of C~H. Then Mat*S has LFDPF [resp. FDPF] with defining
system (5) [resp. defining set | precisely when, for all A € K and a,b € A,

be (a)a if and only if {C*(a,b):¢ € %;} = {0*} for some j € J

[resp. if and only if  (*(a,b) = 0 for all ( € ¥].

In this case it is legitimate and natural to say that K (rather than Mat*.S)
has LEDPF [resp. FDPF| with defining system (5) [resp. defining set 3.
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Corollary 5.5. Let S be an axiomatic extension of C—H with equivalent
quasivariety semantics JC. Then

(i) Shas an LDDT if and only if K has the FEP.

Suppose K has the FEP and for each 7(¥) = 1(xq,...,x,) € T, let Y7 (x,y)
be as in Theorem 5.2 (ii). For each T € T, let £™(x,y) be a C—formula such
that £ (x,y)* = Y7 (z,y). Set € = {{&7(§,1) — 1} : 7 € T} and set
£ = {{t =4 (5,1)} :7 € T}. Then

(i) Both K and MatS have LFDPF with defining system E*;

(11i) € is a local deduction detachment system for S.

Proof. (i) is an instance of [4, Cor. 5.3]; the rest follow from Corol-
lary 5.3 and [4, Thm. 2.4]. |

An alternative local deduction detachment system for S can be given
in terms of the formulas 1] whose existence is asserted by Theorem 5.2 (iii).

A quasivariety K has equationally definable principal relative congru-
ences (EDPRC) if there is a finite set T of equations p ~ v in four variables
such that for every A € K and all a,b,c,d € A,

c,d) € ©2(a,b) it pu?(a,b,c,d) =v?(a,b,c,d) foral p~veT.
<) K\ 2 ) ’ ) 1

In this case K has the RCEP [6, Thm. IV.3.1].

Applied to a relative subvariety K of He-, [6, Thm. IV.1.3] says that
K has FDPF if and only if it has EDPRC.

Theorem 5.6. Let K be a relative subvariety of He«. The following con-
ditions are equivalent:

(i) K has EDPRC (i.e., K has FDPF).

(ii) There exists a formula ¥(x,y) = o(x,91(x,y),..., 9m(z,y)), where
(0, 15y Tm) €T and 91 (z,y),. .., 0m(z,y) are C*—formulas such

=,

that for every 7(Z) = 1(xg,...,z,) €T K E7(8§) =~ w(§,,7(§)).



36 C.J. VAN ALTEN AND J.G. RAFTERY

(i1i) There exist k € w and formulas

Vi(z,y) = iz, Vi1(x,y), ..., ¥ m,;(z,y)), i = 1,...,k, where each
0i(To,x1,...,Tm,;) €T and each U, j(x,y) is a C*—formula, such that

for every 7(Z) = 7(xg,...,2,) €T,

—, —, -,

KETE) = teo®,78) = .. =y(8,7(8) =~ 7.

Proof. (i) = (ii) As K has EDPRC, it has the RCEP, hence also
the FEP. By Corollary 5.3, for any A € K and a,b € A, we have

b€ (a)a if and only if b =17 (a,b) for some 7 € T, (6)

where 97 (z,y) is as in Theorem 5.2 (ii). Let P(7) be the power set of T'
and let P, (7) the set of all finite subsets of T

Claim: There exists J € P, (7) such that for all A € £ and a,b € A,
b€ (a)a if and only if b =" (a,b) for some 7 € J.

Suppose, on the contrary, that for each J € P, (7), there exist A; € K
and ay,by € Ay with
bJ€<aJ>AJ but (7)

by # Y (ay,by) forall T € J. (8)

For each J € P,(7), let Q; ={K € P,(T): J C K} and
F={XCP,T): Qs CX for some J € P,(7T)}.

Now F is a filter over P, (7), because Q; N Qx = Qux € F for all
J,K € P,(T). Let U be an ultrafilter over P, (7) with F C U, and let A
=[ljep.(r)Asand D = A/U. Since K is a quasivariety, D € K.

Define @,b € A by a(J) = ay and b(J) = by (J € P,(T)). Since K has
EDPRC, it has FDPF, so there is a finite set X of of binary C*—formulas
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¢(x,y) such that for any B € K and ¢,d € B, we have

d€ ()p if and only if B |= A\ ([e,d] = 0.7 (9)
CeX

By (7) and (9), A¢ex Clay, by = 0 is true in A ; for each J € P, (7), hence
Aces Cla/U, [ /U] ~ s true in D. By (9), b/U € (4/U)p, so by (6), there
is a7/ € T with b/U =7 (A/U, | JU), i.e.,

Ui={J €Pu(T): 7 =¢" (47, o)} €U. (10)
Let J; = {7’} and note that Q;, = {K € P,(7T): 7" € K} € U, so O #
UNQy, eU. Let K eUNQy,. As K € U, we have b = 47 (ax,bk), by

(10). We also have 7" € K, since K € Q,. Then, by (8), bx # 9" (ax,bx),
a contradiction. This establishes the Claim.

Let J ={71,...,7} C T be as in the Claim. For A € K and a,b € A,
b e (a)a if and only if b —1" (a,b) — ... =" (a,b) = 0. (11)

The implication from right to left follows because ¥ (a,b) € (a)a for i =
1,...,k, by Corollary 4.5. Define

Y(,y) =y (y=Y™(z,y) — ... =P (2,y)).

If G is the K-free algebra freely generated by Z,% then ¥ (Z,7) € (Z)a
(Lemma 4.4), so for some ¢(zg,...,Tm) € T and binary C*-formulas
1, ..., Om, we have Y (Z,7) = ¢ (T,91(Z,7), - .., I (T, 7))

(Corollary 4.5), i.e.,

KE$E 1)~ o008 1), (8, 1))- (12)

7 This notation may be interpreted as ¢(B(c,d) = 0 for all ¢ € &, or, equivalently, as
an assertion of the ¢ruth of the sentence /\CGE ¢[¢’,d’'] = 0 in the structure (B; (b:b € B))
for the first order language with equality determined by the expansion C* U {b' : b € B}
of C* by (distinct) constant symbols b’ corresponding to the elements of B.
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Let 7(Z) = 7(xg,...,z,) € T, let F be the K—free algebra freely generated
by To,...,Tp and T = 7F (T, ...,T,). By Corollary 4.5, 7 € (T, so by
(11), 7 = ™ (T, 7) = ... — ™ (To,7) = OF , i.e,,

—, -, =,

KE7®)=9™@,7(8) = ... =¢7(§,7(8) ~ .

By (12),

-, -, —, —, -,

K ): QD(§/’1900(§UT(§))7 te ”’911@/’7—( ))) ~ ¢(§/’T(§)) ~ T( );/% T( )7

which proves (ii). That (ii) implies (iii) is trivial.
(iii) = (i) We show that K has FDPF with defining set {y = 11 (z,y)
— ... =Yp(z,y)}. Let A € Kand a,b e A. If

b—1(a,b) — ... —r(a,b) =0

then, since each ;(a,b) € (a)a (Corollary 4.5), it follows that b € (a)a.
Conversely, if b € (a)a, then there exist a formula 7(xg,...,z,) € T and
ay,...,an € A with b =7(a,a,...,a,). Then

b—1(a,b) — ... —r(a,b) =0
is a substitution instance of the identity displayed in (iii). |

Corollary 5.7. Let K be a relative subvariety of Hc« that has EDPRC
and let ¢(x,y) be as in Theorem 5.6 (ii). Then, for all A € K and a,b € A,

b € (a)a if and only if b= ¢™(a,b) if and only if b-—¢*™(a,b) = 0.

The proof is analogous to that of Corollary 5.3.

Corollary 5.8. Let S be the axiomatic extension of C'—H whose equiva-
lent quasivariety semantics is K. Then

(i) K has EDPRC' if and only if S has a DDT.
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Suppose K has EDPRC and let 1(x,y) be as in Theorem 5.6 (ii). Let

&(x,y) be a C—formula such that {(z,y)* = ¥(x,y), set ¥ = {&(z,y) — y}
and set ¥* = {y = (x,y)}. Then

(i) Both K and MatS have FDPF with defining set ¥*;
(i1i) X is a deduction detachment set for S.

Proof. (i) is an instance of [6, Thm. VI.1.3]; for the rest, use Corol-
lary 5.7 and [4, Thm. 4.6]. |

Another deduction detachment set can be provided in the style of
Theorem 5.6 (iii), just as in the case of the LDDT.

6. The Quasivarieties H.

Let A € He+. (Recall our assumption that C* always contains —.)
A nonempty subset X of A is called a prefilter of A if b € X whenever
both b € A and a,b = a € X. Thus, any prefilter (in particular, any filter)
of A is a hereditary subset of (4;<). For n € w, we write x — ny for
T —1y—— ... —y when there are n y’s in the latter expression. For each
n € w, we define H). as the class of all algebras in He- that satisfy the
identity
(Z,) z—(z—y)—=—ny=D0.
The relative subvarieties K of H¢+« on whose members all prefilters are (C—
H-) filters turn out to be just those contained in H(\z* for some n € w, and
these quasivarieties have the FEP. ® These facts illustrate Theorem 5.2 since
one can show ([28, Chap. 5]) that for every 7(Z) € T there exists k7 € w
such that Hé* = 7(§) = ||"§, ~ r. Thus, condition (iii) of Theorem 5.2
holds, with @7 (z) = z for i = 1,..., k™. It follows that for all A € H,. and
alla € A,

(a)a ={b€ A:3Im € w such that b — ma = 0}. (13)

8 This was proved in [25, Prop. 10] for the cases C* = { = } and C* = { — | @}, but
the proof applies to all C*.
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The classes H(\z* are of natural interest. In particular, Hffo;} is the

class of all BCK—-algebras [30, Lemma 3.1], while the ordinal w®, considered
as a right residuated well ordered monoid (with ordinal addition) is anti-
o) (not in H?. 44) [28, Prop. 5.9].
We shall exhibit a subvariety of Hy .. 1y} with FDPF (hence also
the FEP) which violates (Z,,) for all n € w. Nevertheless, the following is

true.

isomorphic to a member of H%;

Theorem 6.1. Let K be a relative subvariety of He«, where @,1 ¢ C*,
and let n € w. Then IC C H(\:* if and only if K has the FEP and satisfies
the identity x — (x —y) ~ny~z = (x —y) = (n+ 1)y.

Proof. If £ C Hé* then K has the FEP and the required identity is
a consequence of (Z,). For the converse, we shall consider in detail only
the case C* = {—, M, U}. Set p(x,y) =z (z—=—y) —ny. Let F be
the K—free algebra on two free generators T, ¥ and A the subalgebra of F
generated by {®,7}, where § = ©¥(Z,7). Note that p —7 = B, by our
assumptions. Let f(1)) be the number of occurrences of connectives in each
binary C*~formula ¢ = ¢ (¢, 1) and let Y =™ (7,%) € A. By induction
on f(),

¥ <P U7y for every binary C*—formula v (hence for every e A). (14)

Claim: For every binary C*—formula ¢ (hence for every Ve A),

Y<y or Y>3 (15)

Certainly, this is true if f(¢)) = 0. Let 0 < m € w and suppose (15) is
true whenever f(v)) < m. Consider a binary C*~formula ¢ with f(¢) = m.
Then 1; is 1;1 My or 1;1 L thy or 9y = 1)y for binary C*—formulas 1,19
with f(¥1), f(12) < m. In the first two cases (15) follows easily. Suppose
W is 1y = p. If Y1 <P then ¢ < 7. If ¢y > P and 1o < 7 then

V=1t > Pt >F-F =
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If ¢, > % and 1 > 3 then, by (14) and (L12),

Y =1 =~y < (FUT) 1y

This establishes the Claim.

Next, we show, using Corollary 4.5, that (7)a = {¢p € A : ¢ < 7}.
Trivially, OF,5 < 7. Suppose 91,y € (F)a with ¢y, 0, <7 and let ¢ € A.
Then ¢ = (¢ =11 = 1p3) € (F)a. By the Claim, ¢» < 7 or 1) > 3. In the
first case, 1) — (1/; oy = 1;2) < 7; in the second,

b= =t) <P =(p 7=y < P=(@=7=7)
< (PuUy) =% (by (14)
<7y (by (L13)), as required.

Evidently, ¥ € (y)r. By the FEP, ¥ € ()a,so p <7. Thus, p —~7 =
OF. It follows that % = 0F, since p — 7 = . Thus, K = ¢(§,1) ~ 1.

For C* = { -}, this argument may be modified, the essential fact
being that Hy .y satisfies 1) (zo,21) < 20 or ¥(zg,21) < 1 for any binary
C*—formula 1. The result for intermediate values of C'* follows from these
two cases. |

Any locally finite (quasi)variety K with the (R)CEP has ‘definable
principal (relative) congruences’ in the sense of [4]: see [21] (and [1] for vari-
eties). When K is also (relatively) congruence distributive, K has EDP(R)C
by [4, Cor. 4.7]. Thus, in particular, every locally finite relative subvariety of
He+ with the FEP (e.g., each H(\z) must have FDPF (see Proposition 4.2).
The next result clarifies and strengthens this observation.

Corollary 6.2. Let K be a locally finite relative subvariety of Hc«, where
®,1 ¢ C*, such that K has the FEP. Then there exist n,m € w such that
K C ’Hé* and K has FDPF with defining set {z — my}.

Proof. Since K is locally finite, the K—free algebra F on two free
generators T, 7 is a finite algebra in which {Z — (Z —7) —ny:n € w} is a
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descending chain. Thus, CE§—=—(§=—1) = \T~§=(§=1) = (\ + o0)t
for some n € w. Now the first part of the corollary follows from the previous
theorem.

By a similar argument, since /C is locally finite, it satisfies an identity
x—=—my ~ x - (m+ 1)y for some m € w. By (13), for all A € K and all
acA, (a)a ={be A:b—-—ma =0} [

Example 6.3. We exhibit an algebra A such that HSP(A) is a subvariety
of Hy — m, uy with the FEP not satisfying (Z,) for any n € w. Let
A ={0}U{a; : i € w}, where {a; : i € w} is a one-to-one sequence whose
range excludes 0. Let < be the linear order of A shown in Figure 6. For
i,j €Ew,define0—0=0—-a; =0, a; — 0= a; and

0 if j <
ai;ajZ:{aH_g ifj=i+1

Qiy1 1fj27,+2

Let A = (A; —, M, U,0), where M and LU are, respectively, the meet
and join operations of (A; <).

Then A € Hy — Uy butAgéH};,ﬂvu} for any n € w, since
ap = (ap = ap43) = NGpt3 = A3 = NaAp+3 = ani2 # 0. More strongly, A
violates x — (z —y) —ny = ¢ = (x —y) = (n+ 1)y for all n € w. For
example, ag — (ag = ant3) — (0 + 1)apt3 = apio — apt3 = aptqa. One
can show that A satisfies

=2y~ (y—x)~y—=—2y—2z) = (r—y),

so if V = HSP(A) then V C Hy . 7 1} see [25, Prop. 15] (or modify
the argument of Proposition 4.1). The syntactic form of the formula

Y@y =y=—@y—z=@Uy=— (-2 (= (y—=—r-+1)))))

is as prescribed in Theorem 5.6 (ii). Let 7(Z) = 7(zo,...,z,) € T. We

—, —,

claim that V |= 7(§) =~ ¥(8,, 7(8)), whence V has FDPF. Now Hy . m 1)}
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satisfies 7(0,z1,...,2,) = 0, hence also (0,7(0,z1,...,2,)) ~ ¥(0,0)
0~7(0,21,...,2,). For any i,j € w,

Q

a; = (a; = a; = (a; = (a; = a; = (a; = (a; = a; = a;))))) = a;.  (16)
Thus, for all by,...,b, € A, we have

¢(ai) T(ai) bl) e 7bn)) — T(ai) bl) e 7bn)
regardless of the value of 7(a;,b1,...,b,), establishing our claim.

This example shows that we cannot drop from Theorem 6.1 the con-
dition that K satisfy z — (x —y) —ny =~ z— (z —y) — (n + 1)y. (Of
course, V is not locally finite.)

Figure 6. Figure 7.

Example 6.4. We show now that Corollary 6.2 would fail if we allowed & €
C* or 1 € C*. Let (B; <) be the four-element poset depicted in Figure 7.
For s,t € B, define 0®ds=sd0=s;aPa=a,a®b=band s®t=1
otherwise. The ordered monoid (B;®,0; <) is residuated on the left as
follows: s —t=0for s,t € Bwiths<t;b—a=1—-—a=1—-—5b=10. This
fact and the linearity of < ensure that B:= (B; — ,®, 1, U,0,1) isin H,
where M and U are, respectively, the meet and join operations of (B, <).
For each C*, let B+ be the C*-reduct of B.? By [25, Example 2|, By .

9 The (=, M, U,0)-reduct of B is isomorphic to the corresponding subreduct on
{0,1,w,w+1} of the ordinal w? considered as a left residuated well ordered monoid with
ordinal addition as ®.
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generates a subvariety of Hy .y, whence Bo+ generates a subvariety, say
Be« of He-. Note that 1 = (1 +—a) —na = b # 0 for each n € w. If C*
contains @ then Bc+ has FDPF because the C*—formula

YY) =y—(y—z=((ydr) - ((y®z)—1)))

has the syntactic form prescribed in Theorem 5.6 (ii) and it may be shown
that Be+ = 7(%) = ¢(z, 7(Z)) for every 7(Z) € T. When 1 € C'*, one may
show similarly that B¢« has FDPF, using the C*—formula

V(z,y) =y (y—z—=(1-(1-21)).

6.1. Finitely Subdirectly Irreducible Algebras in Hé*. Given an
algebra A in a relatively congruence distributive quasivariety X, the non-
identity congruences of A are closed under finite intersections if and only
if the same is true of the nonidentity K—congruences of A: see [13] and,
for stronger results, [21] and [19]. In this case we call A finitely subdirectly
irreducible and the class of all such algebras in K is denoted Kpgp, while
Kgqr is the class of subdirectly irreducible algebras in .

For any A € H¢-, the requirement that the nonidentity Hc+—congruen-
ces of A be closed under arbitrary intersections, i.e., that A be ‘relatively
(or He«—) subdirectly irreducible’, amounts just to the (ordinary) subdirect
irreducibility of A [29], [28, Prop. 4.21] (provided, as always, that — € C*).
Thus, the subdirect [resp. finite subdirect] irreducibility of A € He+ means
just that the nonzero filters of A are closed under arbitrary [resp. finite]
intersections.

If A € He- and C* C {—, M} then, since A E z =y < z, any
hereditary subset of (A; <) is a subuniverse of A. If a € A, we write (a] for
the principal order ideal {b € A:b < a} of (A; <) generated by a.

Proposition 6.5. For each n € w, an algebra A € H(\z* is finitely subdi-
rectly irreducible if and only if 0A is meet irreducible in (A, <).

Proof. By the above remarks, algebras in He« are finitely subdirectly
irreducible if and only if their ( —,0)-reducts are. We may therefore as-
sume without loss of generality that C* = { = }.
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(=) Let A € (H(\Z*)FSI' Suppose that 0 # a,b € A and that 0 is the
only common lower bound of a and b in (A4; <). Let B be the subalgebra of
A whose universe is (a]U (b]. Since (a]N(b] = {0}, (a] and (b] are prefilters
(hence filters) of B. Now ’Hé* has the FEP, so (a) A N B = (a)g = (a] and
(b)A N B = (b)g = (b], whence (a)p N (b)A N B = (a] N (0] = {0}. Let
0# ce(a)p N(b)A- By (13), there exist k,l € w with

c—ka=0=c—=1b. (17)
Choose k, ! minimal such that (17) is true and note that k,I > 0. Then
0#c—(k—1)a<a and 0# c—=—(—-1)b < b, (18)
hence ¢ — (k — 1)a — (I — 1)b < a,b. By assumption, therefore,
c—(k-=1a—=({-1)b=0.

Thus, ¢ = (k —1)a € BN (b)A and, by (17), c= (k — 1)a € (a)p, so
c—(k=1)ae{a)p N(b)A N B, ie., c=—(k—1)a =0, contradicting (18).
It follows that (a) A N (b) A = {0}. Then, by finite subdirect irreducibility,
a=0orb=0.

(<) Let 0 be meet irreducible in (A; <) and let F' and G be filters of
A with F NG = {0}. Suppose 0 # a € F. Let b € G. Any common lower
bound of a and b is in F'N G, so the meet of @ and b in (A; <) is 0, whence
b=0. Thus, G = {0} and A is finitely subdirectly irreducible. ]

The above proposition does not generalize from Hg. to He«. For
example, in [30] we construct a finite subdirectly irreducible algebra P 5 €
H;—y with HSP(P5) € Hy 4 such that 0P5 is not meet irreducible in
(P55 <).

Consider the following quasi-identity:

z=—(x—=—y)=0 and z=—(y—2)=0 = z=0 (19)
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If A € He- satisfies (19), then for all a,b € A, 0 is the only common lower
bound of a — b and b= a in (4;<). So, when M € C*, (19) is equivalent
to

(z=y)MN(y—2x)=0. (20)

Moreover, when M € C*, the ( =, M, 0)—identity (20) is equivalent to the
(=, 0)-identity

z=(=(@=y)=(E=(y=2)=0 (21)

For, by (Yo), Hy_— 1y satisfies

= (=) N (y=2) = (= @ =y) = (= y =) =0,

Thus, over H; .y, (20) implies (21). Conversely, over Hy{~— .y, we
may derive (20) from (21) if we set z = (z —y) N (y — x).

Corollary 6.6. For A € H¢~, consider the following conditions:

(i) A is linearly ordered;

(ii) A satisfies (21);
(i1i) A satisfies (19);

(iv) A satisfies (20).

Generally, (i)= (ii)= (iii). For any n € w, if A € (Hé*)FSI then con-
ditions (i), (ii) and (iii) are equivalent. If, in addition, 1 € C* then all
four conditions are equivalent.

Proof. (i) = (ii) Under any interpretation of z,y, z in A, one of x — y
and y = z takes the value 0, hence (21) holds in A. That (ii) = (iii) is clear.

Suppose now that A € (H(\j*) FS[> Where n € w.
(iii) = (i) By Proposition 6.5, 0 is meet irreducible in (A4; <). By (19),
ifa,be Athena—b=0o0orb—a=0,ie,a<borb<a. |

The case of Corollary 6.6 in which C* = { =— }, A is subdirectly irre-
ducible and n = 1 (so A is a BCK-algebra) was discovered by M. Palasinski
[23]. The next result therefore generalizes a known property of BCK-
algebras.
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Corollary 6.7. For n € w, an algebra A € H). satisfies (21) if and only if
it is a subdirect product of linearly ordered algebras in Hé* (equivalently,

in (Hg.) gp)-

Proof. Since Hé* is a relative subvariety of He«, A is a subdirect
product of He«—subdirectly irreducible algebras A; € H(A) N H(\z*, 1€
I. Then A satisfies (21) if and only if each A; does. Also, relatively
subdirectly irreducible members of H¢- are subdirectly irreducible, hence
finitely subdirectly irreducible. By Corollary 6.6, A satisfies (21) if and
only if each A, is linearly ordered. [ |

For M C Hc-, let My, be the class of all linearly ordered members of
M.

Corollary 6.8. For each n € w, the quasivariety generated by (Hé*) I 1s
a relative subvariety of H(\z*. It is axiomatized, relative to H(\z*, by (21)
(equivalently, by (20) if 1 € C*).

Proof. Let R(\z = H(\z* N HSP(('H(\j*)L) (the relative subvariety of
Hé* generated by ('Hé)L) Then Q(('H\*)L) C Ré If A €R). is Rér
subdirectly irreducible then it is H(\z*fsubdirectly irreducible, so it is a
finitely subdirectly irreducible algebra in H(\:* and satisfies (21). By Corol-
lary 6.6, A € (Hé* )1,- Now Ré* is the closure under subdirect products of
the class of all such A, so R(\z - Q((H(\z* )1,)> as required. By Corollary 6.7,
any A € HZ. satisfying (21) is a subdirect product of linearly ordered mem-
bers of Hé*, so A € Q((Hé* )1,)- Thus, Q(('H\*)L) is axiomatized, relative
to H(\z*, by (21). |

Algebras in He« are called representable if they are subdirect products
of linearly ordered algebras in He«. Thus, R(\z = Q((H(\z* )1,) is the class of
representable algebras in H).. Even for n = 1, this is not a variety [32].

6.2. Equationally Definable Principal Meets. A quasivariety K has
equationally definable principal meets (EDPM) if there exists a finite set X
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of pairs (p, ) of 4-ary formulas such that, for all A € K and a,b,c,d € A,
0% (a,b) N O (c,d) = O ({{¢™(a,b,¢,d), v™(a,b,c,d)) : (p, ) € B}).

In this case we call X a set of principal intersection equations for K.

Theorem 6.9. [9, Thm. 2.3, Cor. 2.4] For a quasivariety K of algebras the
following are equivalent:

(i) K has EDPM;
1) K is relatively congruence distributive and K is a universal class '°;
FSI

(iii) K is relatively congruence distributive and for any A € IC, the finitely
generated K—congruences of A form a sublattice of Cong A;

(iv) for some finite set ¥ = {{p;, ;) : i <n} of pairs of 4-ary formulas,

Kpgr | Vo vy VzVw

(N ei(zy,2,w) = ¥i(@,y,2,w) < (xry or z~w)
i<n
Moreover, a set % of pairs of binary formulas satisfies (iv) if and only if

it s a set of principal intersection equations for K.

The definition of EDPM may be simplified for certain quasivarieties.
For a quasivariety IC with constant formula 0, the assertional logic of K
(at 0) is the (finitary and structural) Hilbert system S = S(K,0) defined
by
F'kge iff {7(&)=0:7€eTl} Ex (@) =0.
In contexts where such K (and no other Hilbert system) has been specified,

we use (-)a to denote S(KC,0)filter generation in an algebra A. We say
that K is O—regular if it is relatively point regular at 0, as defined before

10 j.e. it is axiomatized by a set of universal sentences of the first order language (with

equality) of K.
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Lemma 3.1. It is well known that K is O-regular if and only if there are
binary formulas A;(z,y), j < m € w, such that

KE (/\j<m Aj(z,y) =0) & z~y. (22)

The 0-regularity of K is also equivalent to the requirement that IC be the
equivalent quasivariety semantics of its assertional logic at 0 [7, Thm. 5.2].
In this case we call Aj, j < m, equivalence formulas for K. (They are
indeed equivalence formulas for S(K,0) and K.)

Lemma 6.10. If A belongs to a O—regular quasivariety K and Y, Z, W C A
then (Y)A = OA/Gé(Y X {OA}). Consequently,
OR (Y x {04 NOR(Z x {04)) = 62 (W x {04})
iff (YIAN(Z)A = W)A-

Proof. Let S = S(K,0) and n = ©R(Y x {0A}). Certainly, (Y)a C
04 /n, as the latter is an S-filter of A containing Y. Conversely, let (b,04) €
1. By a characterization of relative congruence generation in [7, Lemma
4.2], there exist a quasi-identity

Nick @i() = ¢i(E) and N\, ¢i(T) = ¢i(F) = @(&) = P(Z)
satisfied by K and elements @ € A such that (o (@), (@)) = (b,0%) and
for each i < k, (A (@), pA(@)) € Y x {04} and (@) = ¢ (@). Now

{ei i <k}U{es i <k}U{A;(g55) s i <h;j<m}U{v}bs o,
sob=pA@) € (YU{0A})a = (Y)a. The second assertion follows from

the first by O-regularity. [

Corollary 6.11. Let K be a O-regular quasivariety with equivalence for-
mulas Aj, j < m. For any finite set ¥ of binary formulas, the following

conditions are equivalent:

(i) for any A € K and a,b e A, (a) A N (D) A = <{CA(a, b): (€ Xo}) A
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(ii) Kpgr =V Vy [(/\CGZO ((x,y)=0) & (=0 ory=0)|.

Moreover, K has EDPM iff some finite set g of binary formulas meets
these conditions. In this case

Y = {{C(Aj(z,y), Ap(z,w)),0) : ( € o35,k < m} is a set of principal
intersection equations for K and for any S(K,0)-filter F' of any A € K, if
a,be A and QA(a,b) € F for all ¢ € ¥y then

F=(FU{a})p n(FU{b})A

Proof. Let S = S(K,0). That (i) implies (ii) is obvious. Assume (ii),
define ¥ as in the corollary’s statement and let A € Kggy and a,b,c,d € A.
By (ii), CA(A;"(a, b), A (c,d)) = 04 for all j,k < m and all ¢ € ¥ if and
only if for all j,k < m, Af‘(a, b) = 04 or A(c,d) = 04, if and only if
A?(a,b) =04 for all j < m or Af(c,d) = 02 for all k < m, if and only
if a =">0or ¢ =d (by (22)). This proves the claim about ¥. By (ii) and
Theorem 6.9, Kpgy satisfies

Va Vy [(/\CEEO C($, y) ~ O) A (/\QGZO;j,k<m C(AJ (:C, O)v Ak(% 0)) ~ 0)];

therefore, so does K. By definition of S, for any A € K and a,b € A,

({¢*(a,b) : ¢ € Bo})a = ({CH (AR (a,0%), AR (5,0%)) : ¢ € To})a.

By Lemma 6.10 and since ¥ is a set of principal intersection equations, this
Sfilter is just (a)a N (b)a. Thus, (ii) implies (i).

If  has EDPM with an unspecified set ¥ of principal intersection
equations then

Zo:={A;(p(z,0,y,0),¢(x,0,y,0)) : j <m,(p,9) € L}

satisfies condition (ii), by Theorem 6.9 and (22). The last assertion follows
from the distributivity of ConxA (hence of Fi*A) for any A € K: if
a,b € A and F € Fi®A then (FU {a}) A N (FU{b})A = (FU ((a)p N
BANA = FU{Ha,b):C€Xo})a)a =F. ]
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A (not necessarily 0-regular) quasivariety I with a constant formula
0 satisfying condition (i) above may be said to have formula definable prin-
cipal meets with g as a set of principal intersection formulas. We shall

use Corollary 6.11 to identify some subquasivarieties of Hé* with EDPM.

By Proposition 6.5, if M € C* then (H(\Z*)FSI is a universal class
axiomatized, relative to ’Hé*, by the sentence VaVy(z My = 0 & (z =
0 or y~0)). From Corollary 6.11, we deduce:

Proposition 6.12. If n € w and M € C* then H(\z* has EDPM. In this
case if A € Hé* and a,b € A then (a)p N(D)A = (aT1D) A .

Since H‘{X’; My is the variety of ‘lower BCK-semilattices’, this propo-
sition generalizes some results from [24]. One easily sees (e.g., using Hilbert

algebras) that the class (H{"._ ,)pgy is not universal.

Example 6.13. Let < and M be the partial order and the meet operation
of the nonlinearly ordered lattice on a four-element set D with incomparable
elements a,b and least [resp. greatest] element O [resp. 1]. For s,t € D,
define s =0 =s;s—t=0if s <t; 1=—b=a and s =—1t = s, otherwise.
Then D:= (D; =—, M,0) € H; -, my is a finite subdirectly irreducible
algebra whose unique nonzero proper filter is {0,a}, but its subalgebra
on {0,a,b} is not (finitely) subdirectly irreducible. Thus, (H{ _— m})FsT
is not universal, so Hy . 1, lacks EDPM. Notice that D satisfies (20),
hence also (19). In Corollaries 6.7 and 6.8, therefore, we cannot replace
H¢. by He-. The reader may also verify that D has a homomorphic
image not in Hy .} and that the (=, M, U, 0)~expansion of D is not
inHy Uy

Obviously, any linearly ordered algebra in Hg« is finitely subdirectly
irreducible. For any subquasivariety K of H¢~, the class Ky, is axiomatized

by the axioms of K together with the universal sentence

VeVy (z —y~0 or y—=—ux~0), (23)
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so Ky, is a universal class, i.e., it is closed under the operators I, S and
Py. By [9, Lemma 1.5], for any class M of similar algebras, every nontriv-
ial relatively finitely subdirectly irreducible member of Q(M) belongs to
ISPy;(M). Thus, if a subquasivariety IC of H¢- is generated (as a quasiva-
riety) by its linearly ordered members then Kpgr = Ky,. Over He-, (23)
clearly entails

Vavyl(@ = (@ —y)~0 and y=(y=—a)~0) & (@~0 or y~0).

From this and Corollary 6.11, we obtain:

Proposition 6.14. Any quasivariety K of representable algebras in H o+
(in particular, each Rp.) has EDPM and if A € K and a,b € A then

(@A N)A ={a—=(a=b),b=(b=a)})A-

Not every subvariety of Heo» with EDPM lies within one of the classes
He.: let Ay y be the (= ,0)-reduct of the algebra A of Example 6.3,
which violates (Z,) for all n € w, and let V;_., = HSP(A{__;). By
(30, Lemma 6.2], (V{__y)
algebras and satisfies

FSI = ISP (A ) consists of linearly ordered

VeVy(x —y~z & (z~0 or y~D0)).

It follows that Vy_. y = Q(A;_y). By the previous result, V; .y has
EDPM, as has V = HSP(A) (= Q(A)), and {z = (x =—y)} is a set of
principal intersection formulas for V; .. This set may be refined for V to
{x My}, as VRgy clearly satisfies VaVy (z My ~0 < (x~0 ory=0)).

Similarly, by Proposition 6.14, the varieties B¢+ of Example 6.4 (which
are in no Hp.) have EDPM. Since Be- is finitely generated, its principal
intersection formulas and the methods of [3] can be employed to construct
a finite equational basis for Bc~. An application of Corollary 6.2 to By .y
shows that subvarieties of Ho+ with EDPM need not have the CEP.
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