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FULLY FREGEAN LOGICS

A bstract. Frege’s Principle asserts that the denotation of a
propositional sentence coincides with its truth value. In the con-
text of algebraizable logics the principle can be interpreted as the
compositionality of interderivability relation 1~X3, defined formally
by AsT = {{(¢,0) € Fmp? | T, ¢ 4Fs T, 1}, for given deductive
system S and any S-theory T'. Of special interest are the deduc-
tive systems for which the property of being Fregean is inherited
by all full 2nd-order models, so called, fully Fregean deductive
systems. The main result of this paper is a characterization of
fully Fregean deductive systems over countable languages using
properties of the strong Frege operator on the formula algebra.
The example of a Fregean, but not fully Fregean deductive sys-
tem S is provided. S also turns out to be selfextensional, but not
fully selfextensional, and, in addition, the three principal algebraic
semantics for S are different, i.e., Alg*S C AlgS C Var(Alg S).
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Introduction

The Frege Principle (in various forms and, in particular, in the context of
modal logics) was formulated by Suszko, who has also initiated the inves-
tigation of the sentential logic with identity [1, 2]. According to the Frege
Principle the interderivability relation of classical logic is compositional.
The notion of a Fregean logic in the broader context of Algebraic Logic is
due to Czelakowski and Pigozzi (for references see [3, 4]). Consider a deduc-
tive system S in the sense of Tarski over a language of functional type A. S
is completely determined by its substitution-invariant consequence relation
Fs C P,(Fmp) x Fmy, where Fmy is the set of all formulas of type A
and P, (Fmy) is the set of all finite subsets of Fmy. Then Frege’s principle
applied to S asserts the compositionality of the interderivability relation.
In other words, a deductive system S is Fregean when for all I' C Fm and
all A € Aif ¢1,...,0n,%1,...,%, € Fmy are formulas such that I, ¢; Fs v;
and I',¢; Fs ¢; hold, then I', \(¢1,...,¢0n) Fs A(#1,...,1y,) holds, where
n is the arity of A.

A weaker principle, the principle of self-extensionality, was introduced
by Wojcicki. A deductive system S is self-extensional when for all A € A
if ¢1,...,0n,%1,...,%, are such that ¢; Fs ¥; and ; Fs ¢; hold, then
M1,y bn) Fs A1, ..., 2,) holds.

There are two kinds of matrix semantics naturally associated with a
deductive system. Given a deductive system S over the language of type
A and an algebra A of the same type A, an S-filter over A is any subset F’
of A (A is the universe of A) closed under rules of S in the following sense:
F is closed under the rule vi(z),...,v,(Z) = v(Z) means that, for any
assignment x; — a; of elements of A to variables, if {y(a),...,v2(a)} C
F, then v4(a) € F. A matrix (A, F) is a model of S if F is an S-filter.

The various Gentzen-style systems associated with S are intended to
formalize the interrelation between the S-filters on an algebra. The ap-
propriate matrix semantics for Gentzen-style systems are generalized or
2nd-order matrices. A pair (A,C) is a generalized matriz if C C P(A) is
an algebraic closed-set system. A generalized matrix (A,C) is a general-
1zed model for S if C C FisA, where FisA is the set of all S-filters on
A. Among all generalized models, of special interest are those of the form
(A, FisA) and also generalized matrices that are logically equivalent to
them in a certain sense. Such models are called full generalized models (or
full models) for S.

The matrix semantics gives rise to the corresponding algebraic seman-
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tics. Thus, for any matrix (A, F') there exists the largest congruence Q2 F
on A compatible with F', where a congruence 6 on A is compatible with F
when F = |J{z/0 | v € F}. QaF is called the Leibniz congruence for F'.
Then Alg* S is the class of all algebras such that each of them is isomorphic
to some algebra of the form A/ QaF, where (A, F') is a model for S.

Similarly, for any generalized matrix (A,C), there exists the largest
congruence Q4 C on A compatible with all filters from C. It is called Tarski
congruence for (A,C). Then Alg S is the class of all algebras isomorphic to
an algebra of the form A/ Q4 C, where (A, C) is a generalized model for S.

The problem of characterizing fully Fregean deductive systems is related
to the problem of determining the conditions under that the validity of a
Gentzen-style rule can be carried over all to full model of a given deductive
system. A Gentzen-style rule

Fl l—’yl,...,Fnl—’yn
'~

is walid in a generalized matrix (A,C) when for every substitution h of
elements of A for variables, from h(v;) € Cloc(h(I;)), i = 1,...,n, it
follows that h(y) € Cloc(h(I")), where Clo¢(A) = (\{F | A C F € C} is the
closure of A in C. It is easy to see that a deductive system S is Fregean if
each member of the following family of Gentzen-style rules

Zyoi by Zon b a o Zan by Zoyn b an,
Z A1, ) E A1, -, Yn)

(where z ranges over all finite sequences of variables), is valid in the special

Tz = , AEA

full generalized model (Fmy,ThS), where Fmy is the formula algebra
over the language of type A and ThS = Fis Fmy. The notion of being
Fregean can be naturally extended to any generalized model for §. Then a
deductive system § is fully Fregean if all r) > are valid in all full models for
S. Similarly, a deductive system S is fully self-extensional if all Gentzen-
style rules

.- ity k@ T yn yn by
Mz, ooyxn) E Ay, -, Yn) ’

are valid in all full models of S.

A €A,

For deductive systems there are intricate connections between the
Fregean property or self-extensionality and Gentzen-style systems over S
on the other hand. It was shown in [5] that in the deductive systems with
the Property of Conjunction (PC) or with the Deduction-Detachment The-
orem, self-extensionality leads to the existence of a fully adequate Gentzen
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system. A Gentzen-style system & is fully adequate for S, when finitary
full models for S are exactly the models for & without theorems.

A number of questions were intensively studied in [4, 5] but remained
open in general case:

1. Is every self-extensional logic fully self-extensional? [5, p.45]
2. Is every Fregean logic fully self-extensional? [5, p.68]
3. Is every Fregean logic fully Fregean? (D. Pigozzi)

4. Does every Fregean logic S have the property that either Alg*S =
Alg S or Alg S = Var(Alg S) [5, p.38], where Var(Alg S) is the variety
generated by the class Alg S7

Obviously, a positive answer for (3) leads to a positive answer for (2).

Under the condition of protoalgebracity, questions (2)-(4) were suc-
cessfully answered. So (2) and (3) are proven to be true in [4], and
Alg* § = Alg S for any protoalgebraic deductive system [5, Proposition 3.2].
Also, (1) is true for systems with Deduction-Detachment Theorem (DDT)
[5, Theorem 4.46], and AlgS = Var(Alg S) for any self-extensional deduc-
tive system with DDT [5, Theorem 4.45].

Those questions were also studied in non protoalgebraic context. Thus,
(1) is true for the systems with the Property of Conjunction (PC) [5, Theo-
rem 4.28], and Alg S = Var(Alg S) for any self-extensional deductive system
with PC [5, Theorem 4.27]. Nevertheless, all questions (1)—(4) remained
open in general case.

As we will see, in non protoalgebraic case there is one logic that gives
a definite answer on all these questions.

OUTLINE OF THE PAPER. The first section contains the basic definitions
and description of concepts necessary for understanding the further results.
For a historical and philosophical review of Frege’s Principle the reader can
refer to [4]. The second section contains the main result of the paper
— the characterization of fully Fregean deductive systems over countable
languages, and attendant lemmas and propositions. In the third section the
counterexample of a Fregean, but not fully Fregean deductive system § is
constructed. The last section discusses the interrelations between different
algebraic semantics for deductive systems S.
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Deductive systems and their models

Let A be any nonempty set of functional symbols. With A associated an
arity function p : A — w, such that p(A) is the arity of the functional
symbol A € A.

For a given algebra A = (A, {\A},ca) of type A, Con A denotes the
set of all congruences on the algebra A, EqA = EqA is the set of all
equivalence relations over the set A. Let FF C A, then a congruence 0 €
Con A is compatible with F if F = |J{z/0 | v € F}, where z/60 is the
f-congruence class containing x. The Leibniz congruence for F', in symbols
QAF, is the largest congruence on A compatible with F'. The Leibniz
congruence always exists. Also, denote Ap F := {{a,b) € A? |a € F &
b e F}, so QaF is the largest congruence 6 such that 6 C Aa F'.

For a couple of algebras A, B of the same type, h : A — B means, that
h is a homomorphism from A onto B.

A 2nd-order (or generalized) matriz is a pair A = (A,C), where A =
(A, {0 }rea) is an algebra of type A, and C is a closed-set system, i.e.,
C C P(A),A € C, and C is closed under arbitrary intersection. For any
F €C, denote [F)¢c:={G eC|F C G}.

The special kind of 2nd-order matrices are 1-deductive systems or simply
deductive systems, which are the matrices of the form § = (Fmy,ThS),
where Fm, is the absolutely free algebra of countably many generators
over the language of type A, and Th S is a closed-set system which is, first,
closed under inverse substitutions, i.e., for any substitution ¢ : Fmy —
Fmy, 0 ' ThS C ThS, where 07 !T = {a € Fmy | ca € T}; second, is
algebraic, i.e., for any upward-directed subfamily 7 C Th S the direct limit
of 7 isin ThS. The elements of Th S are called theories of S or S-theories.

For a given 2nd-order matrix A = (A, C),

AC=N{AF|Fecy, ﬁC::ﬂ{QAF\FeC},

where € is called the Tarski operator, and is defined on a set of closed-set
systems. More often we will use the relativized versions of these operators:
the Frege operator A¢ : C — Eq A defined as follows

AcF:=A[F)c=N{AG|FCGec},
and the Suszko operator ﬁgl :Cr— ConA

Qo F = Q[F)e ={QaG | FC GeC).
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The congruence ﬁg{ F'is, in fact, the largest congruence compatible with all
filters from C containing F'. If the deductive system S is clear from context,
then for brevity sake and better typesetting, we will write

A = KThS , ﬁ = ﬁg y Q.= QFmA-

Also, if the language type A is fixed we will write Fm instead of Fmjy,
especially in subscripts.

The set of all S-filters on a given algebra A is denoted by FisA. Any
2nd-order matrix of the form 2% = (A, FisA) is called a basic full model. A
ond-order matrix A = (A,C) is a full model if A/ QC = (A/QC, C/QC>
is a basic full model, where C/QC = {F/QC | F € C} and F/QC =
{z/ Qc | z € F}.

A deductive system is called Fregean if Arn s = QS Similarly, a 2nd-
order matrix 2 = (A,C) is Fregean if A¢ = y. A Fregean deductive
system S is fully Fregean if all full models for S are Fregean.

Fully Fregean deductive systems

We will start from a simple, but useful characterization of Fregean deductive
systems.

Proposition 0.1. 2 = (A,C) is Fregean iff AcF CQAF forall F € C.

Proof. (=) AcF = Qo F = {QAG | F C G €C} C QuF, for all
Felcd.

(<) For any F,G € C, F C G yields A¢c F C A¢ G C QaG, by mono-
tonicity of A and by assumption. Thus ./KCF N {QAG | F C G} =

ﬁg{ F. The latter yields Kc F = ﬁg{ F', since ﬁg[F C Kc F always holds.
O

Denote [F)5 :={G € [F)c | QaF C QaG}.

Definition 0.2. The strong Fregean operator on a 2nd-order matrix
2 = (A,C) is defined as

ALF =) {AG |G e [F>g} .
Clearly, AcF C AL F, for every F' € C. Also QA F C AL oF', because

QAF = ({QaG |G e [P CNAG|Ge[F)E} = ALF
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since QAG C A G, for all G € C.

The next proposition states that if the operator KLC on a matrix A =
(A, FisA) is strong enough (i.e., KLESAF = QaF, for all F € FisA),
then the property of being Fregean is inherited by all full models of S on
homomorphic images of A.

Proposition 0.3. Let A = (A, FigA) be a basic full model of a de-
ductive system S, such that KLESAF = QAF, for all F € FisA. Then
every full model B = (B, D), such that B is a homomorphic image of A,
1s Fregean.

Proof. Let h be a homomorphism such that h: A — B, and let F' € D.
If G € [ 'F)E, then kerh = h™lidg C h™'QAF = Qah™'F C QAG,
therefore hG € FisB, and also F C hG. Then h ™' QpF = Qah™'F C
QAG = QaAh™'hG = h~ 1 QhG, thus QpF C QhG. [5, Theorem 2.14]
tells us that D = {G € FisB | 2D C QpG}. Thus QD C QpF C QphG,
so hG € D.

Thus, we have shown that h[h_lF)%»SA C [F)p. Now it is easy to see
that

ApF =N{AH|H € [F)p} QH{AH‘HGh[hilF)%‘SA}

=Nr{ac|Ge P b =hN{AGIGe [ L]
= hA'g Ah"'F = hQah™'F = hh ' QpF = QpF

)

Since the latter is true for every F' € D, then, by Proposition 0.1, %5 is
Fregean. O

We will say that a 2nd-order matrix B = (B,B) is a submatriz of
A= (A, A), in symbols B < 2, if B is a subalgebra of A and B= BN A.
We will need the following lemma

Lemma 0.4 ([4, Lemma 2.4]). A Gentzen-style rule is valid in a
2nd-order matriz A if, for every finitely generated B < A, there exists a
countably generated B’ such that B < B’ <A and the rule is valid in B’.

Next we will prove a lemma necessary for the proof of the main theorem
of this section. The lemma was first proven by J.M. Font, R. Jansana, and
D. Pigozzi [6] in, so called, the ”closure-relation” form. We will need it
formulated in the ”closed-set” form and will split it into two sublemmas.

If X is a set and C is an algebra, we will write X|¢ for X N C.
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Lemma 0.5. For every countably generated submatrix € = (C,C) <
A = (A, FisA), there exists a countably generated submatriz €' such that
¢ <& <, and, for all F € FisC,

(ClOfiSc/ F)’C = (CIOHSA F)’C .

Proof. According to [5, Lemma 1.18], for any given F' € FisC,

ClomsaF=J _ Xi. (+)
where X/" := F, and X!, consists of all @ € A such that there are
©F(z) € Fmy and a finite I'Y(Z) € Fmy such that T 5 o) and there
is a homomorphism A € Hom(Fmy, A) with T (hz) € X, oF(hz) = a.
Denote @’ the set of coordinates of the vector hz.

Let G := Y{Clogisa(F) — F | F € FisC}. For a given a € G and
F € FisC such that a € Clog a(F) — F, denote n the smallest natural
number such that a € X'. Define, for every a € G|c, the set a’ C A
inductively as follows:

~F ~F TR ~ ~F ~F
a, ={a}, ap_;=U{b" |bea,}t, k=1,...,n, a = Uienai .

Since we can establish 1-1 correspondence af x {a} < (a,F), for any
a € Clogiga(F) — F, then G := | J{a" | a € G|c} is countable. Let

C':=Suba(CUG), C :=ZFisAnC,

where Suba (X) is the subalgebra of A generated by X. Then ¢’ = (C’,(’)
is countably generated and € < ¢’ < . Also, if a € (Clogiga F)|c — F,
then af C, G C C’. Thus, again by [5, Lemma 1.18], a € Clogcr F.
Therefore (Cloggscr F)|¢ = (Clogiga F)|g, for all F' € FisC. O

The following result belongs to J.M. Font, R. Jansana and D. Pigozzi.

Lemma 0.6. Let B = (B,B) < A = (A, FisA) be 2nd-order models
for a deductive system S over a countable language. Suppose B is countably
generated. Then there is a countably generated basic full model B*, such
that

BB LA

Proof. Define By := B, B,,1 := (B;), where (.)" as in Lemma 0.5,
and let
B* .= U._ Bi, B*:= FisAnB".

1Ew L
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Then

e B* < A, by definition.

e B < B* because B < B*, and B=FisANB=FisANB*"NB =
B*NB.

e B* = FisB*. Suppose not. For any X C A, denote X; := X N B;.
Then, for every F' € FisB*,

Clog F = Use,, Clog, F = Use,, (Clogigny, F)|p,
C UZ@ Clogigs;,, Fi+1 = Clogisp- F = F.

Thus 2% is a basic full countably generated matrix and B < B* < 2.
O

Theorem 0.7. A deductive system S over a countable language of type
A is fully Fregean iff for all F € ThS

KLThSF — QFmAF

Proof. (=) Let S be a fully Fregean deductive system, such that
for some F' € ThS, Ay, sF # QpmF. Then consider the factor-algebra
A =Fmy /QpmF and let h be the canonical homomorphism. Then

hF)tys = [MF)Fisa-

(C) Indeed, if G € [F)k, 5, then kerh = QpmF C QpmG, therefore
hG € FisA and F C G. Thus hG € [hF)Figa.

(D) If G € [hF)Figa, then ida C 2aG, that implies ker h = h~1ida C
h 1 QAG, s0o QpmF = kerh C h 1 QAG = Qpmh 'G. Also hF C G
yields h"'hF = F C h™'G, so h"'G € [F)%, 5.

Therefore

Aziga hF =N{AG |G € [hF)Fisa}
=N{ARG |G € [F)iys} =hN{AG |G € [F)l,s} = h Ay, sF,

but KLTh sF 2 QpmF, therefore

Agiga hF = h A%y gF 2 hQpmF = h Qpmh ™ 'hF
= hh ' QAhF = QahF.

So, by Proposition 0.1, (A, FisA) is not Fregean while full, a contradiction.
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(<) Let 2 = (A, FisA) be any basic full model of the fully Fregean
deductive system S. By [4, Lemma 2.14], any 2nd-order matrix 2 is Fregean
iff all accumulative rules Ry := {ry ;| z € X} are valid in 2, where

Tz = (7,2 P i 2y @idiepy
T EM@icpn) F Aiepn)

A€EA,

and z € X means that z ranges over all finite sequences of free generators
of Fmy.

By Lemma 0.6, for any finitely generated B < 2, there exists countably
generated basic full model %B’, such that B < B’ < A and r) 5 is valid in
B, since B’ is countably generated and hence Fregean, by Proposition 0.3.
Thus, by Lemma 0.4, every ryz, A € A,z € X is valid in 2, ie. A is
Fregean.

Now, suppose 2 = (A,C) is an arbitrary full model for S. Then there
exist a basic full model B = (B, FisB) for S and a homomorphism h :
A — B such that C = h~! FisB. For every F € C holds ker h C AF, hence
hF € FisB. Then

AcF=N{G|FCGecCl={h'G|hF CG e FisB}
=h! (WG | hF C G € FisB} = ht KHSB hF € Con A,

since KﬁSB hF = QA F € ConB for the Fregean basic full model ‘8.
Thus any full model for S is Fregean. O

Theorem 0.7 provides a characterization for the fully Fregean deduc-
tive system in terms of properties of strong Fregean operator, but only for
deductive systems over countable languages. The reason is that the given
proof of the adequacy part is essentially based on Lemma 0.6, which doesn’t
hold in general, as shows the following counterexample.

Example 0.8. There exists a deductive system T over a non countable
language and 2nd-order models for T

B = (B,B) < A= (A, FirA),

where B is countably generated, such that there is no a countably generated
basic full model B* with the properties

BB LA
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Tg,8<1/2 Tg,8>1/2
Ts Ts
( | Q 1 + s | Q 2 + s )
0 T 1 14+ 9 24+ 3
Ts Ts

Figure 1: Algebra A.

Proof. We will denote (a,b) = {z € R |a <z < b}, [a,b) ={z € R |
a <z < b}, where R is the set of real numbers.
Let A := ((0,3); {r#* }se0,1)) (fig. 1), where

x+1, z€(0,1),s<1/2,
x+2, x€(0,1),s>1/2,
r+s, x=1or2,

x, z € (1,3)\ {2}.

Denote B the subalgebra of A generated by the set {1,2}. Then clearly

B = ([1,3); {r® Inglse(0,1)}).

Let 7 be a consequence relation over the language of type A = {r!} s€(0,1)

(o) =

Fri={Tka|xzeT}U{T,rs(o) Fri(o)|s,te(0,1)}

for all ' C Fmy, ¢ € Fmy, and any variable z.
It is easy to check that 7 is consequence relation. Therefore -7 defines
the deductive system 7 = (Fmy, Th7) as described in [5, p. 23].
Suppose B* be a subalgebra of A, such that

(B,FirANB) < (B*, FirB*) < (A, FiTA).

We will establish several useful facts.

e Clozi,B-([2,3)) = (1,3).

Let a € (1,2) and let b = a — 1. Since r3/4(z) 1 71/4(7), and r3/4(b) =
b+2=ua+1¢€[23) C Clog,a([2,3)), hence ryy(b) = b+ 1 = a €
Clori,A([2,3)), so

(17 2) - CIOHTA([Qv 3)) = CIOHTAOB* ([27 3)) = ClofiTB* ([27 3))7
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since [2, 3) is a subset of B*, and (B*, FizB*) is a submatrix of (A, Fir A).
Thus (1,3) C Cloz,B+([2,3)), and it is easy to check that (1,3) is a
T-filter itself.
e B*=A.
Suppose b € (1,2). According to (x)

Clofzq—B* 2 3 U X[23 )

necw

We will prove our statement by induction on n.

Ifb e Xn2+31) \X[2 3 Then there exists T F7 ¢ and h : Fmy — B*, such
that hT C X2 , h¢ = b. We have ¢ = r4(1)), since otherwise ¢(x) = = and
b=hxehl C X %) a contradiction. Thus b = r¢(ht) and there exists

€ (0,1), such that r5(¢)) € T', so rs(hey) € hI' C X129 1f

hip € (2,3), then b =ry(hy)) = hy € (2,3) C X[ % a contradiction,

hip € {1,2}, then b = ry(hy) = rg(hyp) € hI' C X,[12’3), a contradiction,

hip € (0,1), then b = ry(hp) = hap + 1, s0 hip = b — 1 € B,

Thus, since (1,2) C Clor,B+([2,3)), then (0,1) C B*, so B* = A,
which is not countably generated. O

Fregean, but not fully Fregean deductive system

In this section we will show the existence of a Fregean, but not fully Fregean
deductive system. By Theorem 0.7, it suffices to construct a deductive sys-
tem S, for which AThS = Qg, but QFmF C AThsF for some F € ThS.
Since ATh s = QFm yields ATh S = AThS, then for such deductive system
ATh s7 Arhs. Also, the existence of fully Fregean non projoalgebraic de-
ductive system would mean that there exists S, for which A, ¢ = ATys,
but [F)%, s € [F)rhs for some F € ThS.

Let us consider the deductive systems S over the language of type A =
{1,2,3,4, f'}, such that

24 f4 3 f3 z f’x
AxS={F1,F f2}, RuS= {g, 23 f_4’ 3 f_x’ ﬁ}

where, for brevity sake, we write fx instead of f(z), and f"*lz := f(f"x).
Let X, = {z;}ico, be the countable set of free generators for Fmy (fig. 2).

We define, for every a € Fmy, aV := {f"a}ne,. Similarly, for any
S CFmy, SY :=J{zV |z € S}
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1 2 3 4 X0 X1

s 2% 3% fag fxet fxa
s 28 8% 4 fxd

Figure 2: Algebra Fmy.
Lemma 0.9. Let A, B,C,D be the following distinguished subsets of
Fmy:
A:=1VU(f2)V, B:=Au3VU(f4)V, C:=BuU{2}, D:=Cu{4},

and let X be the set of all subsets of Fmy of the form XUIVUf(J)Y € ThS,
where X € {A,B,C,D}, I,J C X, INJ=10. Then

X=ThS.
Proof. In the closed form,
X={A,B,C,D}aPY(X,) ®PY(fX.),

where U@V := {XUY | X e UY € V}, PV(U) := {YV | Y C U},
fU = {fu}yer. It easy to see (see fig. 3) that for every T'€ Th S and any

t € Fmy
(a) teT ZE V.

() TN (ft)V #0 = (ft)V CT. Indeed
e T 2o {7, ftyCT 9oV e

(c) ACTnN{1,2,3,4}V. It follows from the fact that A = Thm S.
(d) (f3)VU(f4A)V)NT #0 = B C T. Indeed, in either case:
(HVNT#0L (r3)Ver B2 3cr,
v nT 0¥ (faver Ezer
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A C

Figure 3: Theories A, B, C, D.

Furthermore

i paerYW (Ve

{9 av

ThS C X|Let T € ThS and denote T :=T N {1,2,3,4}V.

Claim. For any theory T € ThS, T € {A, B,C,D}. Proof. Suppose
e 3¢ Tc. Then f4 ¢ T holds, because of the rule f4 + 3. Further,
from f2x F fx, follows that (f24)Y NTc = 0. Also, by 42+ 3,4 ¢ Tc.
Similarly 2 + 3 implies 2 ¢ To. Now, by f3 F 3, f3 ¢ T¢. Further,
according to (b), (f3)V NT¢ = 0. Altogether, Tc C {1, f2}V = A. Then,
by (¢), Tc = A.
e 3 € T. There are two possibilities
e 2 ¢ To. In this case Tc = B. Indeed, from 4 + 2 follows that
4 ¢ Tg. Since 3 € Tg, by (a), 3¥ C Te. Also, by 3 - f4, f4 € T, and
again, according to (a), (f4)V C Tc. Altogether, Tc C AU(f4)VU3Y = B,
but (f4)V U3V C B, therefore, by (d), Tc = B.
e 2 € T, Again, there are two cases
e 4 ¢ To. 2 € Te implies, by (a), that 2V C T¢. Since 3 € Tg,
then again by (a), 3V C T¢. Also, according to the rule 3 - f4, 3 € Tg,
implies f4 € Tc, and further, by (a), (f4)V C Tc. So Te = C.
e 4 € To. Finally, if 4 € T, then T = D. O

3¢T = AUsVU(f4)V =BCT

Now, let denote for any T € Th S

T={reX,|2VNT#D &z €T} C X,
Ty ={zeX, |2VNT#0D&x¢ T} C X,.

By (a), TV C T, (fT2)Y C T. Also, if f"z € T for some n € w, then x € T}
orx €Ty Thus TNXY =TY U (fT)Y € PV(X,)® PV(fX,), therefore
TeX.
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Figure 4: The sets I, J, K for a given theory T on the algebra Fm,.

XCThS|Let T € X. Then we can write T' = T¢ U Ty U Ty, where

Te € {A,B,C,D}, Ty € PV(X,), (fTz) € PYV(fX,), and Ty, Ty can be
chosen disjoint. Obviously, A, B,C,D are closed under the rules: + 1,
Ff2,2F3, 42 f4F 3,3+ f4, f3+F 3. Now, since x € T implies
fx € TY and TY C T, therefore T is closed under the rule = - fx. Finally,
by definition of X, for every y € {1,2,3,4} U X,,, y¥ NT equals to 0, y" or
(fy)V. Soif f% € T for some t € Fmy, then ft € T, therefore T is closed
under the rule f2z - fx. Thus T is a S-theory. a

Proposition 0.10. S is Fregean.

Proof. According to Lemma 0.1, it suffices to show that KThsT -
QpmT for every T € ThS. For a given T' € ThS, we split up Fmj into
three pieces

T, T" .= {t e Fmp [tV NT =0}, T :={t e Fmy |t ¢ T&ft € T}.

Then

o {T, Tw,Tf} is a partition of Fmy. Clearly T, T? T7 are disjoint.
Now, let t € Fmp and ¢t ¢ T, tVNT # 0, then f*t € T for some n € w—{0}.
By (b), ft € T, so t € T7, therefore T U T'UT! = Fm,.

o {T,7% T7} is a partition of some congruence f7. Indeed, whenever
(a,b) € T x T, T x T TF x Tf then (fa,fb) e TxT, T x T? T x T,
correspondingly.

o O = QpmT. Clearly, 07 is compatible with T. Now, suppose
(a,b) € T® x T/, then (fa, fb) € T? x T. Thus 7 is the largest con-
gruence compatible with T

Therefore, for each T = XUIVU(fJ)V € ThS, where X € {A, B,C, D},
I,JCX,,INJ=0,and K := X, \ (I UJ) (see fig. 4)

if X=A, then T/ ={2}uJ, T°={3,4}VUKY,
if X =B, then T/ ={2,4}uJ, T'=KV,
if X =C, then T/ ={4}UJ, T = KV,
if X =D, then T/ =1, T = KV,
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We will show now that, if (a,b) ¢ Qpm,T (this means (a,b) € T x T?,
T x T or T x T1), then (a,b) ¢ Ap,sT (ie., there is a theory S D T,
such that a € S, b ¢ S, or the other way around).

Obviously, if (a,b) € T x T% or T x T7, then T itself separates a from
b. Further, if (a,b) € T? x T7, there are four different cases:

o If a,b € {1,2,3,4}V, then X = A and a € {3,4}V, b = 2. If
ac{3,f4}V, thenac S:= BUIU(fJ)V € [T)rns, b¢ S. If a = 4, then
a¢S:=CUlU(fJ)V €[T)rns, beS.

elfac{1,2,3,4}V, be XY thena€ S:=DUITU(fJ)V € [T)ms,
b¢sS.

elfac XY, be{1,2,3,4}V, thenb € {2,4}, anda ¢ S:=DUIU
(fN)Y € [T)ns, beS.

elfa,bc XY, thena¢ S:= XU UJ)Y €[T)rws, b€ JCS.

Thus, for every T € Th S, KThS T C QgmT, therefore, by Lemma 0.1,
S is Fregean. O

Proposition 0.11. S is not fully self-extensional, hence not fully
Fregean.

Proof. Let K be an algebra over the language of type A={1,2,3,4, f'}
K := ({a,b,c}; 1%, 2%, 3% 4%, f¥),
where 1¥ = ¢, 2K =p, 3K = 4K = ¢ fKq = Kb =q, f¥c = c. Then

(K, {{a},{a,b,c}})

is a reduced full model for S. Indeed {a} is the smallest S-filter on K,
since 1 = f2 = a € {a}, and if 2z € {a}, then fz = a € {a}. Meanwhile,
{a,b},{a,c} are not S-filters, because from 2 = b € {a, b}, by 2 F 3, follows
3 =c € {a,b}, a contradiction. Similarly, 4 = ¢ € {a,c} implies, by 4 - 2,
that 2 = b € {a, c}, a contradiction.

Thus A FisK = KHSK{CL} = {a}? U {b,c}?, where X? is the direct
product X x X of a set X. But Q FisK = Qg{a} = idk. The latter is
true, since from (b, c) € Qk{a} follows that (fb, fc) = (a,c) € Qk{a}, that
contradicts the fact, that Qk{a} is compatible with {a}.

Thus KHSK CIO]:Z‘SK(Q) 7é ﬁ]:isK CIO]:Z‘SK(Q), SO <K,fi3K> is not self-
extensional, and therefore also not Fregean. At the same time, by Lem-
ma 0.10, S is Fregean, and therefore self-extensional. O
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Relations between different semantics for S

We will use definitions and notation from [5]: a lst-order matrix (A, F') is
reduced if QAF = ida, Matr* S is the class of all reduced matrices of S,
Alg* S is the class of algebra reducts of all matrices in Matr* S, Alg S is the
class of algebras of generalized models for S such that QaC=1ida. Kg is
the variety generated by Fmy/ QThmS , HK is the class of homomorphic
images of algebras from K.

Example 0.12. For the deductive system S: Alg*S C AlgS C K.

Proof.
(Alg"S € AlgS) Let M be an algebra over the language of type A =
{1,2,3,4, f} such that

M := ({1,2,3,4};1M 2M gM gM M)

where IM =1,2M —2 3M — 3 4yM — 4 My _ fMg _ 1 M3 _ My _
3.
It is easy to see, that FisM = {{1},{1,3},{1,2,3},{1,2,3,4}}, and

Om{1} = {1320 {2} U (3,4},
On{1,3} = {1,3}2 U {2,4}2,
Onm{1,2,3} = {1,2,3}2 U {4}2,
Onif1,2,3,4} = {1,2,3,4}2.

Thus Q FisM = {QumF | F € FisM} = idp, therefore M € Alg S.
On the other hand, since for every F' € FisM, QmF # idm, then
M ¢ Alg* S.
(AlgS € Ks) Let

N = ({a,b}, 1N, 2N 3N 4N Ny

be an algebra over the language of type A = {1,2,3,4, f'}, where 1N =
2N = ,3N = 4N = b, fNa = a, fNo = b. Then FisN = {{a,b}} and
Q FisN # idn, so N ¢ AlgS. But clearly N € Kg = HAlg*S, as a
homomorphic image of M € Alg S. O

Although the second strict inclusion AlgS C K g seems to require some
additional assumptions, it is possible to show that the property Alg*S C
Alg S holds for any Fregean, but not fully Fregean deductive system with
theorems.
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Theorem 0.13. Let S be a deductive system with Thm S # 0 and let
t € Thm S be any theorem. If F =1t/ Q F for every theory F' € ThS then
S protoalgebraic if and only if Alg*S = Alg S.

Proof. If S is protoalgebraic then Alg*S = AlgS, by [5, Proposi-
tion 3.2].

Let S be non-protoalgebraic. Suppose 2 ThS = {QT|T e ThS} C
QThS = {QT | T € ThS}. Then, for every G € ThS, from QG = QH,
it follows that G =t/ QG =t/ QH = H for any ¢t € Thm S. Thus Q = Q.
Therefore, by [4, Lemma 2.12], S is protoalgebraic, a contradiction.

Thus Q ThS ¢ QThS, ie., there is a F € ThS, such that QF ¢
QThS. Let A = FmA/ﬁF and let A : Fmy — A be the canonical
homomorphism. Thus A € AlgS. Suppose also A € Alg*S and G be
a S-filter on A such that QAG = ida. Then Qr1G = h1QAG =
hlida = Q F, so QF ¢ QThS, a contradiction. Thus A ¢ Alg* S, and
Alg* S C AlgS. O

Note that the class of deductive systems in the Theorem 0.13 is sig-
nificantly larger than just Fregean deductive systems and corresponds to
the ”algebraizable logics” (in the old sense), the logics that have an equiv-
alent algebraic semantics (as opposed to the matrix semantics) for their
theorems. In particular, the theorems of those logics are represented by
a single element in the Lindenbaum-Tarski algebra. This class includes
normal modal logics, which often are not Fregean.

Corollary 0.14. For every Fregean deductive system S over a countable
language A with Thm S # (0, if Alg*S = AlgS then S is protoalgebraic,
hence fully Fregean.

Proof. Fix a term ¢t € ThmS. For any equivalence § € EqFmy, t/0
will denote the #-equivalence class containing t.

Trivially, ¢/ AF = F for every F' € ThS. Since S is Fregean A=Q,
therefore F = t/AF =t/QF.

Thus the Theorem 0.13 is applicable and therefore S is protoalgebraic.
So, by [4, Corollary 3.5], S is a fully Fregean deductive system. O
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