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THE NEW CLASSES
OF MARKOV-LIKE K-ALGORITHMS

A b stract This paper continues the line initiated in [1] of uni-
form formalization of some classes of formal algorithms. The succes-
sive new classes RMA;, and RMA,, of right-hand side Markov-like
k-algorithms are introduced. The classes RMA, and RMA; of
algorithms are ”symmetric” to the classes M.A;, and MAy of left-
hand side Markov-like k-algorithms which have been introduced in
[1]. The equivalence of the classes RMAy and RMA;, and the class
MN A of Markov normal algorithms is shown here. This implies the
closure properties of the above classes under the same operations as

of MINA.

1. Introduction

In this paper two new classes RMA) and RM A of right-hand side
Markov-like k-algorithms are introduced and briefly characterized. Every
algorithm A of RMA, U RMA, is defined, analogously as of MN A, by

means of an indexed set P = {(z;,9;),1 < ¢ < n} of productions in an
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alphabet ¥ in which some final productions are distinguished. The suc-
cession of use of the productions of P to a transformed word ¢ € X* is
the same for algorithms of RM.Ay (and slightly different for algorithms of
RMA,) as of MNA. The difference is only im the usage of productions
to the transformed words. For algorithms of RMA we replace the j-th
right-hand side subword of the left sides of productions, for maximal j < k,
by their right sides (for algorithms of M. we replace the j-th left-hand
side subword of the left sides of productions, for maximal j < k, by their
right sides).

For algorithms of RM.A;, we choose a production (z;,;) of P with
the least index i < |P| such that x; occurs at least k times in a transformed
word t. If so then we replace the k-th right-hand side subword of x; in ¢ by
Y;, otherwise we choose a production (z;,y;) with the least index j < |P|,
such that x; occurs int (k — 1) times and so on.

The equivalence of the classes RMAy, RMA;, and MN A is shown.

The following reasons motivate the introduction of the classes RM Ay
and RMA;, of algorithms:

(1) We verify a transformed word by algorithms of RMAj, from the right
to the left side. The sentences of some natural languages (Jewish,
Chinese, Arabic) are also written from the right to the left side. This
idea suggests the introduction of the right-hand side algorithms;

(2) The operations of addition, subtraction and multiplication of positive
integers (written in binary notation) are performed from the right to
the left side. Therefore the complexity of computations of algorithms
of RMA, can be - for some problems - less time consuming than of
MN A,

(3) Inspiration of the use of the k-th subword of some words in the trans-
formed ones is based on genuine processes (biological, chemical, medi-
cal). Accumulation of some attributes implies the growth of organisms
(for example illness);

(4) The algorithms of MA; and RMAy, (as well as MA; and RMAy)
differ only in the direction of verification of the transformed words.
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Therefore both classes can be used exchangeably with respect to the
kind of computations.

2. The designated algorithms

The notion of designated algorithm introduced here is based on the
notion of iterative algorithms (Mazurkiewicz [3]) but the formulation is
quite different. Mazurkiewicz algorithms are defined by means of relations
and they are formal models of programs without procedures. In this paper
we use the notion of designated algorithm to define two new classes of right-
hand side Markov-like k-algorithms. These classes are ”symmetric” to the
classes of left-hand side Markov-like k-algorithms introduced in [1].

By a designated algorithm D A we mean a tuple (P, P;, Py, V, L, Contr, Tr) |
where V is a nonempty set of objects, P = {(x;,y;) € V?:1 <i < n}is
an indexed set of productions, P; and P; are distinguished (nonempty)
subsets of P (not necessarily disjoint) of initial and final productions,
L = {1,...,n} is the set of labels of P, Contr : P x L xV — P x L
is a partial function, called a control of DA and Tr: Px L xV — V is a
total function, called a transformation of DA.

Informally, we say that a production (z;,y;) of designated algorithm
DA is effectively used to an object v if Tr((z;,y;),i,v) # v for x; # y;.

More precisely, a production (z;,y;) of a designated algorithm DA =
(P, P;, Py, V,L, Contr, Tr) is said to be effectively used to an object v if
Contr((x;,y;),1,v) is an initial production for (z;,y;) ¢ Py, otherwise (if
(x,yi) € Py) for algorithm DA" = (P, P;, Py — {(zi,v:)}, V., L, Contr, Tr)
the result of Contr((z;,y;),i,v) is an initial production, too.

A sequence v = vy,vz,... € V' (finite or infinite) is said to be a
computation of a designated algorithm DA = (P, P;, Py, V, L, Contr, Tr)
iff there exists a sequence of productions with their labels (trace) of P of
the form p = ((z4,,Yi,), 1), ((Xin, Yi, ), i2) . .. satisfying the conditions:

(2.1) I(v) =1(p)+ 1, where I(v) and I(p) denote the lengths of v and p, or
are both infinite;
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(2.2) (%3, yi1) € Py

(2.3) For every j, 1 < j < I(p), we have v = Tr((w;,vs,),i5,v;) and
(@ij 15 Yigga)sige1) = Contr((wi;, yi;)y 5, 05);

(2.4) For every m > 1, l[(v) = m iff a production (x;, _,,v;, _,) is final and
(@i, 1+ Yi,_, ) is effectively used to v,,—1. In this case (@i, _,:¥i,_1)sIm—1,Vm—1) €}}
Dom(Contr), where Dom(¢) denotes the domain of ¢.

A partial function 7 : V' — V is said to be computable by an algorithm
DA iff for every v € Dom(7) there exist a computation and a trace of the
form:

V=71,...,70p

P= ((xil)yil))il)) R ((fip,l,?/ip,l),ip—l)

such that v = vy, ((zs,_,,¥i,_,)sip—1,Vp—1) € Dom(Contr) and 7(v) = v,,.

3. Markov-like k-algorithms

A new class RMA of right-hand side Markov-like k-algorithms is
introduced. Every algorithm A of RMA; is defined, analogously as of
MN A, by means of an indexed set P = {(z;,v:),1 < i < n} of produc-
tions! in any alphabet ¥ which are labelled by numbers of L = {1,...,n}.
The set of labelled productions is called a schema of productions. Prac-
tically schema of productions will be written as sequence of productions.
The succession of use of the productions of P to a transformed word t € ¥*
is the same as for algorithms of MN A, but the manner of use of the pro-
ductions is slightly different. We choose a production (z;,y;), with the
least index ¢ < m, such that x; is a subword of ¢. Then we replace the j-th
right-hand side subword of z; by y;, for maximal j < k. If (z;,y;) is final
then we stop, otherwise we follow analogously with the new obtained word
t1 as with t.

At the beginning let us introduce some notations.

1 We will also write non-final productions in the form: x; — ¥;, final productions
in the form: z; — -y; and in a general case x; — ()y;.
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For an alphabet ¥ let ¥* denote the set of all finite sequences over ¥

including the empty sequences €.

For every v = v1...v, € ¥ and 1 <1 < j < m v denotes a

[¢,4]
sequence v;...v;. We additionally assume that if i > j then v; ; = €.

For every words u,v € ¥* a word u is said to be a subword of v, u=v,
iff there are words w, z € ¥* (possibly empty) such that v = wuz.

For u,v € ¥* let us set
Occyu = {j € N : v} j4p—1) = u} and Occf,, = {j € Occyy, 1 j < q}

where p is the length of u.

We additionally assume that Occ,,,, = O if =(u=v).

A word wu is said to be the right-hand side i-th subword of wu in v,
u=v, iff u = v ;1 1), § = ming(|Occ? | = s —i+ 1), where s = |Occy,y /-

We additionally assume that if ©« = ¢ than by e<"v we understand
ex"v.

A word u = vy j4p—1) is said to be at most right-hand side i-th subword
of win v, u=xX"c;v, iff ux%v, or there exists 1 <[ < i such that u="v and
—(u="1v).

Example 3.1. Let v = 01 and v = 1010111011. Then Occ,,,, =
{2,4,8} and Occgm = Occqu;u = @;OCC%;U = Qccf’);u = {2};Occf);u for
i=4,5,6,7 is equal to {2,4} and for j > 8 Occj,,, = {2,4,8}.

Example 3.2. For the words u,v from Example3.1 the 1-st right-
hand side subword of uin v has initial position equal to mink(|Occ§;u| =
3—1+4+1 = 3) = 8, the 2-nd right-hand side subword of u in v has
initial position equal to mink(|Occﬁ;u| =3—2+1=2) =4, the 3-rd right-
hand side subword of uin v has initial position equal to mink(\Occﬁ;u\ =
3—34+1=1) =2, 3-rd right-hand side subword is also at most right-hand
side i-subword, for ¢ > 4.

Let us assume the following convention. A schema of productions:
zary — ()zy,xay — ()zy,...,xany — (-)zy, where ¥ = {aq, ..., a,}}}
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will be briefly denoted by zay — (-)zy, (o € X). The additional symbols
(¢ ) will be denoted by ~v,&, x, %, A (with or without subscripts).

Let us introduce the class RMAy.

Definition 3.3. By a Markov-like k-algorithm A € RMAy, in alpha-
bet 3 we mean the designated algorithm:

A= (PP, Ps,V,L, Contry, Try)

such that V = %* P = {(z1,y1), (z2,¥2),- .., (Tn,Yn)}, where z;, y; € X*,
for all 1,1 < i < n, z, =¢,y, = € and (zy,yn) € Pr, P, = {(x1,91)},
L=A{1,...,n},

((z1,91),1) if ;=X"<pv and (x,y;) € Py
Contry((ws,:),1,v) = $ (Tit1,Yit1),i + 1) if =(2:=3"<x0)
undefined if ;="<pv and (z;,y;) € Py
{ V1,j—1)YiV+m,i(v)] i V[j j4+m—1] IS at most
Tri((ws,y:),0,v) = k subword of x; in v
v otherwise

An algorithm A of RMAy, (k > 1) is said to be an algorithm over an
alphabet ¥ iff it is an algorithm in some alphabet ¥1 D X.

The notions of computation of k-algorithm A as well as computable
function by A can be introduced analogously as for designated algorithms.

4. Equivalence of the classes RMA; and MN A

Let A and A; be the classes of algorithms (in or over an alphabet X)
which are considered in this paper and let A € A, A; € A;. Then A and A,
are said to be equivalent with respect to ¥ (A=xA,) iff for every x € ¥*,
the results A(x) and A;(x) of application of both algorithms to the initial
word x are the same or are both undefined.

The equivalence of the classes of algorithms A and A7 should be under-
stood as the equivalence with respect to an alphabet . In more detail for
every algorithm A € A there exists algorithm A; € Ay such that A=xA;
and conversely for every A; € A; there exists A € A such that A;=xA.
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Theorem 4.1. The classes RMA; and MN A are equivalent.
Proof. At the beginning we shall prove the following statement:

(1) For every algorithm A € RMA; in an alphabet ¥ there exists an
equivalent algorithm M € MN A over X.

Let P = {(z;,y;) : 1 < i < n} be an indexed set of productions of
an algorithm A € RMA;. Let us define the auxiliary Markov normal
algorithms M’ and M" with the production sets P’ = {P'y,..., P'¢}? and
P" ={P"{,P"y,...,P",} of the form:?

Phy=m—2¢8  (§¢X)
Py = (£ — B¢)

Py =(&n—¢)

Ply=(§ —-e)

P's = (naf — Bna) (o, B € X)

Plg=(e—n)

and P"; = (2; — (-)g;) for all productions P; = (z; — ()y;)*
Let us see that M’ inverts every word z € ¥*, i. e. M'(z) = 2. Let us
put M = M’ o M"” o M’'. As the algorithm M is the composition of three
Markov normal algorithms M’, M"” and M’ then it is also Markov normal
algorithm (see [4], Chapter 5, p.214).

It follows immediately from the construction that M(x) = A(z) for

every x € X*.

The following statement:

(2) For every Markov normal algorithm M; € MNA in an alphabet %
there exists an equivalent algorithm A; € RM.A; over an alphabet X;

2 The above algorithm is recalled after [4]
3 A production P; of the form z; — (-)y; can be written in the form P; = (z; —

Cyp)

Ife=x122...2n_12n then T = zpxpn_1...2221.
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can be analogously proved as of (1).°

The validity of Theorem 4.1 follows from statements (1) and (2).

5. Equivalence of the classes RMA; and RMA,

Lemma 5.1. For every algorithm A € RMAy, in an alphabet ¥ there
exists an algorithm M € RMA; over an alphabet ¥ such that A=x, M.

Proof. At the beginning let us introduce some notation. For x =
z1...2p (x; € £,1 < j <p)let In(xz,a) = z1a...x,. For each symbol o of
¥, let o/ be a new symbol, and let 37 be the alphabet consisting of these
al’s (1 < j <k, a® will denote the symbol a without subscripts)®. Let us
put ¥’ =X UBtUX?2U- - USPTUATUA?U- - UAMUY (= {¢,..., 0 U
L= {7, b)) UAE {Ahe M) UX(= {xooxa, - xad) UN(=
(v, v ) UZ(= {1, -, Ca ) where AT = {5,°,62;1,...,5,;5 1)

We have to prove that M =5 A. Let us give at the beginning an idea
of the construction.

The production set Srf(E” ) which is assigned to every production
P; : x; — (-)y; consists of k additional symbols (5;,71 =0,...,k—1, where
(5? is an initial symbol. We replace the i-th right-hand side subword of z;
in a transformed word ¢ by 52%. Then (5;-“_1% denotes that the k-th right-
hand side subword of x; in ¢ has been found. If so then we replace 5;? _1xj
by y;A;. Symbol A\; denotes the fact that the k-th right-hand side subword
of z; in t is replaced by y;. If there is not the k-th right-hand side subword
of z; in ¢ then the symbol 5; is moved to the end of ¢ and is replaced by ;.
Then the production ¥ ;e — x; introduces new symbol x; which is then
moved in left-hand side direction so long as we find the last right-hand side
subword of z; in t. Is so then we replace this subword by y;. If there is not
the i-th right-hand side subword of z; in ¢ for 1 <4 < k then we introduce

5 Proof of closure of RM.A; under composition is identical - with replacing in the
additional productions x — y by 2 — § - to the proof of closure MN A under
composition in [4].

6 The same notations is in Mendelson’s monograph [4].
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new symbol (; at the beginning of t. Now the transformed word has the
form (jt.

An auxiliary schema Sa; transforms the words in alphabet %7 into the
words in alphabet ¥/*! introducing as prefix symbol 5? 1, if there exists
the symbol ¢; in the transformed word, or into the words in alphabet X, if
x; is at most k-th right-hand side subword of ¢ (in the transformed word
there exists the symbol v;). If P; belongs to the set Py and z; is at most
k-th right-hand side subword of ¢ then Sa; use the final production to stop
algorithm.

For each production P; of A € RMUA,, we create a set of productions:
Srjk(E’ "):

6, 2ay) — In(a;7,6,"7Y)

k=3_. 3 j 85.k=2
0;" > In(z;7,0;777)

0,07 — In(z;7,6;")

0" ) — N

X7 — Y7 A

Xj& — aX;

Xj€ — G

ey — X;j

ad; — o (aeXUXtUX2U---UX", §; € AD)

£0; — ¥;

alj — Ao

ENj — V.

Let us assign to each schema Sr;* (%) (1 < j < n) an auxiliary schema
Sa;(X") of the form:

i — ay;
ag; — (ol Tt (af € 3)
€6 —

‘ 0
Vi€ — 0541



92 ZDZISLAW GRODZKI AND JERZY MYCKA

via — a'v; (@ eX)

vje — ¢ where x := ¢ if P; = (x; — y;) or x :=-if P; = (x; —
)

if1<j<n-—1or

V0 — ay;

alp, — (pa® (e, aeTustuz?U..-UX)

eCp — €

vna — v,

Vne — %  where x :=¢ if P, = (x,, — yp) or * := - if P, = (z, —

if j =n.
One additional set, initial Si(X"), has the form:

Si(¥") -

Xoor — ' xo

Xo€ — 69

eQ — Yo

The construction of S rf guarantees that this schema simulates P;. The
fact that X' N X/ = @ for i # j implies that none collision between Srf
and Sr¥ can take place. The proof can be simply completed by induction
on the number n of productions.

This determines a Markov-like 1-algorithm M with the indexed set of
productions P = (Say, Sas, ... . San, St Srak, .. .,Srnk,Si)

over ¥ such that for arbitrary x € ¥* the results M(z) and A(x) of
application of both algorithms M and A to x are the same, M (z) = A(x),
or both results are undefined.

Lemma 5.2. For every algorithm M; € RMA; in an alphabet ¥ and
a number k > 1 there exists an algorithm A, € RMA, over an alphabet
Y such that Aj=xM;.

Proof. Let M; be a Markov-like 1-algorithm in an alphabet ¥ with
an indexed set of productions P = {Py, P,,..., P, }.
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Let us assign to every production P; (1 < j < n) an indexed produc-
tions set Sr;(X) (X' =X U{&, ..., &r1t U {1, ..., Tn}) of the form:

§izg — (y;

ag; — & (a €X)
€65 — 7
Vo (a €X)

Vi€ — i+t

Let A, € RMA; be an algorithm with indexed sets of productions
(Sry1,Sre, ..., STy, Enp1 — £,6 — &1).

Let us give some comments on the above construction.

Each schema Sr; is assigned to P;. As every production of algorithm
A; transforms at most k-th subword of x; then it is sufficient to use in
Sr; two singular symbols £;,7;. Introduction of these symbols implies that
each at most k-th subword of {;z; is in reality first one of £;x;. To find z;
we will move §; so long as the production §;x; — y; will be used. The
symbol 7; denotes fact, that the transformed word has not a subword x.
Because the above additional symbols are different for every Sr;, Sr;,i # j,
none collision between S7; and Sr; can occurr.

Proof, can be completed by induction on the number of productions
of Mj.

The above consideration implies that My =s A;.

Theorem 5.3. The classes RMA;, and RMA(k > 1) are equivalent.
Proof immediately follows from previous lemmas.

Theorem 5.4. The classes MN A and RMAy(k > 1) are equivalent.
Proof. Theorems 4.1 and 5.3 determine the equivalence RMA,=s MN A}

Theorem 5.5. Every class RMAy(k > 1) is closed under composi-
tion, ramification, propagation and iteration operations.

Proof. MN A is closed under all the above operations (see Mendelson
[4], pp. 214-218) and the classes RMA(k > 1) and MN A are equivalent.
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6. A class RMA; of right-hand side Markov-like k-algorithms

New class RM.A;, of right-hand side Markov-like k-algorithms intro-
duced here is ”symmetric” to the class MA}, of left-hand side k-algorithms
introduced in [1]. The difference is only such that we verify the transformed
words by using the algorithms of RM.A}, from the right to the left, whereas
by means of algorithms of MA}, from the left to the right.

Every k-algorithm of RMA,, is defined by means of an indexed set of
productions P = {(z;,y;) : 1 < i < kn + 1} in an alphabet ¥ which are
labelled by the numbers {1,...,kn + 1}. Some final productions are also
distinguished. The indexed set of productions consists of k identical subsets
{(ziyy;)) : (p—1)n+1<i <pn} 1 <p <k with n productions, but for
every subset productions are connected with different subword (k + 1 — p)
left side of production in the transformed word.

For brevity we shall write a schema of productions without repetitions
in the form P = {(x;,y;) : 1 <i<n}

Given word t € ¥* we choose a production (x;, y;) with the least index
j < n such that z; occurs in ¢ at least k times. If so then we replace the
k-th right-hand side subword of x; in ¢t by y;. If (x;,y,) is final then we
stop, otherwise we follow analogously with the new obtained word t; as
with ¢. If there does not exist a production (z;,y;) as above, then we

repeat verification for k — 1 and so on.

We give a formal definition of the class RMAy.

Definition 6.1. By a Markov-like k-algorithm A € RMA, in the

alphabet ¥ we mean a designated algorithm
A= (PP, Ps,V,L, Contry, Trs)

such that V. = X* P = {(z1,v1), (z2,92), -, (Tkn+1, Ykn+1)}, where for
all 4,1 < i < kn+ 1,2;,y;, € £*, and for all j(n < j < kn+ 1)z; =

zj_p and Y; = yj_p and Tppt1 = €, Yknt1 = & (Thn+1, Yknt+1) € Pr and
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P, = {(xz1,11)}, L = {1,...,kn + 1} and the functions Contrs and Tro
which follows:

((x1,y1),1) =, l=k— entier(“Tl),
and (z;,v;) & Py
Contra((x,yi),0,0) = ¢ ((Tit1,Yig1),0 + 1) —(x;<0), 1=k — entier(’:l)
undefined r; =", | = k — entier(=1),

n
and (x;,y;) € Py

V[1,j—1)YiVj+m,i(v)] I V}j,j4+m—1) IS [ right-hand side
subword of z; in v
where | = k — entier(*=1)

v otherwise

TTz((%,yi),i,U) =

An algorithm A € RMA is said to be an algorithm over an alphabet X
iff it is an algorithm in some alphabet Y1 D 3.

Now we explain on the example an activity of algorithms of this class.

Example 6.2. Let us define a right-hand side 2-algorithm A € RMA,J
in the alphabet ¥ = {0,1} by means of set of productions P = {P; =
(01,10), P, = (111,010), Py = (01,10), P, = (111,010), Ps = (e,)} (first
two productions are used for second right-hand side subword of left sides of
productions in transformed words, next two productions are used for first
right-hand side subword of left sides of productions in transformed words,
this set of productions without repetition has the form {(01, 10), (111,010)})}}
and Py = {(e,e)}. For v = 1111 the computation and trace of A have the
form:

v = ((1111), (1111), (0101), (1001), (1001),

(1001), (1010), (1010), (1010), (1100), (1100),
(1100), (1100), (1100))

p = ((P1,1),(P,2),(P1,1), (P1,1), (P2, 2),

(Ps,3), (P1,1), (P2, 2), (Ps,3), (P1,1), (P2,2),

(Ps,3), (P1,4), (P5,5))



96 ZDZISLAW GRODZKI AND JERZY MYCKA

The result of application of A to the word 1111 is equal Trz777.((€,¢),5,1100) =}
1100.

Theorem 6.3. The classes RMA; and MN A are equivalent.

Proof. First let us prove the equivalence of the classes RMA}, and
RMA;. The proof of equivalence RM.A;, and RMA; presented here is
the simple modification of the proof of equivalence M.A;, and MN A given
in [1]( Theorem 5.2.).

We prove this equivalence in two steps.

(1) For every k-algorithm A € RMA}, in an alphabet ¥ there exists an
equivalent algorithm M € RMA; over an alphabet ¥ such that A =5 M;

(2) For every algorithm M € RMA; in an alphabet ¥ there exists an
equivalent algorithm Ay € RMA}, over an alphabet ¥ such that Ay =x, M.

First we prove (1).

Let ¥ =X U {vjl’i,)\i}) where 1 < ¢ <nmand 1 < jI < k. For an
algorithm A € RM.A;, with the schema of productions (z1,y1), ..., (Tn, Yn)
(productions are without repetition) we create for each production (x;,y;)

an auxiliary block of productions Sr;! of the form:

vt — In(zi,vj115%) for j <k

i, — y; this production is final iff (z;,y;) is
final

i — i for j < k

ey;bt — A for j < k

Notey —s aabi

pUL— if i+1 = n then right side =~;!~ 1!

Let M € RMA; be an algorithm with a schema of productions
(Srik, Sra® o Sk S R SR s R S St St (O —
g), (e — 1F1)), (1% — ¢) € Py). One can easily see that A =5 M.

To prove (2) let us consider an algorithm M of RM.A; in the alphabet
Y. with the schema of productions of the form: (x1,y1),..., (Tn,Yn).
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Let us construct an algorithm As; € RMA in the alphabet (X' =
SU{&, &k U, vk )) as follows.

Let us assign to the j-th production (z;,y;) (1 < j < n) the following
schema of productions S7;:

afj — &

Bjo — af;

e — (e X)

Bje — €

Vi Ay

Vi€ — i+t

Let Ay € RMAj, be an algorithm with a schema of productions (with-
out repetition) of the form: ((§121 — (1), -+, (EnTn — Cn), ST1, 872, ..., S0y (e —
€) € Py, (e — &1)); where (; = y;8; if i Py and otherwise (; = y; and
this production is final.

One can easily see that Ay =5 M.

The above constructions of new algorithms use schemas S, Sré, where
each Sr; or Sré simulate one production P; from given algorithm. The addi-
tional symbols guarantee that algorithms replace respective k-th subwords
of x; in the transformed word and preserve from collisions between different
Srj,Sr;. Because the above proof of equivalence RMA, and RMA, is
modification of the proof of equivalence MA; and MN A given in [1] we
omit here any explanation. Formal proof can be done by induction on the
number of productions.

Theorem 4.1 shows that the classes MN A and RMA; are equivalent.
Hence the classes RM A, and MN A are equivalent, too.

Theorem 6.4. Every class RMAy, (k > 1) is closed under the fol-

lowing operations: composition, ramification, propagation and iteration.

Proof follows from equivalence of RM A, and MN A and from closure
MNMN A under above operations.

7. Final remarks



98 ZDZISLAW GRODZKI AND JERZY MYCKA

The equivalence of the classes MAj, and MA}, of left-hand side Markov—l
like k-algorithms and the class MN A of Markov normal algorithms has
been shown in [1]. In this paper the equivalence of the classes RMA} and
RMA;, and MN A is shown. Therefore every of the classes MA;,, MAy,
RMA, RMA;, and MN A can be used exchangeably for computing of
some functions (for example Boolean) or for solution of some decidable
problems.

Let us also add that the mentioned above classes of k-algorithms are
only partially worked out. The majority of problems, especially a problem

of complexity, have remained open till now.
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