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THE UNIQUENESS OF THE DECOMPOSITION
OF DISTRIBUTIVE LATTICES
INTO SUMS OF BOOLEAN LATTICES.

A bstract We prove that any decomposition of any finite dis-
tributive lattice into (the Wronski sum of) Boolean algebras contains
all maximal Boolean fragments of the lattice. The maximal elements
of the decomposition are thus uniquely determined. We also exhibit
a practical method of finding them.

Let A =< A, <4> and B =< B,<pg> be lattices such that AN B
is a filter in A and an ideal in B, and the orderings <4 and <p coincide
on ANB. Then <4 U <p U (<4 0 <p), is a lattice ordering on AU B
and the resulting lattice, called a sum of A and B, is denoted by A & B.
The sum operation was introduced by Wroniski [5], and its special case with
ANB = {14} ={0p} by Troelstra [4]. In particular, if B is a two—element
Boolean algebra then A @ B is the same as AP, where @ is the Jaskowski
operation of adding to A the top element ( so called “mast” ), see [2].

Kotas, Wojtylak [3] proved that the closure of the class of all finite
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Boolean algebras with respect to the sum operation is the class of all finite
distributive lattices. It means that for every finite distributive lattice D
there is a finite family {B;};cr of Boolean algebras such that D is a sum
of that family. In this case we shall write D = &{B;}icr. As the sum
operation is nonassociative and noncommutative, this notation does not
give us any clue about the ordering in which the summation should be
performed. As a matter of fact, there is no uniqueness of doing it. Despite
this, we are going to prove that all maximal elements of the decomposition
are uniquely determined.

Let D be a lattice. A sublattice D; of D is said to be a fragment of D,
and we shall write D; E D in this case, if

a<c<b and a,be Dy = c€ Dy, for every a,b,c € D.

If, additionally, D; is a Boolean lattice, then D; is said to be a Boolean
fragment of D. Any filter ( ideal ) of D is its fragment and, if D is finite,
then any fragment of D is its interval, that is a set of the form {z € D :
a < x < b} for some a and b. Clearly, C is transitive and D; T D @ Dy
for i = 1,2.

Theorem 1. Let D and Dy be distributive lattices and B be a Boolean
algebra. If BE D1 @ Dy then BC Dy or B E Ds.

Proof. Let B T D; & Dy and assume that there are elements a €
B\ Ds; and b € B\ D;. Let 05 be the zero of B and 15 be the unit of B.
Since Op < a and a € Dy, then O € D; \ Dy. Similarly, we conclude that
1p € Dy \ D;. Since Op < 1p, there is an element = € Dy N Dy N B by
the definition of the ordering in D1 @ D,. Let y € B be the complement of
zin B. If y € Dy then 1 = 2V y € Dy, which is impossible. Otherwise
y € Dy, 8005 = xAy € Dy, which also contradicts our assumptions. Thus,
B C Dy or BC Dy, and it yields BE Dy or BC Dy as BE Dy @ Ds. ]

Since every finite distributive lattice D is a sum & of Boolean lattices
B;, then D is also the set-theoretical sum |J B; of its Boolean fragments.
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The components of the sum are not uniquely determined as it is possible
that B, C B, for some ¢,j. We call a family {B;} of Boolean lattices a
scarce decomposition of D iff D = @ B, and B; C B; does not hold for any
i # j. As the immediate Corollaries of Theorem 1 we get:

Corollary 1. Ifa lattice D is a sum @ of a family {B;} of Boolean lattices,
then the family contains all maximal Boolean fragments of D.

Corollary 2. There is at most one scarce decomposition of any finite dis-
tributive lattice D and the decomposition consists of all maximal Boolean
fragments of D.

It may happen, however, that a finite distributive lattice D does not
have the scarce decomposition. More specifically, it is sometimes impossible
to get D as a sum @ of its maximal Boolean fragments without taking
subalgebras of maximal fragments or repeating them in the sum operations.

Example 1. Let Fp(3) be a free distributive lattice on three generators.
The lattice has five maximal Boolean fragments:

but it is impossible to get Fp(3) as their sum @. It means that Fp(3)
is not a sum A; ® A, where each of A; is a sum of disjoint subsets of
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{B1,Bs, B3, By, Bs}. Indeed, if Ay = By, then any sum of the rest does not
form a distributive lattice. We deal with the other possibilities in a similar
way. If we decompose Fp(3) into a sum of proper fragments .4; @ A, then
either the lower lattice will contain a proper subalgebras of By or the upper
lattice will contain a subalgebra of Bs.

Now, we are going to show a practical method of finding all maximal
Boolean fragments of a given distributive lattice D. First let us identify
the “top” maximal Boolean fragment of D.

Theorem 2. The filter V generated by all coatoms of any finite distribu-
tive lattice D is a maximal Boolean fragment of D.

Proof. Let A be the set of all coatoms of D. It is clear that V C D
with the unit element 1 of D as the greatest and ® = A A as the least
element.

Let x € V. Thenz = Afa€ A:x <a}. Let —-x=A{ac A:zNa<
x}. Clearly, —x € V,and z A —x = A A = O, and

:c\/—:c:/\{x\/a; acAanda<zVa}l=1
Thus —z is the complement of x in V and hence V is a Boolean algebra.

We need to prove that V is a maximal Boolean fragment of D. Let
V C B, where B is a Boolean fragment of D. Then for every x € B we have

@\/xg@\//\{aEA: mga}:/\{aeA: x < a},

soxVO =1iff x = 1. Hence O is the zero of B which means that V = B.
||

Let D be a finite distributive lattice and b € D. An element a € D is
said to be a b-coatom iff a is a coatom in the fragment {z € D : x < b}
of D. We denote by V(b) the Boolean fragment of D determined by all
b-coatoms in D. In other words, V(b) is the “top” Boolean fragment of
{r € D: x < b}. Dually, the “bottom” Boolean fragment A of D is the
ideal generated by all atoms. By A(b) we denote the Boolean fragment of D
determined by all b-atoms, that is atoms in the fragment {x € D : b < z}
of D.
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Theorem 3. Let B be a maximal Boolean fragment of a finite distributive
lattice D and let b be a maximal element of B such that the set of all
b-coatoms is not contained in B. Then b < 1p and V(b) is a maximal
Boolean fragment of D.

Proof. First, note that if some 1p-coatoms were not elements of B
(i.e. b=1p), then B would be a proper sublattice of V(b).

Let b€ B and © = A\{y: yis a b-coatom}. We can easily prove that
V(b) is a maximal Boolean fragment of D iff all ©-atoms are below b (i.e.
V(b) = A(©)).1

One implication follows from the (dual counterpart) of the above theo-
rem. If V(b) is a maximal Boolean fragment of D, then it is also a maximal
Boolean fragment of {x € D : = > ©} and hence V(b) = A(©). On the
other hand, suppose that all ©-atoms are below b and V(b) is a sublattice
of some Boolean fragment By of D. Let —© be the complement of © in B;.
If —©Ab<b, then —O A D < yq for some b-coatom gy and hence

b=(OV—-0)A(bVO)=(—OAbL)VO <y VO =1,

which is impossible. Hence —© A b = b and it means that © < b < —0.
Thus, © is the zero element in B;. Since b must be then the unit element
there, we get V(b) = Bj.

Now, let us assume that B is a maximal Boolean fragment of D and b is
a maximal element of B such that the set of all b-coatoms is not contained
in B. We need to show that V(b) is a maximal Boolean fragment of D.
Suppose, to the contrary, that

aNb=0, for some ©-atom a.

Let us prove that a A 15 = ©. Suppose that a < 1g. According to the
choice of b, there is a b-coatom yg such that yg ¢ B. Since

Op<b<aVb<lp,

1 We wish to thank an anonymous refree for his suggestions concerning the presen-
tation of our argument.
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we get aVbe B. If aVyy € B, then
Yo=yo VO =(bAyo)V(aAb)=(aVy)AbeB
which is impossible. Thus, a V yg € B which means, in particular, that
aVyy<aVb.

But b < a Vb and hence (by the choice of the element b) the element a V yg
cannot be a (a V b)-coatom. So

aVyy <xzg<aVb, forsome xg.
Then, we get
Yo=0OVy=(aANb)V(yoAb)=(aVy) N\b<zogANb<(aVD)Ab=D

and hence g Ab =10 or yo = 9 Ab as yg is a b-coatom. But b < zq yields
a Ab < xg which is not the case and, on the other hand, yy = xg A b yields

aVyo=aV(zgANb)=(aVzo)A(aVb) =x9A(aVb)=mxg

which is not the case, either. Thus, our assumption that a < 1g leads us
to a contradition. We conclude therefore that a A 15 = © and hence

aANxr =0, foreveryz e B.

Let us take B, ={xr € D: OpVa<zx<1lgVa}andletg: B— B,
and h : B, — B be the mappings defined by

glx)=xVa h(y) =y Alp.

It is clear that h and g are lattice homomorphisms. Since h(g(x)) = = for
every © € B and g(h(y)) = y for every y € B,, we conclude that B, is
a Boolean fragment of D isomorphic to B. Since B is a proper sublattice
of BU B,, to complete our argument it suffices to notice that BU B, is a
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fragment of D isomorphic to the product B x {©,a}. Since any product
of Boolean lattices is a Boolean lattice, then B is not a maximal Boolean
fragment of D which contradicts our assumptions.

The isomorphism f : Bx{©,a} — BUB, is defined by f(x,y) = zVy.
We have to show that

1 <xo and y; < yo iff 1 Vyr <x2Vy

Let us note that the implication (=) is obvious. To prove the converse we
consider four possibilities. The implication is obvious if y; = yo = ©. If

Y1 = Y2 = a, we get
fElz(l‘l\/yl)/\lBS(l‘g\/yg)/\lB:.’Eg.

If y4 = a and yo = O, then x5 V ys = x5 and hence 1 V a < x5 cannot
happen as it yields a < x5 € B. If y; = © and y2 = a, then 1 < a3 Va
gives us 1 < (z2 Va) Alpg = zs.

There remains to show that BU B, is a fragment of D. Clearly, B and
B, are fragments. Suppose that x; <y < x5 V a for some z1,x2 € B and
y € D (note that x1 Va < y < x5 cannot happen for any x1,x5 € B). Then

1 :xl/\lBgy/\IB§(m2\/a)/\132x2/\13:x2€B

Ifa<y,thenz;Va<y=(yAlp)Va<xzVaand hence y € B,. If, on
the other hand, a Ay = O, then 1 <y=yA(lpVa)=yAlg < xs and
hence y € B. Thus, we have shown that y € B U B, in any case and this
means that BU B, is a fragment of D. [}

The fragment V(b) will be called a bottom companion of B if b is a
maximal element of B such that the set of all b-coatoms is not contained
in B. Of course, every maximal Boolean fragment B of a finite distributive
lattice D (except the bottom one) has at least one bottom companion. In a
similar way we can define, for every maximal Boolean fragment B an upper
companion A(b) by choosing a minimal element b of B such that the set
of b-atoms is not contained in B. Let us show by use of an example that
none of the assumptions of the above theorem can be dropped.
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Example 2. Consider the lattice

If B = {l,d} then d is a maximal element of B such that d-coatoms
are not in B. But V(d) = {d, f} is not a maximal Boolean fragment of the
whole lattice. Moreover, if one takes B = {l,d,r,m} = V, then f (which
is an d-coatom) is not in B but V(d) is not a bottom companion of B. We
have d < m and V(m) is the only bottom companion of B.

The above two Theorems give us a procedure of decomposing any
finite distributive lattice onto its maximal Boolean fragments. We start
with the “top” fragment (by Theorem 2) and find, for any given maximal
fragment of D, its bottom companions till we get the “bottom” algebra.
This decomposition is uniquely determined. However, some fragments of
D can be obtained several times in the procedure.

Example 3. If we consider the lattice F)p(3) from Example 1, we get
V =Bi, V(a)=Bs, V(b)=DBs, V(c)=DBy, Bs=V(d)=A;
where
a=(xVy)ANxVz), b=(@Vy AyVz), c=@&Vz)A(YyVz2),

d=(@xAy)V(@A2)Vyrz)=(xVy AlxVz)A(yVz);
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The problem of describing finite distributive lattices with a scarce de-

composition into Boolean fragments remains open.
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