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DECIDABILITY OF CLASSES OF FINITE
ALGEBRAS WITH A DISTINGUISHED SUBSET
CLOSED UNDER A DISCRIMINATOR CLONE

Abstract. Weshow that if T is the smallest discriminator clone on
a set A, then the first order theory of finite powers of a finite algebra
A with a distinguished subset closed under T is decidable. If A is a
primal algebra and C' is any discriminator clone on A, then the first
order theory of finite algebras from V(A) with a distinguished subset
closed under C is decidable. In particular, the first order theory of
algebras from V(A) with a distinguished subalgebra is decidable.

Let C be a clone of operations on a two element set. In [2] we have
proved that the first order theory of finite Boolean algebras with distinguish
subset closed under C' is decidable if and only if C' is a clone containing the
ternary discriminator function. Decidability of the theories referred to in
the abstract is a consequence of the fact, that finite discriminator subsets
of products of algebras have a 'nice’ ordered structure, especially in case of

Boolean algebras [3].
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In order to get the above results we translate each sentence in the
language of algebras with an additional unary predicate into the language
of Boolean pairs and use the fact that the first order theory of finite Boolean
pairs is decidable. The idea of our proof is based on the one of Ershov, who
found a translation from the language of Boolean powers into the language
of Boolean algebras. In [6] Werner uses the Ershov-style translation to
prove that the first order theory of filtered Boolean powers is decidable.
He translates each sentence in the language of these structures into the
language of Boolean algebras with quantification over filters.

We start with some notational conventions.

Definition 1. If B is a Boolean algebra and G C B, then by B® we
denote a set of atoms of B and by SgB(G) we denote the subuniverse of
B generated by G. We shall denote by SU(X) the Boolean algebra of all
subsets of X. For X' C X, a subset D of AX and a,b € AX we introduce
the following technical notation:

We say that D has the patchwork property if the following condition
holds

a,beD & X'€eEp=3ceD X' Clc=a] & -X'C[c=1],

where =X’ = X \ X'.

Definition 2. Let m = (X1,...,X) be a sequence of elements from
SU(X). We say that 7 is a decomposition of X if X3 U...U X, = X and
for every 1 <i < j <k we have X; N X; = . Evidently every partition of
X is a decomposition of X.
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Ifdy,...,dp € AX and 7 is a k-element decomposition of X, then
derl U... Udkka

denotes the function d € AX such that d(j) = d;(j) if j € X;, for every
1<i<k If DC AX, then by Pg(D, ) we denote the set of all elements
d € AX satisfying the following condition: for every 1 < i < k there exists
y € D such that dl x,= y[x, .

The ternary discriminator function on a set A is the function ¢ : A3 —
A defined by t(z,y,z) = x if x # y, and t(z,y,2) = z if x = y. By T
we denote the clone of functions generated by t i.e., the smallest clone of
operations on A containing the ternary discriminator function t.

Definition 3. Let A be an algebra, C' be a clone of operations on
the underlying set of A. The notation A* <, AX means that A* C AX
and A* is closed under operations from C.

We define the following classes of structures

1. Pan(A,C) = {{AX A*) : X is finite & A* <. AX},
2. Van(A,C) ={(D,D*) : D € Vg, (A) & D* <. D},
3. VPsin(A) ={(D,D*) : D € Vg,(A) & D* is a subuniverse of D}.

Definition 4. Let (AX, D) be a structure from P, (A, T). If G C D,
then we say that G is a base of D iff D = Pg(G, BY,).

Proposition 5. Let A be an algebra and D C AX. Then we have
D <, AX iff D has the patchwork property.

Proof. Let a,b € D and Y € Ep. We pick ¢,d € D such that Y =
[c =d]. If D is closed under ¢, then e = t(t(c,d, a),t(c,d,b),b) belongs to
D. One can easily check that Y C [e =a] & =Y C [e =b]. So, D has the
patchwork property. Let a,b,c € D. If D has the patchwork property, then
we can find an element d € D such that [a=0] C [d=c] & [a#b] C
[d = a]. It’s enough to note that t(a,b,c) = d. Hence D is closed under
the ternary discriminator, which was to be proved.
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Assumption: For Propositions 6-14 we assume that A is a fixed
finite algebra.

Let (AX D) be a structure from Pg,(A,T). We establish several
structural facts about this structure.

Proposition 6. Let ((Ep = X*. We have:

1. D has the patchwork property,

2. Ep = (Ep,Nn,U,—*, X* X), where =*(z) = ~xzUX™, is a subalgebra of
the interval Boolean algebra SU(X)|X™* = ([X*, X],N, U, =%, X* X).

Proof. (1) is an easy consequence of Proposition 5. For (2) we fix
a € D and show that for any b,c € D there is an element d € D, which
satisfies the following conditions:

(1) [a=bln[a=dc]=[a=d],
2) [a=blua=d]=[a=d],
3) [a=0]U[a# c] = [a = d]],
4) [b=c]=[a=d

This part of the proof is similar as in [6]. Using the patchwork property
we proceed as follows:

St S

ad(1) We pick d € D such that [a =b] C [c¢ = d] and [a # b] C [b = d].

ad(2) We pick d € D such that [a =b] C [a = d] and [a # b] C [c = d].

ad(3) We pick e € D such that [a = b]U [a = ¢] = [a = ¢] and then we pick
d € D such that [a =¢e] C [b=d] and [a # €] C [a = d].

ad(4) We pick e € D such that [a = b] N Ja = ¢] = [a = ¢] and then we pick
d € D such that [b=c] C [a=d] and [b # ] C [e = d].

From (4) it follows that for every fixed element a € D we have that
Ep ={Ja==z] : z € D}. From (1), (2) we know that Ep is closed under
U and N. Since X is finite, then X* = N Ep = ({[a = 2] : x € A} is the
least element of E'p and X = [a = a] is the greatest element of Fp. From
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(3) we can conclude that X* U [a # b] is a complement of [a = b] in the
interval [X*, X| because we have:

X*UJa#b]UJa=0] =X,
(X*UJa#b)N[a=0b]=X*N[a=0b] =X*

This completes the proof.

The next proposition can be interpreted as a special version of the
patchwork property.

Proposition 7. Let BY, = {Xy,..., X} and dy,...,dy belong to D.
Then the element d = dq[x, U... Udy|x, also belongs to D.

Proof. Let us denote (| Ep by X*. First we show an easy fact that
if Y € Bp, then Y U X™* belongs to Fp. If Y € Ep, then the claim is
obvious. If Y ¢ FEp, then according to Proposition 6 we can represent
Y as a finite sum of elements of the form Y; or =Y; or Y; N =Y}, where
Y;,Y; € Ep (see [5], Proposition 4.4). From Proposition 6 we know that
Y;n-Y,)uX* = (Y, UX*)N-*Y; € Ep and -Y; UX* = =*Y; € Ep.
So, we obtain that Y U X* belongs to Ep. Moreover, one can easily check
that if X* # O, then X* € Bf. We know, from Proposition 5, that D
has the patchwork property. Let B, = {X1,...,Xx} and dy,...,d; € D.
So, we can pick some elements cq,...,cx_2,¢ € D satisfying the following

conditions:

XQUX*Q[[CIZdQ:[I & _\(XQUX*)Q[[Clzdl]],
X3UX*Q[[62:d3]] & _\(X3UX*)Q[[02201]],

X1 UX* Cep—2 =dp—1] & ~(Xp—1UX*) C [cp—2 = i3],
X UX* C [[C = dk]] & —|(Xk UX*) - [[C = Ckfg]].

Now, if X; = X*, then c[x,= di[x,= d;|x, because X* is a minimal
element of Ep. If X; # X*, then X;N(X,;UX*) = O forevery 1 <i# j <k.
One can easily check that if i = 1, then ¢ x, = cx_2[x,= ... = c1[x, = d1[x, -
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If 1 <i <k, then C[Xi: Ck:—2[Xi: o = Cl—(k—i+1) in: Ci—l[Xi: dz[Xl If
i =k, then C[Xk: derk Thus ¢ = derl U...U dkka: dand d € D. The
proposition is proved.

Remark 8. From Proposition 7 we know that Pg(D,B%) C D. Since
for every d € D we have d = d|x, U...Ud[x,, then D = Pg(D, B},).

Proposition 9. IfY € B}, then |Dly| < | A|.

Proof. Suppose, contrary to our claim, that | D[y| > |A|. Let j € Y.
Then there exist di[y,da[y€ D]y and i € Y such that j € [dy = dz] and
i ¢ [di=ds]. Hence 0 < [dy =ds] NY <Y and [dy =ds] NY € Bp,
because Y and [d; = da] belong to Bp. This contradicts the assumption
that Y € B,

Proposition 10. There exists G C D such that G is a base of D and
|G|<|A|. Moreover, E¢ C Bp.

Proof. Let us suppose that |A|=m,B% = {X;,..., X} and D|x,=
{diy, ... i, }, where 1 < i < k. From Proposition 9 we know that r; < m.
We define g1, ..., gm € A% by putting g; = g;|x, U... U gj]x,, where

d;,, otherwise.

Now, if d is an element of D, then by definition we have df x,€ DJx,,
for every 1 < i < k. Thus there exists 7 < m such that d| x,= dij = gjlx,-
Hence d = gj, [x, U... Ugj, Ix,, where {j1,...,5x} € {1,...,m}. Then
D C Py(G,BY), where G = {g1,...,9m}. From Proposition 7 it follows
that ¢1,...,9m € D and Pg(G,B%) C D. We can conclude that G is a
base of D and |G |<|A| . Since G C D, then E¢ C Ep C Bp. The proof

is now complete.

Proposition 11. Let G C AX, 7 be a partition of X and G* =
Pg(G, 7). If Eq € SgSYX) (), then G* is closed under the ternary dis-
criminator. Moreover, Bg- C S¢SV (1) and NEg = Eg--
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Proof. Let us suppose that 7 = {X1,..., X3} and Eg C SgSY®) (x).
Of course we have G* C AX. According to Proposition 5 it suffices to show
that G* has the patchwork property. By Definition 2, every element d of
G* can be presented in the following form

d=giIx, U...Ugi lx,,

where g;; € G, for every 1 < j < k. Let dy,dy € G* and Y = [d3 = d4] for
some d3, ds € G*. We have to show that the element d = d1[y U da[-y also
belongs to G*. If Y = @, then d = ds and it belongs to G*. Let us suppose
that @ <Y < X. First we prove that for every 1 <¢ < k we have X; CY
or YNX,; = 0. Assume, contrary to this claim, that there are 1 < i < k and
j,j' € X such that j € Y N X; and j' € X; and j' ¢ Y. By the definition
of Pg(G,m) we know that there exist g1,g92 € G such that ds[x,= g1 ]x,
and dy [x,= g2 |x,- Thus we obtain that j,j' € X;, j € [g91 = ¢2] and
§' & [91 = g2]. Hence [g1 = g2] & SgSYX)(7), which means that Eg ¢
SgSUX) (7). We obtain a contradiction and the claim is proved. Now, we
can conclude that Eg- C S¢gSYX) (1) and of course Bg- C S¢SV (r).
So, without loss of generality we can assume that ¥ = X U...UX;, where
1 <s <k Letdilx,= gilx;, wherei € {1,2},1 < j <k and g;;, € G.
Now, d = di[y Uda|-y=g1,[x, U...Ug1,Ix, Uga, ., lx.0s U... Uga [x,-
Hence d € Pg(G, ). It remains to show that (| Eg = () Eg-. Since G C G*
then (| Eg+ C [ E¢. Let us assume that (| Eg« C [ Eg. Then there exists
i € X such that i € ((Eg and i ¢ [ Eg+. So, there exist ¢gf,95 € G*
such that ¢ & [g7 = g3] . Let us pick 1 < j < k such that ¢ € X,. Since
91,95 € G™ then there exist gi,g2 € G such that g7 [x,= g1 [x, and
951 x,= g21x, - Hence i & [g1 = g2] and i € (| Eq, which contradicts our
assumption. The proposition is proved.

Definition 12. Let G C AX and B; be a subalgebra of SU(X). We
say that G matches By iff

Bpyc,Bs) = Bi.
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Remark 13. Note that if G is a base of D, then Pg(G,B%) = D.
Hence Bpg(G7B%) = Bp and G matches Bp.

Proposition 14. Let G C A% and By be a subalgebra of SU(X). G
matches By iff the following conditions are satisfied:

1. Eg C By,

2. if Eg # O, then (| Eg € BY,

3. if X’ € By and X' # () Eg, then there are ¢g;,92 € G such that
[o1 =g]NX"=0.

Proof. Let us denote Pg(G, B{) by G*.

(=) If G matches By, then Bg« = B;. Since Eg¢ C Eg+- C Bg-,
then F¢ C Bj. From Proposition 11 it follows that ((Eg = () Eg+. If
N Eg~ # O, then it is an atom of B+ and the second condition is satisfied.
Now, let us suppose that X’ € B, X’ # (| E¢ and for every g1,¢92 € G we
have [g1 = g2] N X’ # @. Since [g1 = g2] € Bg~, then for every g1,92 € G
we have [g1 = ¢g2] N X' = X’. Hence X' C N Eg. If (Eg = O, then we
obtain a contradiction. If (| Eg # O, then (] E¢ is an atom of Bg+. Hence
X" =) Eg, which also contradicts our assumption. We can conclude that
the third condition is also satisfied.

(<) Let us assume that the conditions 1 — 3 are satisfied. We have to
show that G matches B;. From the first condition and Proposition 11 we
know that Bg+ C By and (| Eg = () Eg+.

Case 1: (Eg # O. It follows from the second condition that () Egq
is an atom of B;. Hence (| Eg+ is an atom of By. Let X’ € B{ and
X" # (N Eg~. From the third condition we can conclude that there are
91,92 € G such that [g; = g2] N X’ = @. Therefore there exist g7, g5 € G*
such that [¢gf = g3] = -X’. Then -X’ € Eg+ and X' € Bg+. We obtain
that B; C Bg+. Hence B; = Bg-.

Case 2: (Eg = 0. If X' € Bf{ then X' # (| Eg. From the third
condition we obtain in the similar manner as above that X’ belongs to Bg+
and Bg+ = B;.
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Definition 15. By BPg, we denote the following class of structures
BPg, = {(SU(X), B) :| X |< w and B is a subuniverse of SU(X)}.

Evidently, Z(BPz,,) = BPsn, where BPg, denotes the class of finite Boolean
pairs.

Let A be an algebra. For (SU(X),B) € BP}, and G C AX we can
define a structure (AX, Pg(G, B%)).

Let KC(A) denote the class of the all structures (A%, Pg(G, B*)) such
that

1. (SU(X), B) € BPg,,
2. G C AX,

3. |GI<|A

4. G matches B.

Lemma 16. If A is a finite algebra, then
Pan(A,T) = KC(A).

Proof. Assume that (A% D) € Pg,(A,T). By Definition 1 we have
that (SU(X), Bp) € BPg,. Moreover, from Proposition 10 we know that
there exists G C A% such that |G |<|A| and G is a base of D. From Re-
mark 13 we know that G matches Bp. Hence (A%, D) = (AX, Pg(G, B%))
and it belongs to K(A). Conversely, let (A%, Pg(G, B*)) belong to K(A).
Then (SU(X), B) belongs to € BP,, G C AX and G matches B. Hence
from Proposition 14 we know that Eo C B. Moreover it follows from Propo-
sition 11 that Pg(G, B*) C AX and it is closed under the ternary discrimi-
nator. We can conclude that (A%, Pg(G, B%)) belongs to Pgn (A, T), which
completes the proof of the lemma.

Definition 17. Let A be a finite algebra of type 7 and A = {ay,...,an}J}
By L we denote the first order language of Pg,(A,T) i.e., the only non-
logical constants of L are the all function symbols belonging to 7 and
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an unary relation symbol D related to a subset closed under the ternary
discriminator. We denote variables of L by z;, 0 < ¢ < w. Moreover,
we can assume that the atomic formulas of L are expressions of the form
fziy, ..., x;,) = x4, or of the form D(x;,), where f(x;,,...,;, ) is a term
of L and z;, is a single variable. The other formulas of L can be obtained

from the atomic formulas using the symbols —, &, 3.

Let Ly denote the first order language of BPgy, i.e., the only nonlogical
symbols of Ly are N,U,—,0,1, B’, where B’ is an unary relation symbol
related to a subuniverse of a Boolean algebra. We denote variables of Ly
by wu; j, 0 < ,7 < w. However, we find it convenient to distinguish some
variables of Lo and denote them by p; ;. They can be written in the form

of an m X m - matrix:

P11 P12 .- P1,m—1 P1,m
b2,1 P22 .- P2,m—1 P2,m
Pma1i Pmz2 --- Pm—1,m—1 Pm,m

We define an Ershov-style translation of L into Lg. To each formula

¢(z1,...,7) € L we assign a formula
AU 1y s Uty U215+ U2y -+ - Uy P15+ - - > Prym)

from L.

Note that if formula ¢ contains k variables xg,...,x; and no rala-
tion symbols, then formula ¢ contains k x m variables ug 1,...,%0m,- -,
Uk,15-- -, Uk,m. If formula ¢ contains k£ variables xg,...,z; and a relation
symbol, then formula ¢ contains kxm+m? variables ULy UDms -« - uk71,l
Uk,2 -5 Ukmy P11y« s Pm,m-

The assignment is as follows:
1. if ¢ = f(x1,...,2k) =z, then

(a) if k =0 and f = a; is an constant then
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(b) if k£ # 0 then

ng /\ _‘(ul,il ﬂ...ﬂukvik)ng,iO = 1,

AEF(aiy aig )=aig

2. if ¢ = D(xg), then

ngVb At/(b) — [ (Ug,l ﬂb:pl,l nb & ... & UOVmﬂb:meﬂb)\/
(’U,O,l ﬂb:pg,l nb & ... & Uo,mﬂb:pzmﬂb)\/
(quﬂb:pm,lﬂb & & uo,mﬂb:pmmﬂb)],

where At’(b) = b is an atom of B’.
3.4f o= (11 & o), then ¢ =1y & s,
4. if ¢ = =, then ¢ = —,
5. if ¢ =3,,¢(z0), then

gb = E|u071 e Eluo,m (¢(U071, e 7u0,m) & U071 U...U uO,m =1 &
/\ (UOJ‘ N Uop,; = 0))
1<i<j<m
If there is no danger of confusion we don’t distinguish notationally
between a symbol and its interpretation.

Definition 18. Let A be a finite algebra and A = {ay,...,a,,}. If
c; € AX, then for every 1 < j < m we set that ¢; ; denotes [¢; = a;],
where @; € AX is the constant map with the value a;. If 7 is an m-element

decomposition of X, then by a@|, we denote the following element of AX:
dfw: zL\l rﬁ(l) U... Uamrﬁ(m) .

We say that @, is an element of AX defined by a decomposition m. Con-

versely, if ¢; € A then we say that 7% = (¢; 1,...,¢im) is a decomposition

of X defined by an element c;.
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Lemma 19. Let A be a finite algebra, (A~ D) be a given structure
belonging to Pan(A,T) and let {gi,...,gm} C AX be a base of D, where
m =| A|. For any formula ¢(z1,...,2;) € L and any ci,...,c, € AX we
have

<AX,D> E o(xy/c1y .y xr/ck)
iff
(SU(X),Bp) b= (..., ui i/ lei =50,/ lgs =50, .).

Proof. Let A* = (AX D) and B* = (SU(X), Bp). We proceed by
induction over the complexity of ¢.

L. ¢Ef(01,...,0k)260,

QbE /\ _‘(Cl,i1 ﬂ...ﬂckvik)Ucoﬂ-O =1.
AlEf(aig s ai,)=aig

B* E qg it flai,...,a;) =ai, = (c1 N Neki)Ucoi, =X
iff  flai,,...,a,) =ai, = c14 NNk, < Cog
it flaiy,...,a) =ai, & Vicr<k &(J) = ai,.) = co(j) = a4,
it Vjex fler,...,c)(y) = co())
it A" E f(er,...,cr) = co

iff A* o
2. ¢ED(CO),
b=V At'(b) —[(co1 Nb=g11Nb & ... & Com Nb=g1m NV
(Covlmb:gngb & & co,mﬂb:gzmﬂb)\/

(co,lﬂb:gmvlﬂb & & covmﬂb:gmmﬂb)].
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Let us remind that D = Pg({g1,...,9m}, B}).

B* = ¢ iff bis an atom of Bp =
Jicj<mco1Nb=gj1Nb & ... & cogmNb=g;j,mNb
iff  bis an atom of Bp = Ji<j<mcols= g;lp
ifft  co = gi,lp, U...Ugi,lp,, where
{b1,...,bx} = B}, and {iy,...,ip} C{1,...,m}
iff c€eD
iff A* = D(co)

3. 6= & o), d=1v1 & 1o,
B k¢ if B*E=4¢; and B* =y
iff A*):lbl and A*':wg

iff A" =y & s
iff A* =

B* = ¢ iff B* - iff B*pd iff A* Ko if A* 6.

5. ¢ = F,¢(20),

¢ EluO,l N Eluo,m (w(uovl, e 7UO,m) & Uop,1 U...uU Uo,m = 1 &

/\ uO,i N UOJ‘ = O)

1<i<j<m
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B* qg iff  there are cg1,...,co,m such that it is a decomposition of X
and B* = 9(co,1, -+ -, Com)
iff there is ¢y € AX such that cg; = [co = @;] and A* = (o)
( simply take co = @1fc,, U... Ulmleo,,)
iff A" = 3g,9(20).

This finishes the proof.

Definition 20. Let Ly be the language of BPg,. By p; we denote
a sequence of variables (p;1,...,pim). We define the following auxiliary

terms and formulas:
[ ] Eg(ﬁl,,ﬁm): U pl,jﬂ...ﬁpmvj,
1<j<m

[pi = px] = U Pij (VPk.js
1<j<m

o Ui(p1,....,Pm) = /\ piaU...Upim=1& /\ pij Npik =01,
1<i<m 0<j<k<m

o Uy(pr,.Pm) = N\ U pisnpe;eB |,
1<i<k<m \1<j<m

o Us(P1,...,0m) = EQ(D1,...,Dm) # O — EQ(P1,...,Pm) is an atom of B’ Jj

e Uy(p1,...,Pm) = if bis an atom of B" and b # EZ(p1,...,Pm), then |

V [p=nlnb=0.

1<i<k<m

Remark 21. Suppose that {ai,...,a,,} is the universe of an algebra
A and (SU(X), B’) € BPsy. For every 1 < i < m let m; be a m-element
sequence of elements of SU(X). If (SU(X), B") = Wy(m1,...,mn), then for



DECIDABILITY OF CLASSES OF FINITE ALGEBRAS... 79

every 1 < ¢ < m we have that 7; is a decomposition of X and defines an
element g; = al,, belonging to AX. We denote the set of these elements by
G. Using Proposition 14 one can easily check that G matches B’ iff

(SU(X),B"Y EUs(p1,--,pm) & ¥3(P1y---sDm) & Va(pr,---,Pm)-

We are now in a position to prove the main theorem of this paper.

Theorem. Let A be a finite algebra and T be the smallest discrimi-
nator clone on A. Then the theory of Pg,(A,T) is decidable.

Proof. Let L be the language of Psn(A,T). For any sentence ¢ € L
we construct a sentence ¢* in the language of Boolean pairs Lg as follows:

¢*EVﬁl---Vﬁm /\ \I]Z(ﬁlvvpm) _>$

1<i<4

Now, we proceed to show that
Pan(A,T) |= ¢ if and only if BP, = ¢*.

Since Z(BPg,) = BPan and the theory of BPg, is decidable, we will con-
clude that the theory of P, (A, T) is also decidable.

(=) Let’s assume that Pun(A,T) | ¢ and BPg, ¥~ ¢*. If so, there
exists B* € BPf,, such that B* £ ¢*. Let B* = (SU(X), B’). If B* }~ ¢*,
then there are by 1,..., by, m € SU(X) such that:

(i) SU(X) = Uy(by,...,by),

(ii) (SU(X),B’) = Ua(by,...,bm) & W3(by,...,bn) & Wu(by,...,byn),
(i) (SU(X),B") = ¢p(b1,1,- -, bm.m)-

From (i) it follows that for every 1 < i < m we have that b; 1,...,b;m
is a decomposition of X. Let G = {g1,...,9m} be a set of elements of

AX defined by these decompositions. Hence for every 1 < i,5 < m we
have that g; ; = [¢; = @;] = b; ;. From (ii), Proposition 14 and Remark 21
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we know that G matches B’ and (Eg C B’. Let D = Pg(G, B'*). From
Proposition 11 it follows that D is closed under the ternary discriminator.
Hence (A, D) belongs to Pgn (A, T) and (AX, D) = ¢. From Lemma 19 it
follows that (SU(X), Bp) b= &(g1.1,- - gm.m)- Since G matches B’, then
Bp = B’. Hence (SU(X),B’) = $(g171, -+ Gm.m), which contradicts (iii).

(<) Let’s assume that BPg, = ¢* and Pan(A,T) ~ ¢. Then there
is a structure A* € Pgo(A,T) such that A* £ ¢. Let A* = (AX, D).
According to Proposition 10 let G = {g1,...,9m} be a base of D, where
m =| A|. By B* we denote the structure (SU(X), Bp). Of course B*
belongs to BPg,. It follows from Lemma 19 that B* p= &5(9171, e Gmom)-
For every 1 < i < m a sequence g;1,...,im is a decomposition of X
defined by an element g;. So, B* = ¥1(g1.1,--.,9m,m). From Remark 13
we know that G matches Bp. From Lemma 14 and Remark 21 we can
conclude that

B* ):\112(91,17---7gm,m) & qu(gl,lv---vgm,m) & \Ij4(gl,17---7gm,m)-

Consequently, B* [~ ¢* and BP5,, [~ ¢*, which contradicts our assumption.
This completes the proof of the Theorem.

Corollary 1. If A is a finite primal algebra, then the first order theory
of Ven(A,T) is decidable.

Proof. Let A be a finite primal algebra. Using the well-known facts
(see [1], Corollary 6.10, Corollary 10.2, Corollary 10.8) one can easy observe
that in this case V(A) is arithmetical and A is simple with no subalgebras
except itself. Hence every subdirectly irreducible algebra in V(A) is isomor-
phic to A. Then V(A) =ZPgs(A). Since V(A) is a congruence-permutable
variety and A is simple, then we have Vg, (A) = Z({A¥X :| X |< w}). In this
case we obtain that Z(Pan(A,T)) = Van(A,T'), which proves the Corollary.

Corollary 2. Let A be a finite algebra, 7(A) be a set of term opera-
tions of A and F' be a finite subset of 7(A). If T* is a clone generated by
T UF, then the first order theory of Pg,(A,T*) is decidable.
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Proof. Let FF ={f1,..., fr} and FF C 7(A). Then for every 1 <i <k
we have that f; is definable in terms of basic function symbols of A and
hence for every f; we can define a sentence © ¢, in the language L as follows:

@fi val ---Vw(,u)(D(Il) & & D(xa(z)) — D(fi(xl,...,:ca(i)))),

where o (i) denotes an arity of f;. Observe that Pg, (A, T*) C Pan(A,T) and
Prin (A, T*) is finitely axiomatizable by {©y,,...,0y,}. For any sentence
¢ € L we define a sentence ¢’ = (0, & ... & Oy, ) — ¢. One can easy
check that Pan (A, T) = ¢’ iff Pan(A,T™) = ¢. If so, we can conclude that
the theory of Pan (A, T*) is decidable, because of decidability of Pgy, (A, T).

Corollary 3. If A is a finite, primal algebra and T’ is a discrimina-
tor clone on A, then the first order theory of Vg, (A,T") is decidable. In
particular, VPg,(A) is decidable.

Proof. If A is a primal algebra and T is a discriminator clone,
then T’ is generated by a finite subset of 7(A) [4]. Since in this case
Z(Pan(A,T")) = Vin (A, T") we obtain that the first order theory of Vg, (A, T")}
is decidable. If T” is the clone of the all operations on A, then Vg, (A,T") =
VPsn(A). Hence VPg,(A) is decidable.
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