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FREE BOOLEAN CORRELATION LATTICES

A bstract. Inthis paper we study some algebraic properties of the
variety of Boolean correlation lattices. We give a characterization of
congruences and simple algebras of the variety and we describe the
algebra with a finite set of free generators.

1. Introduction

A correlation lattice is an algebra (B, A, V,0,0,1) where (B, A,V,0,1)
is a bounded lattice and ¢ is a dual endomorphism on B which has the
property o?"(x) = z for a fixed number n, n € 2N + 1 ([3], [4]). This no-
tion generalizes orthomodular lattices, and in the distributive case, Boolean
algebras, De Morgan algebras and some classes of Ockham algebras. More-
over, in [4], D. Schweigert and M. Szymanska proved that correlation lat-
tices can be used as switching algebras for multivalued logic functions.

The aim of this paper is to study some properties of the variety of
Boolean correlation lattices. We give a characterization of congruences

and simple algebras of the variety in a different way from that given in
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[4]. Finally, we determine the finitely-generated, free Boolean correlation

lattice.

We would like to thank the referee for his/her thoughtful comments
and suggestions. We found them very helpful and felt that they led to a

much improved presentation.

2. Involutive Filters and Congruences

Let A,, be the class of algebras (B, A, V,0,0,1) of type (2,2,1,0,0), n
fixed, n € 2N + 1, such that:

1. (B,A,V,0,1) is a distributive lattice with 0 and 1.
2. oz Ny)=o(z)Vol(y), o(xVy) =o(x)Ao(y)

3. a"(x) ANz =0, 0" (x) Vo =1.
4.

o?n(z) = .

It is clear that o is order reversing, ¢(0) =1 and o(1) = 0.

If B € A,,, we say that B is a Boolean correlation lattice [3], [4]. The
Boolean complementation is given by @ = ¢”, and the mapping T = oo «
is a Boolean automorphism.

Let B € A,,. An element b € B is called an involutive element of B if
a?(b) = b.

If b is an involutive element, then o(b) V b = 1 (and consequently,
bA o) = 0). Indeed, if 02(b) = b, then 1 = o(0) = o(c™(b) Ab) =
o™ (b) vV a(b) = bV a(b), since n + 1 is even, and hence o™+ 1(b) = b.
Moreover, if o(b) Vb = 1, then b is an involutive element, as is easy to
verify.

Thus, b is an involutive element of B if and only if o(b) is the Boolean

complement of b. 0 and 1 are involutive elements of B.

The set of all involutive elements in B will be denoted I.
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Proposition 2.1. [ is a Boolean algebra.

A filter F' of an algebra B is said to be an involutive filter of B if
o?(z) € F, whenever x € F.

Theorem 2.2. A principal filter F' = F(b) of B is an involutive filter
if and only if b is an involutive element of B.

Proof. Let F' = F(b) be an involutive filter of B. Since o2(b) € F(b)

we get b < 02(b). Since o2 is order preserving, o2(b) < o*(b), o*(b) < 0(b),

0y 02"72(b) < 02 (b). Hence b < 02(b) < ... < 0?(b) = b, which proves

b= 02(b). Thus b is an involutive element of B. For the converse, if x € F,

then b < z, s0 b Az = b and then b = 0%(b) = 0%(b) A o%(z) = b A o?(2).
Therefore b < 02(x). So o?(x) € F.

Corollary 2.3. If B is a finite algebra, then an involutive filter F' of
B is maximal if and only if F = F(b) and b is an atom of the Boolean
algebra I.

Lemma 2.4. If B € A, and b is an involutive element of B, then
xAb=yAbifand only if xV o(b) =y V o(b).

Proof. It follows immediately, since o(b) is the Boolean complement
of b.

Theorem 2.5. For b an involutive element of B, b #£ 0, 1, the relation
0y defined by (x,y) € 0, if and only if tAb = yAb, is a non trivial congruence
on B.

Proof. It follows easily from the previous Lemma.

Theorem 2.6. If 6 is a congruence on a finite Boolean correlation
lattice B, then there exists an involutive element b of B, such that 0 = 60,
that is (x,y) € 0 if and only if t Nb =y A b.

Proof. Consider F' = {x € B: (z,1) € 0}. Then, F is a filter.
If 2 € F, then b, = x Acd?(x) A... No® 2(x) € F and b, is an

involutive element of B.
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Then b= A
Now we must prove that (x,y) € 6 if and only if z Ab =y Ab.

scr be 18 an involutive element and F' = F'(b).

Let 2’ = ax, y' = ay Boolean complements of x,y € B.

Then (z,y) € 0 if and only if z Vy' € F and 2’ Vy € F, and this is
equivalent to (x Vy' ) Ab=(z' Vy)ANb=0b.

From (z Vy') Ab = b, it follows (x Vy') AbAy = b Ay, that is,
(xAy)Ab = bAy. Similarly, from (z'Vy)Ab = b it follows (zAy)Ab = bAx.
Thus, z Ab=y Ab.

Conversely, if x Ab =1y A b, then

(VY)IANb=(xAD)V (Y AD)=(yAb)V (¥ AD)=(yVy)ANb=b.

Similarly, (z' Vy) Ab=b. So (x Vy')Ab=(z' Vy)Ab.
So (xVy')ANb= (' Vy) Abif and only if z Ab=1y Ab.

If b; and by are involutive elements of B, and 0, = 0,, then F(by) =
F(by) and hence by = by. Then, there is a one-to-one correspondence
between the family of congruences defined on a finite Boolean correlation
lattice B and the set of involutive elements of B.

Corollary 2.7. An algebra B is simple if and only if 0 and 1 are the
only involutive elements of B.

Corollary 2.8 [4]. A finite algebra B in A,, is simple if and only if
o? is a Boolean automorphism of B that acts transitively on the atoms of

B.

As a consequence, if Ay is a simple Boolean correlation lattice with k
atoms, then (02)*(x) = z for all x € Ay, and k is the least positive integer
with this property. Thus k|n, as is easy to verify. Conversely, suppose
that k|n and let A be a Boolean algebra with k atoms. Consider the
automorphism 7 on A induced by a cyclic permutation on the atoms. If
{ay,as,...,ar} is the set of atoms of Ay, we can assume, with no loss in

generality, that 7 is induced by the permutation (ajas...ax). Then, the
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operation o(x) = 7(a(x)) is such that (Ag, o) is a simple member of the
variety A,. So, for each k|n, there exists a uniquely determined simple
Boolean correlation lattice Ay. The algebras { A} generate A,, [4].

If by,by,...,bs are the atoms of I, then the algebras B/F(b;), 1 <

i < s are simple, and we know that B is isomorphic to a subalgebra of
ﬁ B/F(b;), where the isomorphism is given by ¢(x) = (¢~(x))1<y<s, O ¢
ZEl—> B/F(by) being the natural homomorphism.
If B is finite, ¢ is also surjective. Indeed, if y = (y,)1<y<s belongs
to f[l B/F(b;), for each v, let z,, € B be such that ¢,(x,) = y,. Then
i—

T = Vi:l(xw A by) is such that ¢, (z) =y, hence ¢(z) = y.

Then we have the following theorem:

Theorem 2.9. Any finite Boolean correlation lattice (with more than

one element) is isomorphic to the direct product [[ B/F(b,), where
y=1
{b1,ba,...,bs} is the set of all atoms of the Boolean algebra I.

In the next section, we will need the subalgebras of a simple algebra
A, kln.

As before, let {ay,0%(ay),...,0%* (a;)} denote the set of atoms of
Ay. Let d be a divisor of k, k =1t-d, t a positive integer. Then there exists
a unique subalgebra S, of Ay, verifying: (02)%(x) = z for all x € Sy and d is
the least positive integer with that property. Indeed, Consider the element
b=ai1Vo?i(a)V...vo?t=D4(q;) and let Sy be the subalgebra generated
by b. It is not difficult to see that Sy verifies the required property. Now,
suppose that S is a subalgebra of Ay such that (62)%(z) = x for all z € S
and d is the least positive integer with that property. Let ¢ be an atom

of S. Then, since o2 acts transitively on the atoms of Ay, the elements c,

o?(c), ..., 0?1471 (c) are all distinct atoms of S. Suppose, with no loss
in generality, that a; < ¢. Then 02%(a;) < ¢, ..., 02¢"V4(q;) < c. For
cardinality reasons, it follows that ay,02%(ay),...,02*"D4(a;) are all the

atoms of Ay preceding ¢ (so ¢ = b) and that S = 5.
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Summarizing, the mapping d — Sy is a one-to-one correspondence be-
tween the set of divisors of k and the set of subalgebras of Ay, so identifying
isomorphic algebras we can say that the subalgebras of Ay are the algebras
Ag, with d|k. Tt is not dificult to see that if A; and Ay are subalgebras of
Ay, then AgNAg = A,,, where m is the greatest common divisor of d and
d'.

3. Free Algebras

The aim of this section is to describe the free algebra L,(n) of the
variety A, over a finite set G with r generators, r being a positive cardinal
number. It is known that L, (n) exists, and from [1], Th. 3, it is finite.

So
Le(n)= [[ Lr(n)/M,

MeM
where M is the family of all maximal involutive filters of L,.(n).

We know that L,(n)/M is isomorphic to Ay for some k, kln. Then
if we put My = {M € M : L,(n)/M is isomorphic to Ay}, we have that
M= U./\/lk, MzﬂM] =0 ifi;éj, and

L) =[] TI Ze)/m=]] Az,

kln MeM; kln

where oy, = |[My].

So we must calculate ay.

Lemma 3.1. A lattice automorphism f of a Boolean correlation lat-
tice B is a correlation automorphism if and only if foT =70 f.

Proof. Observe that f commutes with a, being that « is the Boolean
complementation. Then f(o(z)) = f((t o a)(x)) = af(r(x)), and

o(f(x)) = (1o a)(f(z)) = ar(f(2)).

If Aut(Ag) denotes the set of all automorphisms of Ay, then we have
the following:
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Theorem 3.2. Aut(Ag) ={r':0<t<k-—1}.

Proof. Let g € Aut(Ay). Consider an atom a; in Ay. Then g(a;) = a;
is an atom of Ay. We can suppose, without loss in generality, that ¢ < j.
Since the orbit of a; under 7 is {a1,aq,...,ax}, then there exists ¢ such
that g(a;) = 7'(a;) = a;. Now, for arbitrary s, 1 < s < k, there exists r
such that as = 7"(a;). Then

gas) = (7" (a5)) = 7"g(a;) = 777" (a;) = 7'7"(a;) = 7" (as)-
So g = 7! on the set of atoms of Ay. Thus g = 7.

Corollary 3.3. |Aut(Ay)| = k.

Let Epi(B, A) be the set of all epimorphisms from B onto A.

[Epi(Ly(n), Ax)|
[Aut(Ag)|
Proof. The map h — s(h) = Ker h carrying each h € Epi(L,(n), Ax)
into its kernel in My, is clearly surjective. In addition, if M = Ker h € M,
then s71(M) = {goh : g € Aut(A;)}. Consequently, |s~1(M)| = |[AutAy|
and then the result follows.

Theorem 3.4. o = |[My| =

Proposition 3.5. If k # 1, |Epi(L.(n), Ax)| = |F*(G, Ay)|, where
F*(G, Ay) is the set of all functions from G into Ay such that f(G) € A, for
any maximal proper subalgebra Ay of Ay. If k =1, |Epi(L,(n), Ax)| = 2".

Proof. The case k = 1 is clear. For k # 1, it suffices to consider the
map h — h|g carrying each h € Epi(L,(n), Ay) into its restriction to G.
The result follows since the subalgebra generated by f(G) in Ay is Ay if
and only if f(G) € A4 for any maximal proper subalgebra A, of Ag.

If we denote D(k) the set of all maximal proper divisors of k, then
F*(G, Ax) = F(G, At)\Uepi) F'(G, Aa), where F(G, Ag) is the set of all
functions from G into A4. So

|F*(G, Ay)| = [F(G, Av)| —| | F(G,Ad)]
de D (k)
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= ‘F(GaAk)’ - Z ‘Xl 1‘ ﬂ G Ad

XCD(k), X;é@ dex
But
() F(G.As) = {f € F(G, A4) : f(G) C [ Aa}

dex dex
where m(X) is the greatest common divisor of the elements of X.

Then
(] F(G, Ag)| =27,
deX

and then

I[*(G, Ar)| = ork Z (_1)|X\71 . gr-m(X)

XCD(k), X40

= Z (=)IXT L 2rmX) = (1, k),

XCD(k)

if we put m(0) = k.

Therefore,

Corollary 3.6. «p =

This formula has been obtained by A. Monteiro in [2] by using cyclic
Boolean algebras.
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