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SOME PROOF SYSTEMS FOR PREDICATE
COMMON KNOWLEDGE LOGIC

Abstract. Common knowledge logic is a multi-modal epis-
temic logic with a modal operator which describes common knowl-
edge condition. In this paper, we discuss some proof systems for
the logic CKL, the predicate common knowledge logic charac-
terized by the class of all Kripke frames with constant domains.
Various systems for CKL and other related logics are surveyed by
Kaneko-Nagashima-Suzuki-Tanaka, however, they did not give a
proof of the completeness theorem of their main system for CKL.
We first give a proof of their completeness theorem by an algebraic
method. Next, we give a cut-free system for CKL, and show that
the class of formulas in CKL which have some positive occur-
rences of the common knowledge operator and some occurrences
of knowledge operators and quantifiers is not recursively axiom-
atizable and its complement is recursively axiomatizable. As a
corollary, we obtain a cut-free system for the predicate modal
logic K with the Barcan formula VxOg¢ D OVx¢.
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1. Introduction

Common knowledge logic (for n-agents) is a multi-modal logic with knowl-
edge operators O; (i € n) and an operator O, which describes common
knowledge condition, where the formula O;¢ denotes that “the agent 4
knows ¢” and O, ¢ denotes that “¢ is common knowledge among the agents
0,...,n—1" (see, [3,9, 2, 5, 4, 13]). From the meaning of 0;¢ and O, ¢,
the semantical relation in a possible world w is defined as follows:

wEO¢ & wED; -0, ¢foral k €w, i,...,i; € n.

Common knowledge logic is used in various areas, such as philosophy, ar-
tificial intelligence, and game theory, but to describe concrete problems,
we need predicate common knowledge logic, instead of propositional logic.
However, Wolter [13] proved that the logic CKL, that is, the predicate
common knowledge logic characterized by the class of all Kripke frames
with constant domains, cannot be recursively axiomatized !, and therefore,
any system for CKL has some non-recursive factors in it. On the other
hand, the propositional fragment of CKL, that is, the propositional com-
mon knowledge logic characterized by the class of all Kripke frames, can
be recursively axiomatized. Indeed, the following inference rules, which is
called fixed point formalization, axiomatizes the propositional fragment of
CKL (see [3]) %

1. FO:¢DO(¢ A @) (where Og ¢ = A, Didh);

2. FY D O(dAY) = F¢ DO .

By Wolter’s paper [13], fixed point formalization cannot be recursively ex-
tended for the predicate common knowledge logic CKL. But some systems
for propositional common knowledge logic can be recursively extended for
CKL, if they have some non-recursive factors. Indeed, Kaneko-Nagashima-
Suzuki-Tanaka [6] surveyed the alternative ways of axiomatizing the predi-
cate common knowledge logic CKL and other related logics, and presented
a system for propositional common knowledge logic which can be recursively
extended for CKL. However, they did not give a proof of the completeness
theorem for their system. One aim of this paper is to give a proof of the

'Even the monadic predicates fragment without equality and function symbol is not
recursively enumerable (see [13]).
?0; ¢ in [3] is defined by w | Oc ¢ < w =0y, -0, 6 for all k > 1, d1,...,0, € n.
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completeness theorem for their system 3 (Section 5). The proof is given
by an algebraic method, which makes use of the representation theorem of
modal algebras preserving infinite meets and joins.

The other aim is to give a cut-free system for CKL (Section 6 and Sec-
tion 7). It is known that the Barcan formula VzO¢ D OVz¢ is necessary to
axiomatize modal logics characterized by classes of Kripke frames with con-
stant domains. In [7], Pliuskevi¢iené presented cut-free systems for various
modal logics such as K, T, K4, S4, KB, and B with the Barcan formula by
indexing. We introduce a cut-free system for CKL by tree sequent calculus
developed by Kashima. Then, we will show that the class of formulas in
CKL which have some positive occurrences of the common knowledge op-
erator and some occurrences of knowledge operators and quantifiers is not
recursively axiomatizable and its complement is recursively axiomatizable.
As a corollary, we obtain a cut-free system for the predicate (mono-)modal
logic K with the Barcan formula.

2. Syntax and semantics for CKL

The language £ consists of logical connectives A, V, D, —, quantifiers V
and 1, countable lists of variables and constant symbols, countable set of
m-ary predicate symbols for each m € w, n modal operators O; (i € n), and
another modal operator O.. Since we do not have any function symbols and
equality sign in the language £, a term in £ is either a variable or a constant
symbol, and a closed term in £ is a constant symbol. We sometimes call
O; (i € n) a knowledge operator, and O, the common knowledge operator.
The set of formulas is defined in a standard way. We write 0O;0;¢ for
0;(0;¢), K for the set {O; : i € n}, and K* for the set of all words of
finite length of the alphabet . For example, {k¢ : k € *} denotes the
set {0;, -+ 0;,0: k €w,iy,..., i €n} of formulas.

A Kripke frame with a constant domain for common knowledge predi-
cate logic is a triple (W, {R;}ien, D), where W is a non-empty set, R; is a
binary relation on W for each i € n, and D is a set called a domain. In this
paper, we deal with only Kripke frames with constant domains, since the
Barcan formula VxOg¢ D OVz¢ is always derivable in each of our systems.

3 Although their system is given in Hilbert style, we discuss in Gentzen style, since we
also discuss cut-free system. The proof of the completeness theorem works for both of
the systems.
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A Kripke model is a four tuple (W, {R;}icn, D, I), where (W,{R;}icn, D)
is a Kripke frame with a constant domain and [ is a function such that
for each w € W, I(w) maps each predicate symbol P and each constant
symbol ¢ in the following way:

1. P — P! < DF_for each predicate P of arity k € w;
2. ¢— @ e D, for each constant symbol c¢;
3. @ = I for any w and w’ in W.

I is called an interpretation. An assignment A into a Kripke model (W,
{Ri}ien, D, I) is a function from the set of all variables to D. Define the
mapping vy(,),4 from the set of all terms to D by

" (1) = A(x) if tis a variable z
Hw) AR oIw) - if ¢ g a constant symbol c.

The relation =4 between a formula ¢ and a world w € W is defined
inductively as follows:

1. for each predicate P of arity k € w and each terms ty,...,1,
w ':.A P(t17 oo 7tk) = (Uf(w),_A(tl)7 ce 7vl(w),A(tk)) c ]Dl(w)7

2. wEAONY & wEa¢and w g Yy
3. wEAOVY & wEAPorwELY;
4 wEAGDY & wlEa¢or wlEaw;
5. wEAG & wEA

6. w E4q Ve & w g ¢ for all A such that A'(y) = A(y) for all
y #

7. wE4Jxd & w4 ¢ for some A such that A'(y) = A(y) for all
y#

8. wEkA0¢p & w<p, w implies w' E4 ¢ for all w' in W (i € n);

9. wE A Oc¢p & w<pw implies w' =4 ¢ for all w’ in W, where R is
the reflexive and transitive closure of (J;c,, R;.
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It is easy to see that in any Kripke model,

wEAOD.¢ & wEg ke forall ke CF,

that is, the formula O. ¢ is semantically equivalent to the infinite conjunc-
tion A{k¢ : Kk € K*} of the set {k¢ : K € K*}, although we do not have
infinitary conjunction in our language.

Let ¢ be a formula and z1, ...,z the list of all free variables in ¢. It
is easy to see that if assignments A and B satisfy A(z;) = B(z;) for every
i=1,....k then w E4 ¢ & w g ¢. So, for a closed formula ¢, we
write w = ¢ for w =4 ¢. If a closed formula ¢ satisfies w = ¢ in every
w € W in a Kripke model M, we write M = ¢. If M = ¢ for every M
defined on a Kripke frame F, we write F = ¢. The logic CKL is the set
of all closed formulas ¢ that satisfy F |= ¢ for every Kripke frame F with
a constant domain.

3. The system CK

In this section, we introduce the system CK for CKL, which is based
on Gentzen calculus LK (see, e.g., [1]). A sequent I' — A of CK is a
pair of finite sets I' and A of formulas. The axiom schemata are p — p
and — VzO¢ D OVze¢ (O € K or O = O.), which is known as the aziom
of constant domains or the Barcan formula. The inference rules are the

following:
set
L2 (set) : :
I"— A cI’, AcCcA)
cut I Ad 6A—E
- 45, y A — =2
TASAz (oW
conjunction
F—A¢ T—AY 6,7 — A ¥,I = A
T—aone N gner—a M gngT oA Nk
disjunction
r—A¢ T — A 6T = A T —A
T=aove Vi Toaevy OV T vy s (V)
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implication
o, I' = A9 '—-A¢ $,A—E
T—2650 ) Goura-azs O
negation
o, — A r—A¢
L — A, ¢ (=) —6.T — A (= =)
forall
o I — A, ly/a] oft/a],T = A
T Aav.n &Y oA~ (V)
T — AVa(9) Va($),T — A
exists

N oly/a),T = A
(—3) F-)
T — A, 7(0) 32(9),T — A
The symbol t denotes any term which is free for x in ¢ and y denotes

a variable which does not occur in any formulas in the lower sequent
and free for x in ¢.

necessitation

I'—¢

ER N (nec)

(O, ={0;,y:v€T}, ien)

common knowledge

I'— A0 (Y1 D04 (Y2 D -+ -0, (Y D k) --+)) (for all k € £¥)
I'—= A0 (Y1 D O4(th2 D+ 04 (Y, D Oc ) --+))

(—> Dc)

where k € w and O;,...,0
countable.

i € K. The set of upper sequents is

ko, I — A (for some k € K*)
Oco,I' = A

(B¢ —)

Note that the rule (— O.) has infinitary many upper sequents, and is
the only non-recursive inference rule in CK. It is easy to see that (— O.)
is an extension of

I' - A,kgp (for all k € *)
I'— AO:¢

The rules (— O.) and (d, —) mean that the formula O. ¢ is equivalent to
the infinite conjunction A{k¢ : k € IC*}. It should be remarked that the
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Barcan formula VxO¢ D OVz¢ is derivable without the axiom if we add
the following rule to the system, instead of (— V) 4

L~ 2012 By(s 2 By D 0/a) )
I — A0, (¢1 D04, (2 D -+ Oy, (Y, D V) -+ )) .

In fact, (— O) and (— V)’ correspond to the inference rules (— O.); and
(— V)4 in Section 6 (see, also, [11]).

Theorem 3.1. (Soundness of CK). If a closed formula ¢ is derivable
in CK, then F |= ¢ for every Kripke frame F with a constant domain.

Proof. Induction on the height of the derivation. O

Although a derivation D of CK generally includes countably many vari-
ables, for any derivation D, we can obtain a derivation D’ with the same
conclusion as is derived in D and fresh variables for D’. Let (y;)iec. be an
enumeration of all variables, (z;)ic, a list of mutually distinct variables,
and m a mapping such that

1 m(t)— Z lft:yl
) ~ ) ¢ iftis a constant symbol ¢;

2. m(P(t1,...,tn)) = P(m(t1),...,m(ty));

(
3. m(¢ o) =m(¢p) om(yp), where o = A, V, D;
4. m(

op) = om(¢p), where o = =, 0; (i € n), O;

5. m(Vxp) = Vm(z)m(¢), m(Izgp) = Im(x)m(p).
For any set I of formulas, m(T") denotes the set {m(y) : v € '}, and for any
derivation D, m(D) denotes the figure which is obtained by replacing all
formulas ¢ in D by m(¢). It is clear that if D is a well-defined derivation,
then so is m(D). Now, the following theorem holds:

Theorem 3.2. For any derivation D of a sequent I' — A, there exists
a derivation D' of T' — A such that there exist countably many variables
which do not occur in D’.

Proof. Let vy,..., v be the list of all variablesin I' — A and (y;);e. an
enumeration of all variables. We may assume that v; = y; fori =1,... k.
Let (2i)iew be a list of variable such that {y;}icw \ {2i}icw is countable and
v; =y; = z for i = 1,...,k. Then, m(D) is a well-defined derivation of
m(l) - m(A) =T — A. O

4This is pointed out by Takashi Nagashima.
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4. Some properties of modal algebras

In this section, we present some properties of modal algebras which we need
to show the completeness theorem of CK.

Definition 4.1. An algebra
-’4 — <A7 /\a \/7 e {Di}iEw’ Oa 1>

is called a modal algebra, if (A, A,V,—,0,1) is a Boolean algebra and each
0; (i € w) is a function from A to A such that:

2. O;(x ANy) = Oz A Oy for any z, y € A.

We write x — y for —x V y. Now, we introduce the notion of @Q-filters,
which is an infinitary extension of prime filters. Note that the properties
for meets and joins in the definition of prime filters are extended to infinite
only for fixed infinite meets and joins:

Definition 4.2. (see [8]). Let A be a Boolean algebra and @ =
({Xn}tnews {Yn}new) a fixed pair of subsets of P(A) such that A X,, € A and
VY, € A. A prime filter F is called a Q-filter, if the following conditions
are satisfied:

l.VnewX, CF = AX,€F)
2.Vnew(\VY, €F = Y,NF #0).
We write Fg(A) for the set of all Q-filters of A.

We need the next lemma to obtain the dual algebra F+ from a given
Kripke frame F:

Lemma 4.3. Let S be a set and {R;}icw a set of binary relations on
S. Then,
<P(S)7 ma U7 ) {Di}iéuh (Dv S>

is a modal algebra, where for each X € P(S),
- X=8\X, 0;X={yeS:Vee S(y<p,z = z€X)} (i cw).
FEspecially, the set {R;}icw of binary relations on Fgo(A) given by
F<p G & O'F|cG

(i € w) defines the dual modal algebra Fo(A)T on P(Fg(A)).
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We need the next lemma to show the completeness theorem of CK:

Lemma 4.4. (12, 10]). Let A be a modal algebra and Q = ({ X, }new,
{Y,}new) a pair of countable subsets of P(A) such that N X, € A and
VY, € A. Suppose the following conditions are satisfied:

1. Vie wVn e w( AN0; X, € A, NO; X, =0, A Xy);

2. ViewVz € A¥Vn € wIm e w({0;(z — ) 1z € X} = X))

3. Viewvze AVn € wIm € w({0;(y — 2) 1y € Yo} = Xpn).
Then, for any i € w and F € Fg(A), if O,x € F, there exists G € Fgo(A)
such that O;'[F] C G and = ¢ G.

Note that the first conditions of Lemma 4.4 corresponds to the Barcan
formula VxO¢ D OVx¢. Now, we present the infinitary representation the-
orem of modal algebras, which is essentially equivalent to the completeness
theorem of CK:

Theorem 4.5. ([12, 10]). Suppose Q satisfies the conditions in Lem-
ma 4.4. Then the function n : x — {F € Fg(A) : x € F} from A to
Fo(A)T is a monomorphism of modal algebras which satisfies the following
equalities for any n € w:

77(/\ Xn) = ﬂn[Xn]a 77(\/ Ya) = Un[Yn]'
5. Kripke completeness of CK

Let ¥ be the set of all closed formulas and = the binary relation on ¥
such that ¢ = ¢ if and only if ¢ D ¥ and ¥ D ¢ are derivable in CK. We
write A for the Lindenbaum algebra ¥/ = and |¢| for the equivalence class
of ¢. Suppose 91,. .., is a list of formulas and O;,,...,0;, € K. For any
formula x, we write 0,97 - - - O;, ¢y > x for the formula O, (¢1 D O, (Y2 D

O, (Yk D x) 1))

Lemma 5.1. Let ¢ be a formula, O € K, and k € w. Suppose ¥, ..., Yk
is a list of formulas and O;,,...,0;, € K. In the Lindenbaum algebra A,

AIBi Y1 Oy b > k| 1k € K} = D391 -+ - Og b > Oe @,

MNMO|O 1 - O Y > k| -k € K} = 00,901 -+ - Oy Y > Oc 9.
Especially, N{|k¢| : k € K*} = |Oc ¢| and N{O|k¢| : k € £*} = 0|0 ¢|.
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Proof. We only show the first one. By (O, —), (D—), and (nec), the
sequent

Oy (Y1 DO (Y D Oc @)+ ) — Oy (1 D - Oy (Y D k) --+)

is derivable for any x € K*. Hence, |0;, (¢1 D - 0; (Y D Oc ) ---)| is a
lower bound of the set {|0;,41 ---0;, ¢, > k| : k € K*}. If |x| is another
lower bound of this set, the sequent

X — O (1 D04 (Y, D r) )

is derivable for any x € IC*. Then, by (— O.),

X = 04 (1 D+ By (b D Ocd) -+
is derivable. Hence |y| < |Oi, (1 O --- Oy, (5 D Do @) ---)|- 0
Lemma 5.2. Tn the Lindenbaum algebra A, each of the following holds:
1. Vao(@)| = N|6(t)] : ¢ is closed):
2. [F3xg(z)| = V{lo(t)] : t is closed};
3. OilVa(y 5 ¢(x))| = N{Tu([¢| — [¢(t)]) « ¢ is closed} (i € n);
4. Oilva(o(z) D ¥)| = N{Dul|o(t)] — [¢]) : t is closed} (i € n).

Proof. 1. It is obvious that |Vz¢| < |¢[t/x]| for any ¢. Suppose ||
is another lower bound of the set {|¢(¢)| : ¢ is closed}. Then, ¢ — ¢[c/x]
is derivable for a constant symbol ¢ which does not occur in ¥ and ¢. By
Theorem 3.2, there exist a derivation D of ¥ — ¢[c/z| and a variable y
which does not occur in D. Then, by replacing ¢ in D by y, ¥ — ¢[y/x]
is derivable. By choice of y, 1) — Vx¢ is derivable. Hence, |¢| < |Vz¢|. 2
follows similarly. Since

OVz(y O ¢(x)) = Vali(y D ¢(x)), BVz(d(x) D ¢) = VaDi(é(z) O 1)

by Barcan formula, 3 and 4 are special cases of 1. |

Theorem 5.3. If a closed formula ¢ is not derivable in CK, there exists
a Kripke model M = (W, {R;}icn, D, I) such that M B ¢.

Proof. Let (Si)rew be the sequence of subsets of P(A) such that

1. So ={{|r¢| : kK € K*} : ¢ is a closed formula};
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2. Spr1={{0i(z —2):zeX}:z2€ A,0, € £, X € Sk}

For each closed formula 1 of the shape Vax(z) or Jxx(z), let 1 be the
subset {|x(t)| : ¢ is closed} of A. Let

T = {1 : ¢ is a closed formula of the shape Vzx(z) or 3zx(z)}.

Now, let @ = (Upep, Sk UT,T). By Lemma 5.1 and Lemma 5.2, Q satisfies
the conditions in Lemma 4.4. By definition of @, each F' € Fp(A) satisfies
the following:

(A) |Vaxx(x)| € F < |x(t)| € F for all closed term t;
(B) |3zx(z)| € F < |x(t)| € F for some closed term t;

(C) |Ocx| € F & k|x| € F for all k € .

Now, let M = (W,{R;}ien, D, I) be the Kripke model such that
1. W= Fq(A);
2. G<p, F & O;'G] C F, for each i € n;
3. D={t:tis aclosed term};
4. ¢!F) = ¢, for each F € W and each constant symbol ¢;

5. (c1,...,cx) € PIF) o |P(ey,...,c;)| € F, for each F € W and
each predicate P of k variables.

We claim that for any closed formula ¢ and any F' € W, F' |= ¢ if and only
if [¢| € F. The cases where ¢ = Vxx and ¢ = Jzx follow from (A) and (B).
The case where ¢ = O;x follows from Lemma 4.4. Suppose |O. x| € F.
Then, by (C), k|x| € F for any k € K*. Hence, F <gr G implies G = .
Suppose |Oc x| € F. By (C), there exists O;, ...0;, |x| € A which is not
in F. By k applications of Lemma 4.4, there exists G € Fg(A) such that
IX| ¢ G and F <p,, ... <g, G. Hence, F' = Ocx. The other cases are
straightforward.

Now, suppose ¢ is not derivable in CK. Then |¢| # 1 in A, hence, there
exists a Q-filter F' such that |¢| € F' by Theorem 4.5. Thus F' [~ ¢, and
hence M - ¢. O
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6. The cut-free system TCK

In this section, we introduce the system TCK, which is a cut-free system
for CKL. A tree sequent of TCK is a finite tree T such that each node is
a sequent I' — A of CK and each edge is labeled by one of the symbols
O; € K. (see figure 1).

A FA — AA
0;, i) Uy,
(A1) :Tany = Ay - (Ak) Tar — Ak

Figure 1: A tree sequent

We assume that each node N of a tree sequent has an address (A4, k),
where A denotes the address of the immediate predecessor N’ of N and k
denotes that N is the k-th immediate successor of N’. The address of the
root is 0. We write A : 'y — A4 for the node of a tree sequent whose
address is A and attached sequent is 'y — A4. We sometimes identify
an address A in T with the node A : T'y — A4 in T, and the set of all
addresses in T' with T itself. In this manner, for any k nodes Aq,..., Ax
in T, T\ {A1,...,Ar} denotes the graph obtained from T by removing k
nodes at Aq,..., A, and

T\{Al,...,Ak}U{Al2F1—>A1}U...U{Aktrk—>Ak}

denotes the tree sequent which is obtained from 7" by replacing the nodes at
Aq,..., A, with new nodes Ay : 'y — Aq,..., A : Ty — Ay, respectively.

If B is an immediate successor of A and the edge (A, B) is labeled by O,
we say that B is an immediate successor of A with respect to O;. A node
Ay, is called a successor of a node Ay with respect to O;, --- O;, , if there
exists a sequence Ay, ..., Ay such that each A; is an immediate successor
of A;j_1 with respect to O;,. For each tree sequent T" and each node A of
T, we write | A for the maximum subtree of T' with the root A.

An axiom of TCK is a tree sequent T" which has a node of the shape
A: ¢ — ¢ in it. The inference rules of TCK for Boolean connectives and
quantifiers are same as those of CK applied to a node of a tree sequent.
The list of all inference rules is the following;:
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set T\{A}U{4:T — A}
T\ AL U{A T = A % rer, Acay
conjunction
T\{A})U{A:T - A, ¢} T\{A}U{4:T — A ¢}
T\{ATU{A:T = A oA} (= N+
T\{A}U{A: T — A} (A )
T\{A}U{A:p A, — A} 1
T\{A}U{A: ¢, T — A}
T\{AJU{A onoT = A N 7+
disjunction
T\{A}U{A:T - A, ¢} )
T\{AYU{A:T = A, ¢V} 1
T\{A}U{A:T — A ¢} )
T\{AYU{A:T = A, ¢V} 2
T\{Aju{d:¢,I - A} T\{A}U{A:9y, I - A}
T\{AJU{A:¢V,T — A} (V=)s
implication
T\{A}U{A: 6T — A} (=)
T\{AYU{A:T = A, ¢ D¢} *
T\{A}U{A:T - A, ¢} T\{AYU{4:9 T — A}
T\{AYU{A:¢ >, — A} (5=)+
negation

T\{A}U{A:¢,T — A}
T\{ATU{A T A ] ()%

T\{A}U{A:T = A,
T\{ATU{A 0T = A} (7%
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forall
T\{A}U{A: T — A, oly/z]} (=)
T\{A}U{A:T — A,Vz¢} ’
T\ {A}U{A: ¢[t/z],T — A} (v )
T\ {A}U {A:V20,T — A} "
exists

T\{AYU{A:T = A, ¢[t/z]} -3
T\{A}U{A:T — A,3z¢} *

TA{A}U{A: gly/al T — A o
T\{A}U{A: 326,T — A} ’

The symbol t denotes any term which is free for x in ¢ and y denotes a
variable which does not have any free occurrence in the lower sequent
and free for x in ¢.

necessitation 1
T\{A, (A k)}U{A: T - A} U{(Ak) :— ¢} (o)
T\{A, (A k)}U{A:T — A, 0,0} "

The node (A, k) :— ¢ is an immediate successor of A with respect to
O; and is a leaf of the upper tree sequent. The node (A, k) :— ¢ will
disappear after the application of (— O)4 (see figure 2);

necessitation 2
T\{A, (A, 1),...,(Ak)}JU{A . T—>A}U U?Zl{(A,j) co, L= A} .
T\{A, (A, 1),..., (A k)JU{A: Di¢,F—>A}UU§;1{(A,j) T — A}

=)+

The set {(A,1),...,(A,k)} is the collection of all immediate succes-
sors of A with respect to O;. The formula ¢ is included in the left
hand sides of (A,1),...,(A, k) of the upper tree sequent (see figure 3).

common knowledge

T\{A}U{A: T — A ,k¢} (forall k € *) (= O
T\{A}U{A:T — A, 0. ¢} o

T\{A}U{A: k¢, = A} (for some k € *) -
T\{AYU{A:O.6,T — A} (B =)+
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A: T — A

- (Ak) :— ¢

Figure 2: (— O)4

(A71) :¢5F1 _>A1 (Avk) :¢7Fk _)Ak

4

A: Di;]ﬁ.,.f’ — A

/‘ mp

1 R

.

7

(A,1)1F1—>A1 (A,k)FkHAk

Figure 3: (O —)4
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Note that TCK is cut-free and has (— O.) as the only non-recursive
inference rule. A formula ¢ is said to be derivable in TCK if the tree
sequent — ¢, which consists only of the root, is derivable in TCK.

Theorem 6.1. The Barcan formula YxO¢ D OVx¢ is derivable in
TCK.

Proof. If 0 =0O;:

(0:-) U{(0,1): 6 — 6}
{0:0;0 -} U{(0,1) :— ¢}

{0: V20,0 -} U{(0,1) :— ¢}

{0:VzO,0 —} U{(0,1) :— Vzo}
{0 : Vl‘qub - Dzvchb}

{0 :— VzO,;¢ D O;Vxe}

O =)

(VY —

n
)+
(— )+
(— 0)+
(—D)+

If O =0

{0:=}U{(0,1) :=}uU---U{A:=}U{(A,1): 6 — ¢}
c (B )4

{0:0;,--- 05,0 =} U{(0,1) :=}U-- - U{A: =} U {(A,1) :— ¢}

{0:0:.¢ —}U{(0,1):=}U---U{A: =} U{(A1) :— ¢}
{0:VzO,.¢9 -} U{(0,1) :=}U---U{A: =} U{(A 1) :— ¢}
{0:VzO.¢ -} U{(0,1) :—} U---u {4 :—=}U{(A,1) :— Vz¢}
{0: V2O, ¢ — Oy, -+ - 0;, Voo for+all O -0, €K°
{0:Vx O, ¢ — O, Vao}
{0: = Vz O, ¢ D O, Vzo}

(Oc =)+

(V =)+
(= VY)+

(— Oc)+

(—D)+

Here, A is the address ((...((0,1),1),...),1) with n 1’s and is the successor
of 0 with respect to O;, ---0;,_,, and (A,1) is the successor of A with
respect to O, . O

7. Completeness theorem for TCK

The embedding * from the set of all tree sequents of TCK to the set of all
formulas is defined inductively as follows:

1. if T={0:T — A}, then T* := AT DV A;
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2.if 0 : ' — A is the root of T and S; is the set of all immediate
successors of the root with respect to O; for each i € n, then:

7= AT>\Av \/ 0ol A*v---v \/ O.( 4

AESO AeSn—l

Theorem 7.1. If a closed formula ¢ is derivable in TCK, then F = ¢
for every Kripke frame F with a constant domain.

Proof. It is enough to show that if a sequent T is derivable in TCK
then F |= T™* for every Kripke frame F with a constant domain. But this
is obtained by an easy induction on the height of the derivation. O

Now, we prove that TCK is complete with respect to the class of Kripke
frames for predicate common knowledge logic. First, we show the following
lemma:

Lemma 7.2. Let T be a tree sequent of TCK which is not derivable.
Suppose a node of T at an address A is denoted by A : T 4 — Aa. Then,
each of the following holds for any node A :T'4 — Aa inT.

1. If ¢ Ny € T4, then the tree sequent T \ {A} U{A : ¢,9,T'4 —
A} is not derivable. If ¢ N € Ay, then one of the tree sequents
T\{A}U{A: T4 — A4, ¢} and T\{A}U{A: T4 — Ax, ¢} is not

derivable.

2. If Vi € T 4, then one of the tree sequents T\{A}U{A : ¢,T'4 — Ax}
and T\ {AYU{A : ¢,T4 — Aa} is not derivable. If ¢V ¢ € Ay,
then the tree sequent T\ {A} U{A: T4 — A4, ¢,0} is not derivable.

3. If ¢ D p € T4, then one of the tree sequents T\ {A} U{A : T4 —
Ap, ¢} and T\ {A} U{A : ¥,y — Au} is not derivable. If ¢ D
1 € Ay, then the tree sequent T\ {A} U{A: ¢, T'4 — Aa, 0} is not
derivable.

4. If ~¢ € T 4, then the tree sequent T\ {A} U{A : T4 — A4, ¢} is not
derivable. If —¢ € A4, then the tree sequent T'\ {A} U{A: ¢,T'4 —
A} is not derivable.

5. IfVxp(x) € T4, then the tree sequent T\ {AYU{A: ¢(c),T'a — A4}
is not derivable for any constant symbol c. If Vxgp(x) € A4 then the
tree sequent T\ {A}U{A: T4 — Ay, é(c)} is not derivable for some
constant symbol c.
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6. If Jxp(x) € T4, then the tree sequent T\ {A} U{A: ¢(c),T'a — Ay}
is not derivable for some constant symbol c. If Jxp(x) € A 4 then the
tree sequent T\ {A} U{A : T4 — Ax,¢(c)} is not derivable for any
constant symbol c.

7. If O;¢ € ' 4, then the tree sequent

T\{(A,1),...., (AU | {(40):6,Tu) — Auy}
j=1,...k

is not derivable, where (A,1),...,(A,k) is the list of all immediate
successors of A with respect to O;. If O;¢0 € Ay, then the tree sequent

TU{(Ak+1):— ¢}

is not derivable, where (A, k+1) is a new node and the edge (A, (A, k+
1)) is labeled by O;.

8. If Oy ¢ € T'4, then the tree sequent T\ {A} U{A : kp,Ta — Au} is
not derivable for any k € K*. If O.¢ € A4, then the tree sequent
T\{A}U{A: T4 — Ay, ko} is not derivable for some k € C*.

Proof. Straightforward from the inference rules of TCK. O

Theorem 7.3. Let ¢ be a closed formula. If F = ¢ for every Kripke
frame F with a constant domain, then ¢ is derivable in TCK.

Proof. Suppose ¢ is not derivable. We show that there exists a Kripke
model M such that M [~ ¢. Let {¢;}ic. be the set of all closed formulas
and (¢;);e,, the sequence

¢0’ ¢0’ ¢1’ ¢0’ ¢1’ ¢2’ ¢0’ ¢1’ ¢2’ ¢3’ ceey

in which each ¢; occurs infinitary many times. We define a sequence (T;);e.
of tree sequents such that each T; is not derivable. Let Tj := {0 :— ¢}.
Suppose T}, is given. Let {Aj,..., A4;} be the list of all addresses of T} and
Aj : Ty, — Ay, the node of Ty, at A;. We define Ty according as the
construction of v, as follows:

1. ) is atomic: define Ty 1 := Tk;

2. Y =xA: for j =1tol,if x Np € Ty, then add x and ¢ to I'4,,
and if x A € Ay, then add x or ¢ given by Lemma 7.2 to A4 ;
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3. ¥ = x V ¢: dual to the previous case;

4. Yp=x D forj=1tol,if x D¢ € 'y, then add x to Ay, or ¢ to
[ 4;, where each of x or 1 is given by Lemma 7.2, and if x D¢ € Ay,
then add x to I'4; and ¢ to Ay;;

5 ¢ = = for j = 1to [, if =) € T'y; then add ¢ to Ay,, and if
-t € Ay, then add ¢ to T'y;;

6. Y = Vay(z): for j = 1tol, if Vop(x) € T' 4, then add ¢(c1),. .., ¥(cm)

to['4;, where cy, ..., ¢, is the list of all constant symbols which occur
in Ty, and if Voy(z) € Aa; then add 9(c) given by Lemma 7.2 to
Apy;

7. Y, = Jxp(z): dual to the previous case;

8. ¢ = Oy for j = 1 to [, if O;p € T4, then add + to the left
hand sides of all immediate successors of A; with respect to O;, and
if 0;9 € Ay, add new node B :— ¢ under A; and label the edge
(Aj,B) by 0O;.

9. Y = Ocep: for j = 1 to [, if Octp € T'a; then add the formulas of
the shape O;, ---0;,¢ to I’ Ajs whenever there exists a successor of
Aj with respect to O;, -+ O;, . If Oc9p € Ay, then add k¢ given by
Lemma 7.2 to Ay;.

By Lemma 7.2, Ty, is well-defined. Now, we take the limit of the
sequence (7T;)icw. For each i € w, suppose the node of T; at an address A
is denoted by A : I'yy — AY. For each A, let

imTy = | JT%, lmA,=(]A%
1Ew s
We write lim A for the pair (lim ' 4, lim A 4).

Now, we define a model M = (W, {R;}icw, D, I). Let W be the collec-
tion of all lim A and R; (j € n) the relation on W such that

lim A <g, lim B <« there exists an edge (4, B) labeled by O; in some T;.

Let D be the set of all constant symbols which have some occurrences in
some T; (i € w) and I be the interpretation such that

1. imA) — 4 for each constant symbol ¢ & D (a is a fixed constant
symbol in D);
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2. dlimA) — g for each constant symbol d € D:;

3. (di,...,dy) € PImA) o P(dy, ..., dg) € limD 4, for each predicate
symbol P.

Then, a simple induction shows that for any closed formula v, if ¢ € imI" 4
then im A |= ¢ and if ¢p € im A4 then lim A [~ . Since ¢ € lim Ay,
lim 0 }~ ¢, hence M [~ ¢. |

An easy induction shows that if T" is derivable in TCK then T* is deriv-
able in CK. Hence, Theorem 7.3 provides another proof of the completeness
theorem of CK.

8. Miscellaneous results

Since TCK is cut-free, it follows that if a formula ¢ € CKL has no positive
occurrence of O, it is derivable in TCK without (— O¢)4. Since (— O¢)4
is the only non-recursive inference rule in TCK, the set of formulas in CKL
with no positive occurrence of 0. is recursively axiomatizable. Let ® be
the set of formulas, in which any of the symbols O; € K does not occur.
Since the accessibility relation for O, is reflexive and transitive, the set
CKL N & is characterized by the class of reflexive and transitive Kripke
frames with constant domains, hence, it is equivalent to predicate S4 with
the Barcan formula. Therefore, it is recursively axiomatizable. Moreover,
the propositional fragment of CKL is recursively axiomatizable by fixed
point formalization (e.g. [3]). Since CKL is not recursively axiomatizable
([13]), we have proved the following:

Theorem 8.1. The class of formulas in CKL which have some positive
occurrences of the common knowledge operator O, and some occurrences of
knowledge operators O; and quantifiers is not recursively axiomatizable, and
its complement is recursively axiomatizable.

Finally, we consider the predicate (mono-)modal logic which is charac-
terized by the class of Kripke frames with constant domains. It is known
that the Barcan formula is necessary to axiomatize modal logics character-
ized by classes of Kripke frames with constant domains. In [7], Pliuskevicie-
né presented cut-free systems for various modal logics with the Barcan for-
mula by indexing. Now, it is easy to see that from TCK we obtain another
cut-free system for the predicate modal logic K with the Barcan formula.
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